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Preface

The purpose of the international conferences on Integral Methods in Science
and Engineering (IMSE) is to bring together researchers who make use of
analytic or numerical integration methods as a major tool in their work.

The first two such conferences, IMSE1985 and IMSE1990, were held
at the University of Texas at Arlington under the chairmanship of Fred
Payne. At the 1990 meeting, the IMSE consortium was created, charged
with organizing these conferences under the guidance of an International
Steering Committee. Thus, IMSE1993 took place at Tohoku University,
Sendai, Japan, IMSE1996 at the University of Oulu, Finland, IMSE1998
at Michigan Technological University, Houghton, MI, USA, IMSE2000 in
Banff, AB, Canada, IMSE2002 at the University of Saint-Étienne, France,
and IMSE2004 at the University of Central Florida, Orlando, FL, USA. The
IMSE conferences have now become established as a forum where scientists
and engineers working with integral methods discuss and disseminate their
latest results concerning the development and applications of a powerful
class of mathematical procedures.

An additional, and quite rare, characteristic of all IMSE conferences
is their very friendly and socially enjoyable professional atmosphere. As
expected, IMSE2004, organized at the University of Central Florida in
Orlando, FL, continued that tradition, for which the participants wish to
express their thanks to the Local Organizing Committee:

David Rollins, Chairman;
Zuhair Nashed, Chairman of the Program Committee;
Ziad Musslimani;
Alain Kassab;
Jamal Nayfeh.

The organizers and the participants also wish to acknowledge the sup-
port received from

The Department of Mathematics, UCF,
The College of Engineering, UCF,

and the University of Central Florida itself for the excellent facilities placed
at our disposal.

The next IMSE conference will be held in July 2006 in Niagara Falls,
Canada. Details concerning this event are posted on the conference web
page, http://www.civil.uwaterloo.ca/imse2006.
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who have handled the publication process with their customary patience
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Bento Gonçalves, 9500, Predio 43-111, Agronomia, Porto Alegre (RS)
91509-900, Brazil

wortmann@mat.ufrgs.br

Leon Xu: Nokia Research Center, 6000 Connection Drive, Irving, TX
75039, USA

leon.xu@nokia.com

Jiansen Zhu: Nokia Research Center, 6000 Connection Drive, Irving, TX
75039, USA

jiansen.zhu@nokia.com



1 Newton-type Methods for
Some Nonlinear Differential
Problems
Mario Ahues and Alain Largillier

1.1 The General Framework

The goals of this paper are to show how to formulate different kinds of
nonlinear differential problems in such a way that a Newton–Kantorovich-
like method may be used to compute an approximate solution, and to
establish the rates of convergence corresponding to a Hölder continuity
assumption on the derivative of the associated nonlinear operator. This
generalizes the classical convergence results (see [6] and [7]).

The abstract general framework is a complex Banach space and appli-
cations include evolution equations and spectral problems. Computations
have been done on standard model problems to illustrate practical conver-
gence. A perturbed fixed-slope inexact variant is proposed and studied.

Let X be a complex Banach space, Or(ϕ) the open disk centered at ϕ
with radius r > 0, L(X) the Banach algebra of all linear bounded operators
in X, I the identity operator, and A(X) the open subset of automorphisms.

Let � > 0 and α ∈ ]0, 1]. We recall that an operator P : D ⊆ X → X is
(�, α)-Hölder continuous on D if for all x and y in D,

‖P (y)− P (x)‖ ≤ �‖y − x‖α.

Let O be an open set in X, F : O → X a nonlinear Fréchet differen-
tiable operator, and (B

k
)k≥0 a sequence in A(X). A Newton-type iterative

process reads as

ϕ0 ∈ O, ϕ
k+1 := ϕ

k
−B−1

k
F (ϕ

k
), k ≥ 0. (1.1)

Obviously, if the sequence of operators (B
k
)k≥0 is bounded in L(X), and

the sequence (ϕ
k
)k≥0 is convergent in X, then the limit of the latter is a

zero of F .
The Newton–Kantorovich method corresponds to the choice

B
k

:= F ′(ϕ
k
). (1.2)

Theorem 1. (A priori convergence of (1.1)–(1.2) with Hölder derivative)
Let ϕ∞ ∈ O be a zero of F . Suppose that
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(1) F ′(ϕ∞) ∈ A(X);
(2) there is r > 0 such that F ′ : Or(ϕ∞) ⊆ O → L(X) is (�, α)-Hölder

continuous.
Then there exists � ∈]0 , r] such that, for all ϕ0 ∈ O�(ϕ∞), the sequence
(1.1)–(1.2) is well defined, and there exists C > 0 such that for all k ≥ 0,

‖ϕ
k+1 − ϕ∞‖ ≤ C‖ϕ

k
− ϕ∞‖α+1.

Proof. From (2) there follows the existence of r1 ∈]0, r[ such that, for all
ϕ ∈ Or(ϕ∞), if ‖ϕ− ϕ∞‖ < r1 , then ‖F ′(ϕ)− F ′(ϕ∞)‖ < 1/‖F ′(ϕ∞)−1‖.
Hence, F ′(ϕ) ∈ A(X) for all ϕ ∈ Or1

(ϕ∞). Since ϕ �→ F ′(ϕ)−1 is continu-
ous on Or1

there exist r2 ∈]0, r1 [ and μ > 0 such that, for all ϕ ∈ Or2
(ϕ∞),

‖F ′(ϕ)−1‖ ≤ μ. The Hölder continuity of F ′ on Or2
(ϕ∞) implies its uni-

form continuity and, in particular, the existence of � ∈]0, r2 [ such that, for
all ϕ, ψ in O�(ϕ∞), ‖F ′(ϕ) − F ′(ψ)‖ < 1/(2μ). Take ϕ0 ∈ O�(ϕ∞) and
suppose that ϕ

k
∈ O�(ϕ∞). For t ∈ [0, 1], define

ϕ
k
(t) := (1− t)ϕ∞ + tϕ

k
∈ O�(ϕ∞).

Then

F (ϕ
k
) = F (ϕ

k
)− F (ϕ∞) =

∫ 1

0
F ′(ϕ

k
(t))(ϕ

k
− ϕ∞) dt,

ϕ
k+1 − ϕ∞ = F ′(ϕ

k
)−1
∫ 1

0
(F ′(ϕ

k
)− F ′(ϕ

k
(t)))(ϕ

k
− ϕ∞) dt,

and hence,
‖ϕ

k+1 − ϕ∞‖ ≤ 1
2‖ϕk

− ϕ∞‖ < 1
2�.

This proves that ϕ
k+1 ∈ O�(ϕ∞) and that ϕ

k
converges to ϕ∞ . We can

estimate the rate of convergence more precisely by means of the (�, α)-
Hölder continuity:

‖ϕ
k+1 − ϕ∞‖ ≤ μ�‖ϕ

k
− ϕ∞‖α+1

∫ 1

0
(1− t)α dt =

μ�

1 + α
‖ϕ

k
− ϕ∞‖α+1.

Theorem 2. (A posteriori convergence of (1.1)–(1.2) with Hölder deriva-
tive) Suppose that O, F , ϕ0 ∈ O, c0 > 0, � > 0, α > 0, and m0 > 0
satisfy

(1) F ′(ϕ0) ∈ A(X) and ‖F ′(ϕ0)
−1‖ ≤ m0 ;

(2) ‖F ′(ϕ0)
−1F (ϕ0)‖ ≤ c0 ;

(3) D0 := {ϕ ∈ X : ‖ϕ− ϕ0‖ ≤ 2c0} is included in O;
(4) F ′ is (�, α)-Hölder continuous on D0;
(5) h0 := m0�c

α
0

< α/(1 + α).
Then F has a unique zero ϕ∞ ∈ D0, and for all k ≥ 0,

‖ϕ
k+1 − ϕ∞‖ ≤

m0�

(1− 2αh0)(1 + α)
‖ϕ

k
− ϕ∞‖1+α.

Proof. For all ϕ ∈ D0,

‖I−F ′(ϕ0)
−1F ′(ϕ)‖ ≤ ‖F ′(ϕ0)

−1‖‖F ′(ϕ0)−F ′(ϕ)‖ ≤ m0�(2c0)
α = 2αh0 .



1. Newton-type Methods for Nonlinear Problems 3

But for all α ∈ ]0, 1], 2α ≤ 1 + α so with hypothesis (5) we get

‖I − F ′(ϕ0)
−1F ′(ϕ)‖ < α ≤ 1.

We conclude that I − (I − F ′(ϕ0)
−1F ′(ϕ)) = F ′(ϕ0)

−1F ′(ϕ) is an auto-
morphism of X, and hence so is F ′(ϕ) for all ϕ ∈ D0. Also, the family of
inverses {F ′(ϕ)−1 : ϕ ∈ D0} is bounded in L(X): for all ϕ ∈ D0,

‖F ′(ϕ)−1‖ = ‖(F ′(ϕ0)
−1F ′(ϕ))−1F ′(ϕ0)

−1‖
≤ ‖(I − (I − F ′(ϕ0)

−1F ′(ϕ)))−1F ′(ϕ0)
−1‖ ≤ μ0 :=

m0

1− 2αh0

.

Let us prove that
‖F ′(ϕ1)

−1‖ ≤ m1 :=
m0

1− h0

.

We consider the auxiliary operator A := F ′(ϕ0)
−1F ′(ϕ1). Then

‖I −A‖ = ‖F ′(ϕ0)
−1(F ′(ϕ0)− F ′(ϕ1))‖ ≤ m0�c

α
0

= h0 <
α

1 + α
,

and hence

‖A−1‖ = ‖(I − (I −A))−1‖ ≤ 1
1− ‖I −A‖ ≤

1
1− h0

< 1 + α ≤ 2.

So,

‖F ′(ϕ1)
−1‖ = ‖A−1F ′(ϕ0)

−1‖ ≤ ‖F ′(ϕ0)
−1‖‖A−1‖ ≤ m1 :=

m0

1− h0

.

Set G(ϕ) := ϕ− F ′(ϕ0)
−1F (ϕ) for ϕ ∈ D0. Then

G′(ϕ) = I − F ′(ϕ0)
−1F ′(ϕ) for all ϕ ∈ D0, G′(ϕ0) = O,

and hence

‖G(ϕ1)−G(ϕ0)‖

=
∥∥∥∥∫ 1

0
G′(ϕ0 + t(ϕ1 − ϕ0))(ϕ1 − ϕ0) dt

∥∥∥∥
≤
∫ 1

0
‖G′(ϕ0 + t(ϕ1 − ϕ0))−G′(ϕ0)‖‖ϕ1 − ϕ0‖ dt

≤
∫ 1

0
‖F ′(ϕ0)

−1‖ ‖F ′(ϕ0 + t(ϕ1 − ϕ0))− F ′(ϕ0)‖ ‖ϕ1 − ϕ0‖ dt

≤ m0�‖ϕ1 − ϕ0‖1+α

∫ 1

0
tα dt ≤ c0

1 + α
h0 .
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It follows that

‖ϕ2 − ϕ1‖ = ‖A−1(G(ϕ1)−G(ϕ0))‖ ≤ c1 :=
h0

1− h0

· c0

1 + α
<

αc0

1 + α
.

We remark that

h1 := m1�c
α
1

=
( h0

1− h0

)1+α 1
(1 + α)α

≤ αα(1 + α)1−α · α

1 + α
≤ α

1 + α

because α �→ αα(1 + α)1−α is a convex function with limit 1 at both
endpoints of the interval ]0, 1].

A recursive argument shows that there exist real sequences (m
k
)k≥0 and

(c
k
)k≥0, (h

k
)k≥0 such that for all k ≥ 0,

‖F ′(ϕ
k
)−1‖ ≤ m

k
, ‖ϕ

k+1 − ϕ
k
‖ ≤ c

k
,

m
k+1 :=

m
k

1− h
k

, h
k

:= m
k
�cα

k
<

α

1 + α
, c

k+1 <
αc

k

1 + α
.

and for all n ≥ 1,

n−1∑
k=0

‖ϕ
k+1 − ϕ

k
‖ ≤ c0

n−1∑
k=0

( α

1 + α

)k
< 2c0 .

But ϕ
n

= ϕ0 +
n−1∑
k=0

(ϕ
k+1 − ϕ

k
), the series with general term ϕ

k+1 − ϕ
k

is normally convergent, and X is complete, so (ϕ
n
)n≥0 is convergent. Let

ϕ∞ ∈ D0 be its limit. Since F ′ and F are continuous at ϕ∞ and for all
k ≥ 0, F ′(ϕ

k
)(ϕ

k+1−ϕ
k
) = −F (ϕ

k
), we get F ′(ϕ∞)(ϕ∞−ϕ∞) = −F (ϕ∞),

that is F (ϕ∞) = 0. Now, for all k ≥ 0,

ϕ
k+1 − ϕ∞ = −F ′(ϕ

k
)−1(− F ′(ϕ

k
)(ϕ

k
− ϕ∞) + F (ϕ

k
)− F (ϕ∞)

)
= −F ′(ϕ

k
)−1
∫ 1

0
[F ′((1− t)ϕ∞ + tϕ

k
)− F ′(ϕ

k
)](ϕ

k
− ϕ∞) dt,

hence
‖ϕ

k+1 − ϕ∞‖ ≤
μ0�

1 + α
‖ϕ

k
− ϕ∞‖1+α.

If α = 1 in Theorem 2, then we get the classical convergence theorem
for the case of a Lipschitz Fréchet derivative [7].

Theorem 3. (A posteriori convergence of (1.1)–(1.2) with Lipschitz deriv-
ative) Suppose that O, F , ϕ0 ∈ O, c0 > 0, � > 0, and m0 > 0 satisfy

(1) F ′(ϕ0) ∈ A(X) and ‖F ′(ϕ0)
−1‖ ≤ m0 ;

(2) ‖F ′(ϕ0)
−1F (ϕ0)‖ ≤ c0 ;

(3) D0 := {ϕ ∈ X : ‖ϕ− ϕ0‖ ≤ 2c0} is included in O;
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(4) � is a Lipschitz constant for F ′ on D0;
(5) h0 := m0�c0 < 1/2.

Then F has a unique zero ϕ∞ ∈ D0 and for all k ≥ 0,

‖ϕ
k+1 − ϕ∞‖ ≤

m0�

1− 2h0

‖ϕ
k
− ϕ∞‖2.

A fixed-slope iteration is defined as

ϕ0 ∈ O, ϕ
k+1 := ϕ

k
−B−1F (ϕ

k
), k ≥ 0, (1.3)

where B ∈ A(X). The authors have proved in [1] the following a posteriori
convergence result for this kind of method.

Theorem 4. (A posteriori convergence of (1.3) with Lipschitz derivative)
Suppose that O, F , B, ϕ0 ∈ O, δ ≥ 0, � > 0, m > 0, and c > 0 satisfy

(1) mδ < 1 and 4m�c ≤ (1−mδ)2;
(2) ‖B−1F (ϕ0)‖ ≤ c;
(3) O includes the closed disk D0 := {ϕ ∈ X : ‖ϕ− ϕ0‖ ≤ �0}, where

�0 :=
1−mδ −

√
(1−mδ)2 − 4m�c

2m�
;

(4) F ′ : D0 → L(X) exists and is �-Lipschitz;
(5) ‖F ′(ϕ0)−B‖ ≤ δ, B ∈ A(X) and ‖B−1‖ ≤ m.

Then F has a unique zero ϕ∞ in D0 and for all k ≥ 0,

‖ϕ
k
− ϕ∞‖ ≤ c

γk

1− γ
,

where
γ := 1

2

(
1 + mδ −

√
(1−mδ)2 − 4m�c

)
∈ [0, 1[.

If we choose
B := F ′(ϕ0) (1.4)

in Theorem 4, then we get the following classical result.

Theorem 5. (A posteriori convergence of (1.1)–(1.4) with Lipschitz deriv-
ative) Suppose that O, F , ϕ0 ∈ O, � > 0, m > 0, and c > 0 satisfy

(1) 4m�c ≤ 1;
(2) ‖F ′(ϕ0)

−1F (ϕ0)‖ ≤ c;
(3) O includes the closed disk D0 := {ϕ ∈ X : ‖ϕ− ϕ0‖ ≤ �0}, where

�0 :=
1−

√
1− 4m�c

2m�
;

(4) F ′ : D0 → L(X) exists and is �-Lipschitz;
(5) ‖F ′(ϕ0)

−1‖ ≤ m.
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Then F has a unique zero ϕ∞ in D0 and for all k ≥ 0,

‖ϕ
k
− ϕ∞‖ ≤ c

γk

1− γ
,

where
γ := 1

2 (1−
√

1− 4m�c) ∈
[
0 , 1

2

[
.

An extension to the case of a Hölder-continuous derivative is in prepa-
ration [4].

1.2 Nonlinear Boundary Value Problems

We are interested in applying Newton-type methods to solve nonlinear
differential problems like

−ϕ′′ + α ϕ ϕ′ = ψ in ]0, 1[, ϕ(0) = ϕ(1) = 0, (1.5)

ϕ′′′ + ϕ2 = ψ in ]0, 1[, ϕ(0) = ϕ′(0) = ϕ′(1) = 0, (1.6)

−Δϕ +
∂

∂x
f(ϕ) +

∂

∂y
g(ϕ) = ψ in Ω :=]0, 1[×]0, 1[, ϕ

∣∣
∂Ω

= 0, (1.7)

∂ϕ

∂t
−Δϕ +

∂

∂x
f(ϕ) +

∂

∂y
g(ϕ) = ψ in Ω :=]0, 1[×]0, 1[,

ϕ(t, ·)
∣∣

∂Ω
= 0, ϕ(0, ·) = φ0. (1.8)

In abstract terms, these problems enter the following setting. Let X
and Y be complex Banach spaces (both norms being denoted by ‖ · ‖),
let L : D(L) ⊆ X → X be a linear operator with bounded inverse
L−1 : X → D(L) (hence, L is closed), and let M : D(M) ⊆ Y → X
be a closed linear operator and N : X → Y a nonlinear Fréchet differ-
entiable operator such that N(D(L)) ⊆ D(M). We assume that L−1M
admits a continuous extension T : Y → X. Given ψ ∈ X, we are interested
in solving the problem

Find ϕ∞ ∈ D such that L ϕ∞ + MN(ϕ∞) = ψ. (1.9)

In the case of (1.5), we identify X = Y = C0([0, 1]), D(L) = {ϕ ∈
C2([0, 1]) : ϕ(0) = ϕ(1) = 0}, L = − d2

ds2 , D(M) = C1([0, 1]), M =
d

ds
,

N(ϕ) =
α

2
ϕ2, and in (1.7), X := L2(Ω), Y := X×X, D(L) := H2

0 (Ω),

D(M) := H1(Ω)×H1(Ω), L := −Δ, M := div , N(ϕ) := (f(ϕ), g(ϕ)).
Applying L−1 to both sides in (1.9) we are led to find the zeros of

F (ϕ) := ϕ + TN(ϕ)− L−1ψ.

We remark that
F ′(ϕ) = I + TN ′(ϕ).
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In the present application, (1.1)–(1.2) amounts to solving for ϕ
k+1 the

linear problem

(I + TN ′(ϕ
k
))ϕ

k+1 = T (N ′(ϕ
k
)ϕ

k
−N(ϕ

k
)) + L−1ψ, (1.10)

or equivalently,

(L + MN ′(ϕ
k
))ϕ

k+1 = M(N ′(ϕ
k
)ϕ

k
−N(ϕ

k
)) + ψ (1.11)

and, if ϕ0 is chosen such that N ′(ϕ0) = O, then the computation of ϕ
k+1

using (1.1) and (1.4) may be either explicit:

ϕ
k+1 := L−1ψ − TN(ϕ

k
), (1.12)

or implicit: Lϕ
k+1 := ψ −MN(ϕ

k
).

For problem (1.5), (L−1ϕ)(s) :=
∫ 1

0

κ(s, t)ϕ(t) dt, where

κ(s, t) :=
{

s(1− t) if 0 ≤ s ≤ t ≤ 1,
t(1− s) if 0 ≤ t < s ≤ 1.

Integrating by parts, we find that for ϕ ∈ X and s ∈ [0, 1],

(Tϕ)(s) := (s− 1)
∫ s

0

ϕ(t) dt + s

∫ 1

s

ϕ(t) dt.

It follows that we may choose ϕ0 := 0, ψ(s) := 1, m0 = 1, � = |α|/2,
c0 = ‖L−1‖ = 0.125. The iterative process defined by equation (1.10)
amounts to a Fredholm integral equation of the second kind to be solved
for ϕ

k+1 .
For problem (1.6), L−1 is as in the case of (1.5) but the kernel is now

κ(s, t) :=

⎧⎪⎨⎪⎩
s2

2
(t− 1), if s ≤ t,

t2

2
− st +

s2t

2
, if t < s.

Since M = I, T = L−1. Choose

ϕ0 := 0, ψ(s) := β, m0 = 1, � = 2‖L−1‖ = 1/6,

c0 = |β|‖L−1‖ = |β|/12.

Following Theorems 1 and 2, sufficient conditions on the data for the
convergence of the iterative methods in the case of problems (1.5) and
(1.6) are found to be |α| < 8 and |β| ≤ 18, but in practice convergence still
holds in less restrictive situations (see Table 1). The trapezoidal composite
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rule with 100 subintervals has been used for computational purposes. The
integral equation (1.10) has been solved using the Fredholm approximation
as it is described in [2]. Another application can be found in [1].

In the case of problem (1.7), we have taken

α = 10, 000, f(ϕ) :=
α

2
ϕ2, g(ϕ) := 0,

ψ(x, y) :=
{

+1 if max{|x− 0.5|, |y − 0.5|} ≤ 0.25,
−1 otherwise,

and chosen the Newton–Kantorovich method (1.1)–(1.2).
The computation of ϕ

k+1 amounts to the resolution of the partial differ-
ential equation (1.11):

−Δϕ
k+1 + α

∂

∂x

(
ϕ

k
ϕ

k+1

)
= αϕ

k

∂ϕ
k

∂x
+ ψ in Ω, ϕ

k+1
∣∣

∂Ω

= 0.

This problem has been solved numerically using central second-order finite
differences with constant step 0.04 both in x and in y (see Table 1).

Table 1.

Problem (1.5) (1.6) (1.7)

Data α = 5 000 β = 20 α = 10, 000

Method (1.10) (1.12) (1.11)

k ‖F (ϕ
k
)‖ ‖F (ϕ

k
)‖ ‖ϕ

k+1−ϕ
k
‖

0 1.3×10−1 1.7×10−1 1.9×10−2

3 4.1×10−2 4.7×10−4 2.3×10−2

6 7.2×10−8 2.1×10−7 7.1×10−4

8 2.1×10−16 1.3×10−9 2.2×10−7

The nonstationary problem (1.8) can be treated in the preceding frame-
work when the derivative with respect to time is approximated by a finite
difference in an implicit way. For example, with the functions f and g
defined before, using (1.1)–(1.2), and setting W := I − τΔ, we get

Wϕ[m+1]
k+1

+ ατ
∂

∂x

(
ϕ[m+1]

k
ϕ[m+1]

k+1

)
= ατϕ[m+1]

k

∂ϕ[m+1]
k

∂x
+ ϕ[m]

Last
+ τψ[m+1],

ϕ
[m+1]

k+1
∣∣

∂Ω

= 0, ϕ[0] = φ0, ϕ[m+1]
0

= ϕ[m]
Last

,

where τ is the time mesh size, ϕ[m]
Last

denotes the last Newton–Kantorovich
iterate at instant number m, and ψ[m+1](x, y) = ψ((m + 1)τ, x, y).
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Satisfactory numerical computations have been done with α = 1 000,

ψ(t, x, y) :=
{
−10 if |x− 0.5| ≤ 0.1 and |y − 0.5| ≤ 0.1,
+10 otherwise,

φ0(x, y) :=
{

+1 if |x− 0.5| ≤ 0.1 and |y − 0.5| ≤ 0.1,
+0 otherwise,

a time step τ = 0.001, m ∈ [[0, 10 ]], and n = 19×19 = 361 points in Ω.

1.3 Spectral Differential Problems

We consider here the application of Newton-type methods to solve a differ-
ential spectral problem. For this purpose, let X be a complex Hilbert space,
L : D(L) ⊆ X → X a linear operator with compact inverse T : X → D(L)
and domain D(L) dense in X, in order to ensure the existence and unique-
ness of the adjoint operator L∗. For integers p ≥ 1 and m ≥ 1, Im

denotes the identity matrix of order m, for x := [x1, . . . , xm] ∈ Xm,
y := [y1, . . . , yp] ∈ Xp, < x|y > (i, j) :=< xj , yi > defines a Gram ma-
trix, the natural extension of L to Xm is Lx := [Lx1, . . . , Lxm] and, for

Θ ∈ |Cm×p, xΘ :=
[ m∑

i=1
Θ(i, 1)xi, . . . ,

m∑
i=1

Θ(i, p)xi

]
∈ Xp.

We state the m-dimensional spectral problem for L as follows: Given
Ψ ∈ Xm, find Φ ∈ Xm such that

LΦ− Φ < LΦ|Ψ > = 0, < Φ|Ψ > = Im. (1.13)

Let M := Span(Φ) ⊆ X. Equations (1.13) translate the fact that M is
invariant under L and imply that the m elements in Φ are linearly inde-
pendent, as well as those in Ψ. Moreover, the matrix < LΦ|Ψ >∈ |Cm×m

represents the restricted operator L
∣∣
M,M

: M → M, ϕ �→ Lϕ with re-
spect to the ordered basis Φ of M , independently of the choice of the adjoint
basis Ψ. Obviously, Λ := sp

(
L
∣∣
M,M

)
= sp(< LΦ|Ψ >). In many applica-

tions, Λ is a singleton containing a multiple possibly defective eigenvalue of
L or a cluster of such eigenvalues, which will be approximated by a cluster
of eigenvalues of an approximation of L (see [2]).

The product space Xm is a Hilbert space with the Hilbert–Schmidt
inner product < x, y > := tr < x|y >. For more details on notation and
properties of this kind of formulation, the reader is referred to [2].

Applying T to both sides in (1.13) we are led to compute the zeros of the
nonlinear operator F : Xm → Xm defined by F (x) := x− Tx < x|L∗Ψ >
whose Fréchet derivative is F ′(x)h = h− Th < x|L∗Ψ > −Tx < h|L∗Ψ >.
It follows that � := 2‖T‖ ‖L∗Ψ‖ is a Lipschitz constant of F ′ over Xm. The
iterative process defined by (1.1)–(1.2) amounts to solving for Φ

k+1 :

Φ
k+1 − TΦ

k+1 < Φ
k
|L∗Ψ > −TΦ

k
< Φ

k+1 |L∗Ψ > = −TΦ
k

< Φ
k
|L∗Ψ > .

(1.14)
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If T is not available for computational purposes, we apply L to both sides
of equation (1.14) and we get the Sylvester equation

(I − P
k
)LΦ

k+1 − Φ
k+1 < LΦ

k
|Ψ > = −P

k
LΦ

k
, (1.15)

where P
k
x := Φ

k
< x|Ψ >. If Φ0 is chosen so that < Φ0 |Ψ > = Im, then

(P
k
)k≥0 is a sequence of projections along Ψ⊥.
The iterative process defined by (1.1)–(1.4) amounts to solving for Φ

k+1 :

Φ
k+1 − TΦ0 < Φ

k+1 |L∗Ψ > −TΦ
k+1 < Φ0 |L∗Ψ >

= TΦ
k
(< Φ

k
|L∗Ψ > − < Φ0 |L∗Ψ >)− TΦ0 < Φ

k
|L∗Ψ > . (1.16)

The choice of Ψ and Φ0 may involve spectral computations on an ap-
proximation T̃ of T . For instance, Ψ and Φ0 may be chosen to be the exact
solutions of the approximate problem

T̃Φ0 = Φ0 < T̃Φ0 |Ψ >, T̃ ∗Ψ = Ψ < T̃Φ0 |Ψ >∗, < Φ0 |Ψ > = Im.

Then < T̃−1Φ0 |Ψ > = < T̃Φ0 |Ψ >−1, since both of them are equal to
the unique matrix representing in the basis Φ0 the inverse of the restricted
operator T̃

∣∣
M0,M0

: M0 → M0, where M0 := Span(Φ0) is invariant under

T̃ . We may interpret T̃−1 as an approximation of L and replace equation
(1.16) with

Φ
k+1 − TΦ0 < T̃Φ

k+1 |Ψ >−1 −TΦ
k+1 < T̃Φ0 |Ψ >−1

= TΦ
k
(< T̃Φ

k
|Ψ >−1 − < T̃Φ0 |Ψ >−1)− TΦ0 < T̃Φ

k
|Ψ >−1. (1.17)

If the global multiplicity of the spectral set Λ is m = 1, then all the Gram
matrices are scalars, and equation (1.17) reduces to one of the algorithms
presented and studied in [5].

Again, if T is not available for computational purposes, apply L to both
sides of equation (1.16) and get the Sylvester equation

(I − P0)LΦ
k+1 − Φ

k+1 < LΦ0 |Ψ >= P
k
L(Φ

k
− Φ0)− P0LΦ

k
. (1.18)

Both (1.15) and (1.18) can be solved numerically through a weak for-
mulation method:

Suppose there exist a Hilbert space H with inner product < ·, · >H ,
forms a : H×H → |C and b : H×H → |C, and linear bounded operators
A ∈ L(H) and B ∈ L(H) satisfying a(ϕ, v) = < Lϕ, v > = < Aϕ, v >H

for all (ϕ, v) ∈ D(L)×H, and b(u, v) = < u, v > = < Bu, v >H for all
(u, v) ∈ H×H. Then this leads to the weak problem: Find Φ

k+1 ∈ Hm

such that, for all v ∈ Hm,

a(Φ
k+1 |v)− b(Φ

k
|v)a(Φ

k+1 |Ψ)− b(Φ
k+1 |v)a(Φ

k
|Ψ) = −b(Φ

k
|v)a(Φ

k
|Ψ),
(1.19)
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where the extension of a (and b) to Hm×Hm is defined in the obvious
way: For any positive integers p and q, if u := [u1, . . . , up] ∈ Hp and
v := [v1, . . . , vq] ∈ Hq, a(u|v)(i, j) := a(uj , vi).

In terms of operators A and B, the weak problem reads: Find Φ
k+1 ∈

Hm such that

(I −Q
k
)AΦ

k+1 −BΦ
k+1 < AΦ

k
|Ψ >H= −Q

k
AΦ

k
, (1.20)

where Q
k
x := BΦ

k
< x|Ψ >H , x ∈ Hm.

Consider the case of a simple eigenvalue, that is m = 1, Λ = {λ},
Φ = [ϕ], Ψ = [ψ]. The finite element method builds an approximation
of the solution of (1.20) which belongs to a finite-dimensional subspace

Hn := Span{e
n,j

: j ∈ [[1, n ]]} of H. This means that ϕ
k

:=
n∑

j=1
x

k
(j)e

n,j
.

These elements of Hn satisfy a discretized formulation of (1.20) obtained
by performing the inner product of each member with e

n,i
for i ∈ [[1, n ]].

If ψ is chosen in Hn: ψ :=
n∑

j=1
c(j)e

n,j
, we get a system of linear equations

in the unknown x
k+1 ∈ |Cn×1:

[(I−Bx
k
c∗)A− λ

k
B]x

k+1 = −λ
k
Bx

k
, (1.21)

where A, B ∈ |Cn×n and λ
k
∈ |C are defined by A(i, j) := a(e

n,j
, e

n,i
),

B(i, j) :=< e
n,j

, e
n,i

>, λ
k

:= c∗Ax
k
. We remark that, if λk 
= 0, then the

normalizing condition < ϕ
k
, ψ >= 1 is hereditary and reads c∗Bx

k
= 1.

The matrix B is symmetric positive definite. Let B
1
2 denote its symmetric

positive definite square root, whose inverse will be denoted by B− 1
2 . Define

the sequence y
k

:= B
1
2 x

k
and multiply each side of (1.21) by B− 1

2 on the
left. Setting Â := B− 1

2 AB− 1
2 , P

k
:= y

k
c∗ we get the inverse-iteration-like

system [
(I−P

k
)Â− λ

k
I
]
y

k+1 = −λ
k
y

k
. (1.22)

In the general case of a multiple eigenvalue or a cluster of eigenvalues
we find a Sylvester matrix problem: if

en := [e
n,1 , . . . , en,n

], Xk ∈ |Cn×m, Φ
k

:= enXk,

C ∈ |Cn×m, Ψ := enC,

then putting v = en in (1.19) and defining

A := a(en|en), B := b(en|en), Θ
k

:= C∗AXk,

we get a generalization of (1.21):

(I−BXkC∗)AXk+1 −BXk+1Θk
= −BXkΘ

k
.
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If Λ is a singleton containing a multiple eigenvalue λ of L, then the
sequence defined by λ

k
:= (1/m)tr Θ

k
converges to λ as k → ∞, if the

Newton iterations are convergent.
Consider for example the weak version of equation (1.15) in the case of

the elementary one-dimensional model problem:

X := L2([0, 1]), H := H1
0 ([0, 1]), Lϕ := −ϕ′′,

D(L) := {ϕ ∈ X : ϕ′ ∈ X, ϕ(0) = 0 = ϕ(1)},

when the discretization procedure is the finite element approximation with
hat test and basis functions. Then A and B are defined by

A(i, j) :=
∫ 1

0
e′

n,j
(s)e′

n,i
(s) ds, B(i, j) :=

∫ 1

0
e

n,j
(s)e

n,i
(s) ds.

If the hat functions are defined in correspondence with a uniform grid with

n + 2 points and mesh size hn :=
1

n + 1
, then A and B are real symmetric

tridiagonal matrices of order n:

A =
1
hn

tridiag(−1, 2,−1), B =
hn

6
tridiag(1, 4, 1).

Practical convergence is shown in Table 2 through the relative residual
at each iteration in the L2-norm. The grid has 249 interior points and the
approximate eigenspaces converge to the eigenspace corresponding to the
simple eigenvalue λ = (16π)2.

Consider now equation (1.20) for the two-dimensional model problem
described by Ω :=]0, 1[×]0, 1[, X := L2(Ω), H := H1

0 (Ω), Lϕ := −Δϕ, and
D(L) := {ϕ ∈ X : ∇ϕ ∈ X ×X, ϕ|∂Ω = 0}, when the discretization proce-
dure is the finite element approximation with hat test and basis functions
over a uniform triangulation with n := m2 interior points and mesh size
hm := 1/(m + 1), both in x and y. Then A and B are given by

A(i, j) :=
∫ 1

0

∫ 1

0
∇e

n,j
(x, y) · ∇e

n,i
(x, y) dx dy,

B(i, j) :=
∫ 1

0

∫ 1

0
en,j (x, y)en,i(x, y) dx dy.

It follows that

A = tridiag(−Im,Am,−Im), Am := tridiag(−1, 4,−1),

B :=
h2

n

12
tridiag(G�

m,Bm,Gm),

Bm := tridiag(1, 6, 1) and Gm := tridiag(0, 1, 1).
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Table 2. Table 3.

Iteration
‖ Residual ‖
‖ Iterate ‖

0 1.82E − 00

7 8.31E − 09

8 8.03E − 14

Iteration
‖ Residual ‖
‖ Iterate ‖

0 1.64E + 01

2 5.10E − 05

3 4.54E − 12

Computations have been carried out with a bidimensional uniform grid
with 19 × 19 = 361 interior points and we approximate an eigenfunction
corresponding to the exact eigenvalue λ = 8π2 of L. Practical convergence
is shown in Table 3 through the relative residual in the L2-norm at each
iteration.

1.4 Newton Method for the Matrix Eigenvalue
Problem

When computing a Schur form of a square complex matrix, the Newton-
type methods constitute an alternative to the commonly used QR algorithm
or can be implemented in a combined strategy. In order to approach a Schur
form of a complex square matrix by a Newton-type method let us introduce
the real matrix operators:

U(M)(i, j) :=
{

M(i, j) if i ≤ j,
0 otherwise,

D(M)(i, j) :=
{

M(i, j) if i = j,
0 otherwise.

Let A, B be matrices in IRn×n such that Z := A + iB. Schur’s theorem
states that there exist U∞, V∞ in IRn×n and X∞, Y∞ in Im(U), the space
of upper triangular real matrices of order n, such that

Q∞ := U∞ + iV∞, T∞ := X∞ + iY∞

satisfy
ZQ∞ = Q∞T∞, Q∗

∞Q∞ = I.

It can be easily checked that, if D is a diagonal unitary matrix, then
D∗T∞D is still upper triangular. In other words, Q∞D is a unitary ma-
trix which triangularizes Z as well. Hence, D can be chosen so that Q∞
has real diagonal entries: D(V∞) = O. These conditions correspond to
the system of matrix equations

AU∞ −U∞X∞ −BV∞ + V∞Y∞ := O,
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BU∞ −U∞Y∞ + AV∞ −V∞X∞ := O,

U(U�
∞U∞ + V�

∞V∞ − I) := O,

D(V∞) + U(U�
∞V∞ −V�

∞U∞) := O.

The real linear product space B := IRn×n×IRn×n×Im(U)×Im(U) appears
to be the domain for the nonlinear operator F : B → B,

[U,V,X,Y] �→ [AU−BV −UX + VY,BU−UY + AV −VX,

U(U�U + V�V − I),D(V) + U(U�V −V�U)].

For example, if

A :=

⎡⎣ 0 0 1
0 1 0
−1 0 0

⎤⎦ ,

with spectrum {1, i,−i}, and if

X0 = Y0 := O, U0 :=
1√
2

⎡⎣ 1 0 0
0 1 0
0 0 1

⎤⎦ , V0 :=
1√
2

⎡⎣ 0 0 1
0 1 0
1 0 0

⎤⎦ ,

then Newton’s method converges in 6 iterations and the QR algorithm in
15 iterations.

Both theoretical and practical aspects of this approach are being studied
by the authors but some a priori convergence results are already available:

Theorem 6. (A priori convergence of Newton’s method for a Schur form)
Suppose that Z has distinct eigenvalues and that there exists a unitary
matrix Q∞ triangularizing Z such that Q∞(j, j) ∈ IR for all j, and

n∏
j=1

Q∞(j, j) 
= 0.

Then the hypotheses of Theorem 1 are satisfied.

The proof of this assertion can be found in [3].
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2 Nodal and Laplace
Transform Methods for
Solving 2D Heat Conduction
Ivanilda B. Aseka, Marco T. Vilhena,
and Haroldo F. Campos Velho

2.1 Introduction

The reduction of the computational effort is a permanent search for en-
gineering and science problems. This feature can be reached during the
modeling process (simplified models) concerning a particular application.
For example, when designing a chamber, the focus is on the minimization
of temperature changes (insulated room). One does not need to know the
temperature field for the entire physical domain (3D), there is only interest
in the temperature level inside the room driven only by the heat flux. This
problem is built up as a multi-layer heat transfer problem.

The nodal method is particularly appropriate when we are more inter-
ested in flux quantities than numerical values of a specific variable for the
entire domain. The nodal method has appeared in the transport theory
context, but the same methodology can be used in other applications, such
as heat transfer and diffusion processes. The nodal method consists in the
integration (averaging) with respect to one or more space variables. The re-
sulting equations (integrated, or averaged) are the nodal equations, where
boundary conditions are embedded in the equation system. The properties
on the boundaries, expressed in the nodal equations, can be approximated
by lumped analysis [1]. Finally, a time integration could be applied to
the lumped system to obtain the solution. The Laplace transformation is
employed here to perform the time integration. This procedure allows a
semi-analytic result for the time integration. The combination of the nodal
and Laplace transformation methods has been employed in the transport
of neutral particles (see [2]–[4]).

The nodal method technique associated with the lumped procedure and
the Laplace transformation is applied to a two-dimensional (2D) multi-
layer heat transfer problem. The lumped solution is compared to the finite
volume method used in [5]. For the present work, the Hermite numeri-
cal integration scheme is used for representing the boundary conditions in

The authors are grateful to the CNPq (Conselho Nacional de Desenvolvimento
Cient́ıfico e Tecnológico) and to FAPERGS (Rio Grande do Sul Foundation for
Research Support) for their partial financial support of this work.
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the nodal equations. The Hermite schemes are also compared with the
temperature on the boundary, in which it is expressed as the temperature
average.

2.2 Nodal Method in Multi-layer Heat Conduction

The heat equation is considered in the parallel multi-layer problem under
the assumption of a perfect thermal contact along the interfaces x = xi,
i = 2, 3, . . . , n. Each layer i is considered homogenous, isotropic, and as
having constant thermal properties (ρi, cpi

, and ki). Initially, each layer
has temperature Ti(x, y, 0) = Fi(x, y) at xi < x < xi+1 and y1 < y < y2 for
i = 1, 2, 3, . . . , n and t = 0. For a given time t > 0, the heat is transferred
by convection at the four boundaries. The heat transfer coefficients at the
boundaries x = x1, x = xn+1, y = y1 (bottom) and y = y2 (top) are,
respectively, h1, hn+1, hc, and hd. Heat sources and sinks will not be
considered here.

The mathematical formulation of this heat conduction problem for each
layer is expressed as

∂2Ti(x, y, t)
∂x2 +

∂2Ti(x, y, t)
∂y2 =

1
αi

∂Ti(x, y, t)
∂t

, (2.1)

where x ∈ (x1, xn+1), y ∈ (y1, y2), and t > 0; here αi = ki/(ρi Cpi
) is

the thermal diffusivity, ρi the density, Cpi
the specific heat, ki the thermal

conductivity, and i = 1, 2, . . . , n are the indexed layers. Equation (2.1) is
associated with the following boundary, interface, and initial conditions.

• Boundary conditions in the x-direction, with y ∈ (y1, y2) and t > 0:

−k1
∂T1(x, y, t)

∂x
= h1[f1(t)− T1(x, y, t)] at x = x1, (2.1a)

kn
∂Tn(x, y, t)

∂x
= hn+1[fn+1(t)− Tn(x, y, t)] at x = xn+1. (2.1b)

• Boundary conditions in the y-direction, with x ∈ (x1, xn+1) and t > 0:

−ki
∂Ti(x, y, t)

∂y
= hc[fc(t)− Ti(x, y, t)] at y = y1, (2.1c)

ki
∂Ti(x, y, t)

∂y
= hd[fd(t)− Ti(x, y, t)] at y = y2. (2.1d)

• Interface conditions (i = 1, 2, . . . , (n− 1)), with y ∈ (y1, y2) and t > 0:

Ti(x, y, t) = Ti+1(x, y, t) at x = xi+1, (2.1e)

ki
∂Ti(x, y, t)

∂x
= ki+1

∂Ti+1(x, y, t)
∂x

at x = xi+1. (2.1f)
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• Initial conditions, with y ∈ (y1, y2) and x ∈ (x1, xn+1):

Ti(x, y, 0) = Fi(x, y), i = 1, 2, . . . , n. (2.1g)

Integrating (2.1) in the y-direction between y1 and y2 and multiplying
by 1/(Δy) results in the partial differential equation (for the variables x
and t)

∂2τi(x, t)
∂x2 +

1
y2 − y1

[
∂Ti

∂y

∣∣∣∣∣
y=y2

− ∂Ti

∂y

∣∣∣∣∣
y=y1

]
=

1
αi

∂τi(x, t)
∂t

,

where τi(x, t) ≡ (Δy)−1
∫ y2

y1
Ti(x, y, t) dy and Δy = y2 − y1. This is called

the nodal approach for this problem. Applying the boundary conditions,
we obtain the new equation

∂2τi

∂x2 −
hc

ki
Ti(x, y2, t)−

hd

ki
Ti(x, y1, t)

=
1
αi

∂τi

∂t
− 1

ki
[hcTc + hdTd(t)]. (2.2)

Boundary conditions emerge in the nodal formulation. Some approx-
imations need to be described to represent these terms. Table 1 lists a
number of characteristics of the multi-layer region.

Table 1. Some characteristics of the multi-layer region.

Layer Thickness [mm] k [W m−1 C−1] α [m2 s−1]
Layer− 1 25 0.692 4.434× 10−7

Layer− 2 100 1.731 9.187× 10−7

Layer− 3 25 0.043 1.600× 10−6

Layer− 4 20 0.727 5.400× 10−7

2.2.1 Lumped Analysis: Standard Approach

Here, the standard (or classical) approach is to assume that the tempera-
ture at the boundaries y = y1 and y = y2 is equal to the average tempera-
ture; that is,

Ti(x, y1, t) ≈ τi(x, t) , (2.3)
Ti(x, y2, t) ≈ τi(x, t) . (2.4)

Substituting (2.3) and (2.4) in (2.2), we obtain for the average temperature
τi the simplified formulation[

∂2

∂x2 −
(hc + hd)

Δyki

]
τi(x, t) =

1
αi

∂τi(x, t)
∂t

− 1
Δy ki

(hcTc + hdTd(t)) .

(2.5)
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In the next section an improvement will be addressed. The boundary
conditions will be approximated by a function of the average tempera-
ture, that is, T (x, y1, t) ≈ f [Tav(t)] and T (x, y2, t) ≈ f [Tav(t)], where the
function f [Tav(t)] is determined from the Hermite approximation for the
integrals.

2.2.2 Lumped Analysis: Improved Approach

The H0,0/H0,0 approximation. Considering the integrals defining the
average temperature and the heat flux (i = 1, . . . , n)

1
Δy

∫ y2

y1

Ti(x, y, t) dy = τi(x, t),∫ y2

y1

∂Ti(x, y, t)
∂y

dy = Ti(x, y2, t)− Ti(x, y1, t)

and using trapezoidal quadrature for the integrals, we derive the expres-
sions (i = 1, . . . , n)

τi(x, t) ≈ 1
2Δy

[Ti(x, y1, t) + Ti(x, y2, t)] ,

Ti(x, y2, t)− Ti(x, y1, t) ≈
1
2

[
∂Ti

∂y

∣∣∣∣
y=y1

+
∂Ti

∂y

∣∣∣∣
y=y1

]
.

After some manipulation, and employing the boundary conditions (2.1c)
and (2.1d), we obtain the boundary conditions in the form (i = 1, .., n)

Ti(x, y1, t) = 2Δy

[
2ki + hc

4ki + hc + hd

]
τi(x, t) +

[
hdTd(t)− hcTc

4ki + hc + hd

]
, (2.6)

Ti(x, y2, t) = 2Δy

[
2ki + hd

4ki + hd + hc

]
τi(x, t)−

[
hdTd(t)− hcTc

4ki + hd + hc

]
. (2.7)

Clearly, (2.6) and (2.7) are improved expressions. Finally, substituting
these expressions in (2.2), we arrive at the H0,0/H0,0 approach

∂2τi(x, t)
∂x2 − 4(ki(hc + hd) + hchd)

ki(4ki + hd + hc)
τi(x, t)

=
1
αi

∂τi

∂t
− 1

Δy ki

[
(hcTc + hdTd(t))−

hc − hd

4ki + hd + hc
(hdTd(t)− hcTc)

]
.

(2.8)

The H1,1/H0,0 approximation. As above, the trapezoidal quadrature
is used to obtain the approximation H1,1 for the average temperature,
while the approximation H0,0 is employed to estimate the heat flux. From
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this consideration, the relation between the average temperature and the
temperature at the boundary is

τi(x, t) ∼= 1
2Δy

(
Ti

∣∣
y=y1

+ Ti

∣∣
y=y2

)
+

1
12

[
∂Ti

∂y

∣∣∣∣
y=y1

− ∂Ti

∂y

∣∣∣∣
y=y2

]
.

On applying the boundary conditions (2.1c) and (2.1d) to the above
equation and using the H0,0 approximation, we find that the temperatures
are expressed as (i = 1, . . . , n)

Ti(x, y1, t) =
U

V
τi(x, t) +

W

V
+

U

12kiV
[hdTd(t) + hcTc] , (2.9)

where

U = 12kiΔy(2ki + hc),
V = (6ki + Δyhd)(2ki + hc) + (6ki + Δyhc)(2ki + hd),
W = (6ki + Δyhc)(hdTd(t)− hcTc),

and

Ti(x, y2, t) =
Z

V
τi(x, t)− X

V
+

Z

12kiV
[hdTd(t) + hcTc] , (2.10)

where

Z = 12kiΔy(2ki + hd),
X = (6ki + Δyhd)[hdTd(t)− hcTc].

Expressions (2.9) and (2.10) represent the average temperature and the
temperature at the surface for the H1,1/H0,0 approximation; therefore, the
H1,1/H0,0 formulation is written as

∂2τi(x, t)
∂x2 − 24(kihc + kihd + hchd)

B
τ(x, t)

=
1
αi

∂τi(x, t)
∂t

− 1
Δyki

(hcTc + hdTd(t))

+ (hdTd(t)− hcTc)
[(

hc

D
(6ki + Δy hd)−

hd

B
(6ki + Δy hc)

)]
− 1

Δyki

hdTd(t) + hcTc

12ki

(
hc

C

D
+ hd

A

B

)
. (2.11)

We now have the set of 1D differential equations (2.5), (2.8), and (2.11)
to solve, subject to the boundary conditions

−k1
∂τ1(x, t)

∂x
= ha[Ta(t)− τ1(x, t)] at x = x1, t > 0,
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kn
∂τn(x, t)

∂x
= hb[Tb − τn(x, t)] at x = xn+1, t > 0,

the interface conditions (i = 1, 2, . . . , n− 1)

τi(x, t) = τi+1(x, t) at x = xi+1, t > 0,

ki
∂τi(x, t)

∂x
= ki+1

∂τi+1(x, t)
∂x

at x = xi+1, t > 0,

and initial conditions (i = 1, 2, . . . , n)

τi(x, 0) = G0,i(x), xi < x < xi+1,

where
G0,i(x) =

1
Δy

∫ y2

y1

Fi(x, y) dy.

2.2.3. Time Integration: Laplace Transformation Method

The Laplace transform of a function τi(x, t) is defined by

τ̄i(x, s) ≡ L{τi(x, t)} =
∫ ∞

0
τi(x, t) e−st dt.

Applying the Laplace transformation to the nodal equation results in

d2τ̄i(x, s)
dx2 −

(
βi +

s

αi

)
τ i(x, s) = − 1

αi
G0,i(x)−

[
1

Δy ki

]
γi , (2.12)

which satisfies the transformed boundary conditions and the interface con-
ditions (i = 1, 2, 3). The parameters βi and γi are expressed as

βi =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

hc + hd

Δy ki
for the standard approach,

4[ki Δy (hc + hd) + hc hd]
ki (4ki + hd + hc)

for the H0,0/H0,0 approach,

hdUdown + hcUupper

ki Δy V
for the H1,1/H0,0 approach,

γi =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

hdT̄d(s) + hc
Tc

s
for the standard approach,(

hdT̄d(s) + hc
Tc

s

)
− hd − hc

4ki + hd + hc

(
hc

Tc

s
− hdT d(s)

)
for the H0,0/H0,0 approach,[

hdT̄d(s) + hc
Tc

s

]
+

hdZ̄(s)− hcw̄(s)
ki Δy V

for the H1,1/H0,0 approach.
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The solution of (2.12) can be written as

τ̄i(x, s) = Aie
−Rix + Bie

Rix

− e−Rix

2Ri

∫ x

xi

eRiξ

[
− G0,i(ξ)

αi
−
(

1
Δy ki

)
γi(s)

]
dξ

+
eRix

2Ri

∫ x

xi

e−Riξ

[
− G0,i(ξ)

αi
−
(

1
Δy ki

)
γi(s)

]
dξ,

where Ri =
√

βi + (s/αi) and e−Rix and eRix are linearly independent
functions. Another representation for this solution is

τ̄i(x, s) = Aie
−Rix + Bie

Rix + Ii(x)

− γi(s)
2 Ri Δy ki

[
2− e−Ri(x−xi) − e−Ri(xi−x)

]
,

where

Ii(x) =
1

2Riαi

[ ∫ x

xi

e−Ri(x−ξ) G0,i(ξ) dξ

−
∫ x

xi

eRi(x−ξ) G0,i(ξ) dξ

]
.

The coefficients Ai and Bi (i = 1, 2, 3, 4) are determined from the bound-
ary and interface conditions, which yield a linear system.

Finally, the solution τi(x, t) is obtained by applying the inverse Laplace
transformation, that is,

τi(x, t) =
1

2πj

∫ c+j∞

c−j∞
est τ̄i(x, s) ds.

Changing the variable s = p/t and using a Gaussian quadrature formula [6]
for the Bromwich integral yields

τi(x, t) =
1

2πj

∫ c′+j∞

c′−j∞
ep τ̄i(x, p/t)

t
dp ≈

n∑
k=1

wk
pk

t
τ̄i(x, pk/t),

where c′ = c/t. Numerical values for the weights wk and nodes pk can be
found in the literature [7]. Substituting the variable s by pk/t allows us
to compute the integration constants Ai and Bi by solving 4 × n linear
systems (n is the quadrature order for numerical inversion of the Laplace
transform) to obtain τi(x, t).
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2.3 Numerical Results

Our numerical example consists of a four-layer region. The whole domain
is 17 cm (width) × 100 cm (height). The features for each layer are dis-
played in Table 1. The external and internal convection coefficients are,
respectively, hc = hd = 16.95 W m−2 C−1 and hb = hc = 8.26 W m−2 C−1.

The temperature inside the chamber is assumed to be constant at
Tb = 24◦C, while the external temperature is changing with time—a diur-
nal cycle, according to the sun-air temperature. This is a fictitious tem-
perature, where the solar radiation is taken into account [8]. The data
for the sun-air temperature (TSA) are those for 40◦N latitude on July 21
and α/h0 = 0.026 (see Tables 2 and 3). In order to have a continuous
function for TSA, a piecewise polynomial interpolation is used with 5 in-
tervals in a day: [00:00–05:00], [05:00–12:00], [12:00–16:00], [16:00–19:00],
and [19:00–24:00].

Table 2. The sun-air temperature for a vertical surface.

time [h] temperature [0C] time [h] temperature [0C]
1 25.430 13 40.446
2 24.880 14 46.682
3 24.440 15 50.860
4 24.110 16 52.350
5 24.000 17 50.618
6 25.104 18 43.948
7 26.382 19 31.416
8 27.918 20 29.830
9 29.764 21 28.620
10 31.700 22 27.520
11 33.752 23 26.640
12 35.850 24 25.980

Table 3. The sun-air temperature for a horizontal surface.

time [h] temperature [0C] time [h] temperature [0C]
1 25.430 13 54.642
2 24.880 14 53.624
3 24.440 15 50.886
4 24.110 16 46.604
5 24.000 17 41.128
6 25.104 18 35.290
7 26.382 19 31.286
8 27.918 20 29.830
9 29.764 21 28.620
10 31.700 22 27.520
11 33.752 23 26.640
12 53.946 24 25.980
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For the initial condition, the function G0,i(x) is represented by a second-
degree polynomial, which is in good agreement with the true initial temper-
ature field. Here, the same periods of time are used to split the day. Each
period represents a new evolution problem, where the end of a period is the
initial condition for the next period, and so on. The least square estimation
was used to compute the polynomial coefficients for the interpolation.

Table 4. The heat flux (W ) for the first, second, third, and fourth days, from the
H1,1/H0,0 approach.

hour Day 1 Day 2 Day 3 Day 4
1 0.1269 10.4372 10.5311 10.5319
2 0.3013 8.9478 9.0250 9.0256
3 0.4548 7.6100 7.6733 7.6738
4 0.5204 6.4112 6.4632 6.4637
5 0.5074 5.3486 5.3913 5.3917
6 0.4897 4.4660 4.5011 4.5014
7 0.5472 3.8123 3.8411 3.8414
8 0.7888 3.4698 3.4934 3.4936
9 1.2567 3.4580 3.4774 3.4775
10 1.9635 3.7709 3.7868 3.7870
11 2.9075 4.3915 4.4046 4.4047
12 4.6784 5.8969 5.9076 5.9077
13 6.5352 7.5356 7.5444 7.5445
14 8.3510 9.1724 9.1796 9.1797
15 10.5553 11.2298 11.2357 11.2358
16 13.1129 13.6667 13.6715 13.6716
17 15.6895 16.1442 16.1482 16.1482
18 17.8605 18.2338 18.2371 18.2372
19 19.1369 19.4434 19.4461 19.4461
20 19.0072 19.2589 19.2611 19.2611
21 17.5949 17.8016 17.8034 17.8034
22 15.7441 15.9138 15.9153 15.9153
23 13.8571 13.9964 13.9977 13.9977
24 12.0699 12.1842 12.1853 12.1853

The average heat flux for the first four simulation days is shown in
Table 4. After the fourth day, the transient processes disappear. Only
the results obtained employing the H1,1/H0,0 approach, which produces
better results, are shown. For comparison, Table 5 shows the heat flux
for the fourth day computed using the finite volume method (FVM), the
Gauss–Laplace transformation scheme (G-L), and the method developed
here with the H1,1/H0,0 formulation and 8 quadrature points for numerical
inversion of the Laplace transform. Both the FVM and G-L approaches
use the finite volume method for domain decomposition, but the FVM uses
the forward Euler method for time integration, whereas the G-L uses the
Laplace transformation with numerical inversion.
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This method also allows us to calculate the temperature inside the wall.

Table 5. The heat flux (W ) for the fourth day, from FVM, G-L, and H1,1/H0,0.

hour FVM G-L QH11/H00

1 10.188 12.652 10.531
2 8.686 11.223 9.025
3 7.339 9.887 7.673
4 6.140 8.643 6.463
5 5.093 7.492 5.391
6 4.295 6.422 4.501
7 3.802 5.497 3.841
8 3.644 4.813 3.493
9 3.833 4.417 3.477
10 4.357 4.318 3.787
11 5.195 4.513 4.404
12 8.200 4.394 5.907
13 10.602 4.593 7.544
14 12.323 5.490 9.179
15 14.255 7.166 11.235
16 16.194 9.889 13.671
17 18.010 13.038 16.148
18 19.318 16.193 18.237
19 19.818 18.581 19.446
20 19.250 19.339 19.261
21 17.629 18.587 17.803
22 15.655 17.214 15.915
23 13.689 15.672 13.997
24 11.854 14.132 12.185

2.4. Final Remarks

Starting from a lumped analysis, where simplified models are designed, this
paper introduces a semi-analytic approach, combining the Laplace trans-
formation and lumped approach. In addition, three different schemes for
lumped analysis are considered, and the results are compared against a full
numerical formulation based on the finite volume method.

The method presented in this paper is effective for computing the heat
flux through the wall, and it reduces the computational effort. One re-
markable feature of this new method is that domain discretization is not
necessary. The Gaussian approach for numerical inversion of the Laplace
transform performed well.

Ours is a new procedure for this problem, which has until now been
solved only by using fully standard numerical schemes. The application of
this method to a 3D domain and other orthogonal coordinate systems is
straightforward.
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3 The Cauchy Problem
in the Bending of
Thermoelastic Plates
Igor Chudinovich and Christian Constanda

3.1 Introduction

The main advantage of plate theories is the reduction of the original three-
dimensional problem to a two-dimensional mathematical model. This not
only makes the essential effects of the phenomenon of bending more promi-
nent, but also simplifies the analytic arguments and the numerical com-
putation algorithms. Starting with Kirchhoff’s, many such theories have
been proposed, each more refined than the preceding one in terms of math-
ematical sophistication and range of results. In this paper, we study the
initial value problem for a very large (therefore, mathematically infinite)
elastic plate with transverse shear deformation, as described in [1] and later
generalized in [2] to account for thermal effects. We use the linearity of the
governing equations to split the full investigation into two cases, namely
that of homogeneous initial conditions and that of a homogeneous system.
We show that the solution of the model can be represented in terms of
some “initial” potentials with densities related to the prescribed data.

The corresponding problem for adiabatic plate deformation was dis-
cussed in [3].

3.2 Prerequisites

Suppose that the plate occupies a region R
2 × [−h0/2, h0/2], h0 = const,

in R
3. The displacement field at a point x′ and t ≥ 0 is v(x′, t) =

(v1(x′, t), v2(x′, t), v3(x′, t))T, where the superscript T denotes matrix trans-
position, and the temperature in the plate is τ(x′, t). If x′ = (x, x3),
x = (x1, x2) ∈ R

2, then for a plate with transverse shear deformation we
assume [1] that

v(x′, t) = (x3u1(x, t), x3u2(x, t), u3(x, t))T

and use the temperature “averaged” across the thickness by means of the
formula [2]

u4(x, t) =
1

h2h0

h0/2∫
−h0/2

x3τ(x, x3, t) dx3, h2 =
h2

0

12
.
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Then U(x, t) = (u(x, t)T, u4(x, t))T, u(x, t) = (u1(x, t), u2(x, t), u3(x, t))T,
satisfies

B0∂
2
t U(x, t) + B1∂tU(x, t) +AU(x, t) = Q(x, t), (x, t) ∈ G, (3.1)

where G = R
2×(0,∞), B0 = diag{ρh2, ρh2, ρ, 0}, ∂t = ∂/∂t, ρ = const > 0

is the density of the material,

B1 =

⎛⎜⎜⎜⎜⎝
0 0 0 0

0 0 0 0

0 0 0 0

η∂1 η∂2 0 κ
−1

⎞⎟⎟⎟⎟⎠ , A =

⎛⎜⎜⎜⎝ A

h2γ∂1

h2γ∂2

0

0 0 0 −Δ

⎞⎟⎟⎟⎠ ,

A =

⎛⎜⎝−h2μΔ− h2(λ + μ)∂2
1 + μ −h2(λ + μ)∂1∂2 μ∂1

−h2(λ + μ)∂1∂2 −h2μΔ− h2(λ + μ)∂2
2 + μ μ∂2

−μ∂1 −μ∂2 −μΔ

⎞⎟⎠ ,

∂α = ∂/∂α, α = 1, 2, η, κ, and γ are positive physical constants, λ and
μ are the Lamé coefficients satisfying λ + μ > 0, μ > 0, and Q(x, t) =
(q(x, t)T, q4(x, t))T, where q(x, t) = (q1(x, t), q2(x, t), q3(x, t))T is a combi-
nation of the forces and moments acting on the plate and its faces and
q4(x, t) is a combination of the averaged heat source density and the tem-
perature and heat flux on the faces.

In terms of smooth functions, the Cauchy problem for (3.1) consists in
finding U(x, t) ∈ C2(G), u ∈ C1(Ḡ), u4 ∈ C(Ḡ), such that

B0∂
2
t U(x, t) + B1∂tU(x, t) +AU(x, t) = Q(x, t), (x, t) ∈ G,

U(x, 0) = U0(x), ∂tu(x, 0) = ψ(x), x ∈ R
2,

(3.2)

where U0(x) = (ϕ(x)T, θ(x))T, ϕ(x) = (ϕ1(x), ϕ2(x), ϕ3(x))T, and the
initial “velocity” ψ(x) = (ψ1(x), ψ2(x), ψ3(x))T are given.

For κ > 0, we denote by H1,κ(G) the space of all four-component distri-
butions U(x, t) with norm

‖U‖21,κ;G =
∫
G

e−2κt

{
|U(x, t)|2 + |∂tU(x, t)|2 +

4∑
i=1

|∇ui(x, t)|2
}

dx dt,

or, equivalently,{∫
G

e−2κt
[
(1 + |ξ|)2|Ũ(ξ, t)|2 + |∂tŨ(ξ, t)|2

]
dξ dt

}1/2

,

where Ũ(ξ, t) = (ũ(ξ, t)T, ũ4(ξ, t))T, ũ(ξ, t) = (ũ1(ξ, t), ũ2(ξ, t), ũ3(ξ, t))T,
is the Fourier transform of U(x, t) with respect to x.
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Let W (x, t) = (w(x, t)T, w4(x, t))T ∈ C∞
0 (Ḡ). Multiplying the ith equa-

tion in (3.2) by w̄i and the conjugate form of the fourth equation by
h2γη−1w4, integrating over G, and adding the results together yields∫

G

[
(B0∂

2
t u, w) + (Au, w) + h2γη−1

κ
−1(w4, ∂tu4)

− h2γη−1(w4, Δu4) + h2γ(w4, ∂t div u) + h2γ(∇u4, w)
]
dx dt

=
∫
G

[
(q, w) + h2γη−1(w4, q4)

]
dx dt, (3.3)

where B0 = diag{ρh2, ρh2, ρ}, (· , ·) is the inner product in the vector space
C

m, and (· , ·) is the inner product in
[
L2(R2)

]m for any m ∈ N. Using
integration by parts in (3.3) and the initial conditions from (3.2), we find
that

∞∫
0

[
a(u, w)− (B1/2

0 ∂tu, B
1/2
0 ∂tw)0 + h2γη−1

κ
−1(w4, ∂tu4)0

+ h2γη−1(∇w4,∇u4)0 − h2γ(∇w4, ∂tu)0 + h2γ(∇u4, w)0
]
dt

= (B0ψ, γ0w)0 +

∞∫
0

[
(q, w)0 + h2γη−1(w4, q4)0

]
dt, (3.4)

where γ0 is the continuous trace operator from the Sobolev space of index
m ∈ N and with weight exp(−2κt), t > 0, of functions on G to the cor-
responding standard Sobolev space of index m − 1/2 of functions (vector
functions) defined in R

2, and a(u, w) = 2
∫

R2

E(u, w) dx, where

2E(u, w) = h2E0(u, w) + h2μ(∂2u1 + ∂1u2)(∂2w̄1 + ∂1w̄2)

+ μ[(u1 + ∂1u3)(w̄1 + ∂1w̄3) + (u2 + ∂2u3)(w̄2 + ∂2w̄3)],

E0(u, w) = (λ + 2μ)
[
(∂1u1)(∂1w̄1) + (∂2u2)(∂2w̄2)

]
+ λ

[
(∂1u1)(∂2w̄2) + (∂2u2)(∂1w̄1)

]
.

It is easy to see that if f ∈ C2(R2) and g ∈ C∞
0 (R2), then (Af, g)0 =

a(f, g). Guided by (3.4), we say that U(x, t) is a weak solution of (3.2) if
U ∈ H1,κ(G) for some κ > 0, U satisfies (3.4) for any W ∈ C∞

0 (Ḡ), and
γ0U = U0(x).

Theorem 1. The Cauchy problem (3.2) has at most one weak solution
U ∈ H1,κ(G).

Owing to linearity, the solution of (3.2) can be written as the sum of the
solutions of two simpler problems: the Cauchy problem for the homoge-
neous system (3.1) with the prescribed initial data and the Cauchy problem
for the nonhomogeneous system (3.1) with zero initial data.
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3.3 Homogeneous System

Suppose that Q(x, t) = 0. Then (3.4) becomes
∞∫
0

[
a(u, w)− (B1/2

0 ∂tu, B
1/2
0 ∂tw)0 + h2γη−1

κ
−1(w4, ∂tu4)0

+ h2γη−1(∇w4,∇u4)0 − h2γ(∇w4, ∂tu)0

+ h2γ(∇u4, w)0
]
dt = (B0ψ, γ0w)0. (3.5)

We want to find U ∈ H1,κ(G) satisfying (3.5) for all W ∈ C∞
0 (Ḡ) and

γ0U = U0(x) = (ϕ(x)T, θ(x))T.
We consider a matrix D(x, t) of fundamental solutions for (3.1), that is,

a matrix such that

B0∂
2
t D(x, t) + B1∂tD(x, t) +AD(x, t) = δ(x, t)I, (x, t) ∈ R

3,

D(x, t) = 0, t < 0,

where I is the identity (4× 4)-matrix and δ is the Dirac delta.
We write D(x, t) = χ(t)Φ(x, t), D̃(ξ, t) = χ(t)Φ̃(ξ, t), where χ(t) is the

characteristic function of the positive semi-axis.
The initial potential of the first kind of density F (x) = (f(x)T, f4(x))T,

f(x) = (f1(x), f2(x), f3(x))T, is defined by

J (x, t) = (JF )(x, t) =
∫
R2

D(x−y, t)F (y)dy =
∫
R2

Φ(x−y, t)F (y)dy, t > 0.

The initial potential of the second kind of density G(x) = (g(x)T, g4(x))T,
g(x) = (g1(x), g2(x), g3(x))T, is defined by

E(x, t) = (EG)(x, t) =
∫
R2

∂tD(x− y, t)G(y)dy

=
∫
R2

∂tΦ(x− y, t)G(y)dy = ∂t(JG)(x, t), t > 0.

Theorem 2. If ϕ ∈ H3(R2), θ ∈ H2(R2), and ψ ∈ H1(R2), and if, in
addition, f = B0ψ, f4 = κ

−1θ + η div ϕ, g = B0ψ, and g4 = 0, then

L(x, t) = (JF )(x, t) + (EG)(x, t)

is the solution of (3.5) in H1,κ(G) for any κ > 0 and satisfies the initial
condition γ0L = (ϕT, θ)T and the estimate

‖L‖1,κ;G ≤ c
{
‖ϕ‖3 + ‖θ‖2 + ‖ψ‖1

}
,

where c = const > 0 is independent of the data functions.
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We are interested in the the relationship between the smoothness of the
solution of the Cauchy problem and that of the given initial data. We
choose to examine this, for example, in the space Hm,κ(G) consisting of
elements U = (uT, u4)T with norm

‖U‖′
m,κ;G =

{∫
G

e−2κt

[
(1 + |ξ|)2m|Ũ(ξ, t)|2 +

m∑
k=1

(1 + |ξ|)2(m−k)

×
(
|∂k

t ũ(ξ, t)|2 + |∂k−1
t ũ4(ξ, t)|2

)]
dξ dt

}1/2

, m ∈ N.

Theorem 3. If

ϕ ∈ Hm+1(R2), θ ∈ Hm(R2), ψ ∈ Hm(R2), m = 1, 2,

ϕ ∈ H2m−1(R2), θ ∈ H2m−2(R2), ψ ∈ H2m−3(R2), m ≥ 3,

and f = B0ψ, f4 = κ
−1θ + η div ϕ, g = B0ϕ, and g4 = 0, then

L(x, t) = (JF )(x, t) + (EG)(x, t)

is the solution of (3.5) in H
′
m,κ(G) for any κ > 0, and

‖L‖′
m,κ;G ≤ c(‖ϕ‖m+1 + ‖θ‖m + ‖ψ‖m), m = 1, 2,

‖L‖′
m,κ;G ≤ c(‖ϕ‖2m−1 + ‖θ‖2m−2 + ‖ψ‖2m−3), m ≥ 3,

where c = const > 0 is independent of the data functions.

3.4 Homogeneous Initial Data

Let ϕ(x) = θ(x) = ψ(x) ≡ 0. Then the variational equation (3.4) takes the
form

∞∫
0

[
a(u, w)− (B1/2

0 ∂tu, B
1/2
0 ∂tw)0 + h2γη−1

κ
−1(w4, ∂tu4)0

+ h2γη−1(∇w4,∇u4)0 − h2γ(∇w4, ∂tu)0 + h2γ(∇u4, w)0
]
dt

=

∞∫
0

[
(q, w)0 + h2γη−1(w4, q4)0

]
dt ∀W ∈ C∞

0 (Ḡ) (3.6)

and we seek for it a solution U ∈ H1,κ(G) such that γ0U = 0.
The Laplace transform with respect to t of a function u(x, t) is

û(x, p) =

∞∫
0

e−ptu(x, t) dt.
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We consider the area potential U(x, t) of density Q(x, t) = (q(x, t)T,
q4(x, t))T, q(x, t) = (q1(x, t), q2(x, t), q3(x, t))T, of class C∞

0 (G), defined by

U(x, t) = (UQ)(x, t) =
∫
G

D(x− y, t− τ)Q(y, τ) dy dτ, (x, t) ∈ G.

Let Cκ = {p = σ+iτ : σ > κ}, κ ∈ R, and let k, l, m ∈ R. We introduce
a number of necessary spaces of (vector or scalar) distributions, as follows.

(i) Hm(R2) is the standard Sobolev space, with norm

‖u‖m =
{∫

R2

(1 + |ξ|2)m|ũ(ξ)|2 dξ

}1/2

.

(ii) Hm,p(R2), p ∈ C, is the space that coincides with Hm(R2) as a set
but is endowed with the norm

‖u‖m,p =
{∫

R2

(1 + |ξ|2 + |p|2)m|ũ(ξ)|2 dξ

}1/2

.

(iii) HL
m,k,κ(R2) and HL

m,k,κ(R2) are the spaces of functions û(x, p) that,
regarded as mappings from Cκ to Hm(R2), are holomorphic; they are
equipped, respectively, with the norms

[û]2m,k,κ = sup
σ>κ

∞∫
−∞

(1 + |p|2)k‖ŭ(ξ, p)‖2m dτ < ∞,

‖û‖2m,k,κ = sup
σ>κ

∞∫
−∞

(1 + |p|2)k‖ŭ(ξ, p)‖2m,p dτ < ∞,

where ŭ(ξ, p) is the Fourier transform of û(x, p) with respect to x.

(iv) HL−1

m,k,κ(G) and HL−1

m,k,κ(G) are the spaces of the inverse Laplace
transforms u(x, t) of û(x, p) ∈ HL

m,k,κ(R2) and û(x, p) ∈ HL
m,k,κ(R2), en-

dowed with the norms

[u]m;k,κ;G = [û]m,k,κ, ‖u‖m;k,κ;G = ‖û‖m,k,κ.

(v) HL−1

m;k,l;κ(G) = HL−1

m,k,κ(G) × HL−1

m,l;κ(G) is the space of all U(x, t) =
(u(x, t)T, u4(x, t))T, u(x, t) = (u1(x, t), u2(x, t), u3(x, t))T, with norm

[U ]m;k,l,κ;G = [u]m;k,κ;G + [u4]m;l,κ;G.
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(vi) HL−1

m;k,l;κ(G) = HL−1

m,k,κ(G)×HL−1

m,l;κ(G) is the space of functions U of
the same form as in (v) but is equipped with the norm

‖U‖m;k,l,κ;G = ‖u‖m;k,κ;G + ‖u4‖m; l,κ;G.

(vii) H
L−1

1,κ (G) = HL−1

1;0,0;κ(G), with ‖U‖1,κ;G = ‖U‖1;0,0,κ;G; it is obvious
that this is the subspace of H1,κ(G) consisting of all U = (uT, u4)T such
that γ0U = 0.

Theorem 4. For any Q = (qT, q4)T ∈ HL−1

−1;1,1;κ(G), κ > 0, equation (3.6)
has a unique solution U = UQ ∈ H

L−1

1,κ (G). If Q ∈ HL−1

−1;k,k;κ(G), then
U ∈ HL−1

1;k−1,k−1;κ(G) and

‖U‖1;k−1,k−1,κ;G ≤ c[Q]−1;k,k,κ;G,

where c = const > 0 is independent of Q and k but may depend on κ.

Full details of the proofs of these assertions will appear in a future pub-
lication.
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4 Mixed Initial-boundary
Value Problems for
Thermoelastic Plates
Igor Chudinovich and Christian Constanda

4.1 Introduction

A study is made of the time-dependent bending of an elastic plate with
transverse shear deformation [1] under external forces and moments, in-
ternal heat sources, homogeneous initial conditions, and nonhomogeneous
mixed boundary conditions, when thermal effects are taken into account
(see [2]). The problems, solved by means of a variational method coupled
with the Laplace transformation technique, are shown to have unique stable
solutions in appropriate spaces of distributions. The corresponding results
in the absence of heat sources can be found in [3]–[7].

4.2 Prerequisites

Consider a homogeneous and isotropic elastic material occupying a region
S̄ × [−h0/2, h0/2] ⊂ R

3, S ⊂ R
2. The displacement of a point x′ at time

t ≥ 0 is characterized by a vector v(x′, t) = (v1(x′, t), v2(x′, t), v3(x′, t))T,
where the superscript T denotes matrix transposition. The temperature in
the plate is denoted by θ(x′, t). Let x′ = (x, x3), x = (x1, x2) ∈ S̄. The
process of bending is described by a field of the form [1]

v(x′, t) = (x3u1(x, t), x3u2(x, t), u3(x, t))T,

coupled with the “averaged” temperature [2]

u4(x, t) =
1

h2h0

h0/2∫
−h0/2

x3θ(x, x3, t) dx3, h2 =
h2

0

12
.

Then the vector

U(x, t) = (u(x, t)T, u4(x, t))T, u(x, t) = (u1(x, t), u2(x, t), u3(x, t))T,

is a solution of

B0∂
2
t U(x, t) + B1∂tU(x, t) +AU(x, t) = Q(x, t),

(x, t) ∈ G = S × (0,∞), (4.1)
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where B0 = diag{ρh2, ρh2, ρ, 0}, ∂t = ∂/∂t, ρ > 0 is the constant density
of the material,

B1 =

⎛⎜⎜⎜⎜⎝
0 0 0 0

0 0 0 0

0 0 0 0

η∂1 η∂2 0 κ
−1

⎞⎟⎟⎟⎟⎠ , A =

⎛⎜⎜⎜⎝ A

h2γ∂1

h2γ∂2

0

0 0 0 −Δ

⎞⎟⎟⎟⎠ ,

A =

⎛⎜⎝−h2μΔ− h2(λ + μ)∂2
1 + μ −h2(λ + μ)∂1∂2 μ∂1

−h2(λ + μ)∂1∂2 −h2μΔ− h2(λ + μ)∂2
2 + μ μ∂2

−μ∂1 −μ∂2 −μΔ

⎞⎟⎠ ,

∂α = ∂/∂xα, α = 1, 2, η, κ, and γ are positive physical constants, λ and μ
are the Lamé coefficients of the material satisfying λ + μ > 0, μ > 0, and
Q(x, t) = (q(x, t)T, q4(x, t))T, where q(x, t) = (q1(x, t), q2(x, t), q3(x, t))T is
a combination of the forces and moments acting on the plate and its faces
and q4(x, t) is a combination of the averaged heat source density and the
temperature and heat flux on the faces.

Without loss of generality [8], we assume that

U(x, 0) = 0, ∂tu(x, 0) = 0, x ∈ S. (4.2)

Suppose that the boundary ∂S of S is a simple, closed, piecewise smooth
contour described in terms of four open arcs counted counterclockwise as
∂Si, i = 1, . . . , 4, such that

∂S = ∪4
i=1∂Si, ∂Si ∩ ∂Sj = ∅, i 
= j, i, j = 1, . . . , 4.

We make the notation (i, j = 1, 2, 3, 4)

Γ = ∂S × (0,∞), Γi = ∂Si × (0,∞),

∂Sij = ∂Si ∪ ∂Sj ∪ (∂Si ∩ ∂Sj), Γij = ∂Sij × (0,∞).

We consider the boundary conditions

u(x, t) = f(x, t), u4(x, t) = f4(x, t), (x, t) ∈ Γ1, (4.3)
u(x, t) = f(x, t), ∂nu4(x, t) = g4(x, t), (x, t) ∈ Γ2, (4.4)

where n = n(x) = (n1(x), n2(x), n3(x))T is the outward unit normal to ∂S
and ∂n = ∂/∂n.

We also need the expression of the moment-force boundary operator [1],
which is

T =

⎛⎜⎝h2
[
(λ + 2μ)n1∂1 + μn2∂2

]
h2(λn1∂2 + μn2∂1) 0

h2(μn1∂2 + λn2∂1) h2
[
(λ + 2μ)n2∂2 + μn1∂1

]
0

μn1 μn2 μ∂n

⎞⎟⎠ ,
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and consider the additional boundary conditions

Tu(x, t)− h2γn(x)u4(x, t) = g(x, t), ∂nu4(x, t) = g4(x, t), (x, t) ∈ Γ3,

(4.5)
Tu(x, t)− h2γn(x)u4(x, t) = g(x, t), u4(x, t) = f4(x, t), (x, t) ∈ Γ4.

(4.6)

The functions f(x, t), f4(x, t), g(x, t), and g4(x, t) in (4.3)–(4.6) are pre-
scribed.

Let S+ and S− be the interior and exterior domains bounded by ∂S,
respectively, and let G± = S± × (0,∞). The interior and exterior initial-
boundary value problems (TM±) require us to find U ∈ C2(G±)∩C1(Ḡ±)
satisfying (4.1) in G±, (4.2) in S±, and (4.3)–(4.6).

4.3 The Parameter-dependent Problems

We denote by ŝ(x, p) the Laplace transform of a function s(x, t). The
Laplace-transformed problems (TM±) are elliptic boundary value problems
(TM±

p ) that depend on the complex parameter p. They consist in finding
Û ∈ C2(S±) ∩ C1(S̄±) such that

p2B0Û(x, p) + pB1Û(x, p) +AÛ(x, p) = Q̂(x, p), x ∈ S±, (4.7)

and

û(x, p) = f̂(x, p), û4(x, p) = f̂4(x, p), x ∈ ∂S1,

û(x, p) = f̂(x, p), ∂nû4(x, p) = ĝ4(x, p), x ∈ ∂S2,

T û(x, p)− h2γn(x)û4(x, p) = ĝ(x, p), ∂nû4(x, p) = ĝ4(x, p), x ∈ ∂S3,

T û(x, p)− h2γn(x)û4(x, p) = ĝ(x, p), û4(x, p) = f̂4(x, p), x ∈ ∂S4.

A number of spaces of distributions are introduced for m ∈ R and p ∈ C.
Thus,
Hm(R2) is the Sobolev space of all v̂4(x) with norm

‖v̂4‖m =
{∫

R2
(1 + |ξ|2)m|ṽ4(ξ)|2 dξ

}1/2

,

where ṽ4(ξ) is the Fourier transform of v̂4(x);
Hm,p(R2) : the space of all v̂(x) which coincides with [Hm(R2)]3 as a set
but is endowed with the norm

‖v̂‖m,p =
{∫

R2
(1 + |ξ|2 + |p|2)m|ṽ(ξ)|2 dξ

}1/2

;
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Hm(S±) and Hm,p(S±) are the spaces of the restrictions to S± of all v̂4 ∈
Hm(R2) and v̂ ∈ Hm,p(R2), respectively, with norms

‖û4‖m;S± = inf
v̂4∈Hm(R2): v̂4|S±=û4

‖v̂4‖m,

‖û‖m,p;S± = inf
v̂∈Hm,p(R2): v̂|S±=û

‖v̂‖m,p;

H−m(S±) and H−m,p(S±) are the duals of H̊m(S±) and H̊m,p(S±) with
respect to the duality generated by the inner products in L2(S±) and[
L2(S±)

]3;
H1/2(∂S) and H1/2,p(∂S) are the spaces of the traces on ∂S of all û4 ∈
H1(S+) and û ∈ H1,p(S+), with norms

‖f̂4‖1/2;∂S = inf
û4∈H1(S+): û4|∂S=f̂4

‖û4‖1;S+ ,

‖f̂‖1/2,p;∂S = inf
û∈H1,p(S+): û|∂S=f̂

‖û‖1,p;S+ ;

H−1/2(∂S) and H−1/2,p(∂S) are the duals of H1/2(∂S) and H1/2,p(∂S)
with respect to the duality generated by the inner products in L2(∂S) and
[L2(∂S)]3, with norms ‖ĝ4‖−1/2,∂S and ‖ĝ‖−1/2,p;∂S .

We denote by the same symbol γ± the continuous (uniformly with
respect to p ∈ C) trace operators from H1(S±) to H1/2(∂S) and from
H1,p(S±) to H1/2,p(∂S), by ∂S̃ ⊂ ∂S any open part of ∂S with mes ∂S̃ > 0,
and by π̃ the operator of restriction from ∂S to ∂S̃. The following spaces
are also needed.
H±1/2(∂S̃) and H±1/2,p(∂S̃) are the spaces of the restrictions to ∂S̃ of all
the elements of H±1/2(∂S) and H±1/2,p(∂S), respectively, with norms

‖ê4‖±1/2;∂S̃ = inf
r̂4∈H±1/2(∂S): π̃r̂4=ê4

‖r̂4‖±1/2;∂S ,

‖ê‖±1/2,p;∂S̃ = inf
r̂∈H±1/2,p(∂S): π̂r̂=ê

‖r̂‖±1/2,p;∂S ;

H̊±1/2(∂S̃) and H̊±1/2,p(∂S̃) are, respectively, the subspaces of H±1/2(∂S)

and H±1/2,p(∂S) consisting of all the elements with support in ∂S̃; we may
denote the norms of ê4 ∈ H̊±1/2(∂S̃) and ê ∈ H̊±1/2(∂S̃) by ‖ê4‖±1/2,∂S

and ‖ê‖±1/2,p;∂S , and remark that H±1/2(∂S̃) are the duals of H̊∓1/2(∂S̃)
and that H±1/2,p(∂S̃) are the duals of H̊∓1/2,p(∂S̃) with respect to the
duality generated by the inner products in L2(∂S̃) and [L2(∂S̃)]3.

Consider operators πi and πij , i, j = 1, . . . , 4, of restriction from ∂S to
∂Si and from ∂S to ∂Sij . One further batch of spaces is now introduced.
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H1(S±, ∂S23) and H1,p(S±, ∂S34) are, respectively, the subspaces of H1(S±)
and H1,p(S±) consisting of all û4 ∈ H1(S±) and û ∈ H1,p(S±) such that
π41γ

±û4 = 0 and π12γ
±û = 0;

H−1(S±, ∂S23) and H−1,p(S±, ∂S34) are the duals of H1(S±, ∂S23) and
H1,p(S±, ∂S34) with respect to the original dualities, with the norms of
q̂4 ∈ H−1(S±, ∂S23) and q̂ ∈ H−1,p(S±, ∂S34) denoted by [q̂4]−1;S±,∂S23

and [q̂]−1,p;S±,∂S34 ;

H1,p(S±) = H1,p(S±) × H1(S±), with the norm of its elements Û =
(ûT, û4)T defined by ‖|Û‖|1,p;S± = ‖û‖1,p;S± + ‖û4‖1;S± ;
H1,p(S±; ∂S34, ∂S23) = H1,p(S±, ∂S34) × H1(S±, ∂S23), which is a sub-
space of H1,p(S±).

Let κ > 0, and let Cκ = {p = σ + iτ ∈ C : σ > κ}. Throughout
what follows, c is a generic positive constant occurring in estimates, which
is independent of the functions in those estimates and of p ∈ Cκ, but
may depend on κ. Also, let (· , ·)0;S± , (· , ·)0;∂S , and (· , ·)0;∂S̃ be the inner
products in [L2(S±)]m, [L2(∂S)]m, and [L2(∂S̃)]m for all m ∈ N, and let
‖ · ‖0;S± , ‖ · ‖0;∂S , and ‖ · ‖0;∂S̃ be the norms on the same spaces.

Consider a classical solution Û(x, p) = (û(x, p)T, û4(x, p))T of either of
the problems (TM±

p ), of class C2(S±) ∩ C1(S̄±). We choose any function
(with compact support in the case of S−) Ŵ (x, p) = (ŵ(x, p)T, ŵ4(x, p))T,

Ŵ ∈ C∞
0 (S̄±), such that ŵ(x, p) = 0 for x ∈ ∂S12 and ŵ4(x, p) = 0 for

x ∈ ∂S41, and multiply (4.7) by Ŵ ∈ [L2(S±)]4 to find that

Υ±,p(Û , Ŵ ) = (Q̂, Ŵ )0;S± ± L(Ŵ ), (4.8)

where

Υ±,p(Û , Ŵ ) = a±(û, ŵ) + (∇û4,∇ŵ4)0;S± + p2(B1/2
0 û, B

1/2
0 ŵ)0;S±

+ κ
−1p(û4, ŵ4)0;S± − h2γ(û4, div ŵ)0;S± + ηp(div û, ŵ4)0;S± ,

a±(û, ŵ) = 2
∫

S±

E(û, ŵ) dx,

2E(û, ŵ) = h2E0(û, ŵ) + h2μ(∂2û1 + ∂1û2)(∂2 ¯̂w1 + ∂1 ¯̂w2)

+ μ
[
(û1 + ∂1û3)( ¯̂w1 + ∂1 ¯̂w3) + (û2 + ∂2û3)( ¯̂w2 + ∂2 ¯̂w3)

]
,

E0(û, ŵ) = (λ + 2μ)
[
(∂1û1)(∂1 ¯̂w1) + (∂2û2)(∂2 ¯̂w2)

]
+ λ

[
(∂1û1)(∂2 ¯̂w2) + (∂2û2)(∂1 ¯̂w1)

]
,

B0 = diag{ρh2, ρh2, ρ}, L(Ŵ ) = (ĝ4, ŵ4)0;∂S23 + (ĝ, ŵ)0;∂S34 .

Hence, the variational problems (TM±
p ) consist in finding Û ∈ H1,p(S±)

that satisfies (4.8) for any Ŵ ∈ H1,p(S±; ∂S34, ∂S23) and

π12γ
±û = f̂ , π41γ

±û4 = f̂4.
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Theorem 1. For any q̂ ∈ H−1,p(S±, ∂S34), q̂4 ∈ H−1(S±, ∂S23), f̂ ∈
H1/2,p(∂S12), f̂4 ∈ H1/2(∂S41), ĝ ∈ H−1/2,p(∂S34), and ĝ4 ∈ H−1/2(∂S23),
p ∈ Cκ, κ > 0, problems (TM±

p ) have unique solutions Û(x, p) ∈ H1,p(S±),
and these solutions satisfy

‖|Û‖|1,p;S± ≤ c
{
|p|[q̂]−1,p;S±,∂S34 + [q̂4]−1;S±,∂S23

+ |p|
(
‖f̂‖1/2,p;∂S12 + ‖f̂4‖1/2,∂S41

)
+ |p|‖ĝ‖−1/2,p;∂S34 + ‖ĝ4‖−1/2,∂S23

}
.

One last set of spaces has to be introduced for ∂S̃ ⊂ ∂S, κ > 0, and
k ∈ R.
H±1/2(∂S̃), H1(S±), and H−1(S±, ∂S34) are H±1/2,p(∂S̃), H1,p(S±), and
H−1,p(S±, ∂S34) with p = 0, with norms denoted by ‖ · ‖±1/2;∂S̃ , ‖ · ‖1;S± ,
and [ · ]−1;S±,∂S34 ;

HL
±1/2,k,κ(∂S̃), HL

1,k,κ(S±), and HL
−1,k,κ(S±, ∂S34) consist of all ê(x, p),

û(x, p), and q̂(x, p) that define holomorphic mappings ê(x, p) : Cκ →
H±1/2(∂S̃), û(x, p) : Cκ → H1(S±), and q̂(x, p) : Cκ → H−1(S±, ∂S34),
and for which

‖ê‖2±1/2,k,κ;∂S̃
= sup

σ>κ

∞∫
−∞

(1 + |p|2)k‖ê(x, p)‖2±1/2,p;∂S̃
dτ < ∞,

‖û‖21,k,κ;S± = sup
σ>κ

∞∫
−∞

(1 + |p|2)k‖û(x, p)‖21,p;S± dτ < ∞,

[q̂]2−1,k,κ;S±,∂S34
= sup

σ>κ

∞∫
−∞

(1 + |p|2)k[q̂(x, p)]2−1,p;S±,∂S34
dτ < ∞;

HL
±1/2,k,κ(∂S̃), HL

1,k,κ(S±), and HL
−1,k,κ(S±, ∂S23) consist of all ê4(x, p),

û4(x, p), and q̂4(x, p) that define holomorphic mappings ê4(x, p) : Cκ →
H±1/2(∂S̃), û4(x, p) : Cκ → H1(S±), and q̂4(x, p) : Cκ → H−1(S±, ∂S23),
and for which

‖ê4‖2±1/2,k,κ;∂S̃
= sup

σ>κ

∞∫
−∞

(1 + |p|2)k‖ê4(x, p)‖2±1/2,∂S̃
dτ < ∞,

‖û4‖21,k,κ;S± = sup
σ>κ

∞∫
−∞

(1 + |p|2)k‖û4(x, p)‖21;S± dτ < ∞,

[q̂4]2−1,k,κ;S±,∂S23
= sup

σ>κ

∞∫
−∞

(1 + |p|2)k[q̂4(x, p)]2−1;S±,∂S23
dτ < ∞;



4. Mixed Problem for Thermoelastic Plates 43

H1(S±) = H1(S±)×H1(S±), with norms ‖|Û‖|1;S± = ‖û‖1;S± + ‖û4‖1;S± ;

HL
1,k,l,κ(S±) = HL

1,k,κ(S±) × HL
1,l,κ(S±), with the norms ‖|Û‖|1,k,l,κ;S± =

‖û‖1,k,κ;S± + ‖û4‖1,l,κ;S± .

Theorem 2. Let κ > 0 and l ∈ R. If

q̂(x, p) ∈ HL
−1,l+1,κ(S±, ∂S34), q̂4(x, p) ∈ HL

−1,l,κ(S±, ∂S23),

f̂(x, p) ∈ HL
1/2,l+1,κ(∂S12), f̂4(x, p) ∈ HL

1/2,l+1,κ(∂S41),

ĝ(x, p) ∈ HL
−1/2,l+1,κ(∂S34), ĝ4(x, p) ∈ HL

−1/2,l,κ(∂S23),

then the (weak) solutions Û(x, p) = (û(x, p)T, û4(x, p))T of the problems
(TM±

p ) belong to HL
1,l,l,κ(S±) and

‖|Û‖|1,l,l,κ;S± ≤ c
{
[q̂]−1,l+1,κ;S±,∂S34 + [q̂4]−1,l,κ;S±,∂S23

+ ‖f̂‖1/2,l+1,κ;∂S12 + ‖f̂4‖1/2,l+1,κ;∂S41

+ ‖ĝ‖−1/2,l+1,κ;∂S34 + ‖ĝ4‖−1/2,l,κ;∂S23

}
.

4.4 The Main Results

For κ > 0 and k, l ∈ R, we define

HL−1

1,k,κ(G±), HL−1

1,l,κ(G±), HL−1

1,k,l,κ(G±) = HL−1

1,k,κ(G±)×HL−1

1,l,κ(G±),

HL−1

−1,l,κ(G±, Γ34), HL−1

−1,l,κ(G±, Γ23), HL−1

1/2,l,κ(Γ12),

HL−1

1/2,l,κ(Γ41), HL−1

−1/2,l,κ(Γ34), HL−1

−1/2,l,κ(Γ23)

to be the spaces consisting of the inverse Laplace transforms of the elements
of

HL
1,k,κ(S±), HL

1,l,κ(S±), HL
1,k,l,κ(S±) = HL

1,k,κ(S±)×HL
1,l,κ(S±),

HL
−1,l,κ(S±, ∂S34), HL

−1,l,κ(S±, ∂S23), HL
1/2,l,κ(∂S12),

HL
1/2,l,κ(∂S41), HL

−1/2,l,κ(∂S34), HL
−1/2,l,κ(∂S23),

respectively, with norms

‖u‖1,k,κ;G± = ‖û‖1,k,κ;S± , ‖u4‖1,l,κ;G± = ‖û4‖1,l,κ;S± ,

‖|U‖|1,k,l,κ;G± = ‖|Û‖|1,k,l,κ;S± ,

[q]−1,l,κ;G±,Γ34 = [q̂]1,l,κ;S±,∂S34 , [q4]−1,l,κ;G±,Γ23 = [q̂4]1,l,κ;S±,∂S23 ,

‖f‖1/2,l,κ;Γ12 = ‖f̂‖1/2,l,κ;∂S12 , ‖f4‖1/2,l,κ;Γ41 = ‖f̂4‖1/2,l,κ;∂S41 ,

‖g‖−1/2,l,κ;Γ34 = ‖ĝ‖−1/2,l,κ;∂S34 , ‖g4‖−1/2,l,κ;Γ23 = ‖ĝ4‖−1/2,l,κ;∂S23 .
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We extend the notation γ± to the trace operators from G± to Γ, and πij

to the operators of restriction from Γ to its parts Γij , i, j = 1, 2, 3, 4.

U ∈ HL−1

1,0,0,κ(G±), U(x, t) = (u(x, t)T, u4(x, t))T, is called a weak solu-
tion of (TM±) if

(i) γ0u = 0, where γ0 is the trace operator on S± × {t = 0};
(ii) π12γ

±u = f(x, t) and π41γ
±u4 = f4(x, t);

(iii) U satisfies

Υ±(U, W ) =

∞∫
0

(Q, W )0;S± dt± L(W ),
where

Υ±(U, W ) =

∞∫
0

{
a±(u, w) + (∇u4,∇w4)0;S±

− (B1/2
0 ∂tu, B

1/2
0 ∂tw)0;S± − κ

−1(u4, ∂tw4)0;S±

− h2γ(u4, div w)0;S± − η(div u, ∂tw4)0;S±
}

dt,

L(W ) =

∞∫
0

{
(g, w)0;∂S34 + (g4, w4)0;∂S23

}
dt,

for all W ∈ C∞
0 (Ḡ±), W (x, t) = (w(x, t)T, w4(x, t))T, such that w(x, t) = 0

for (x, t) ∈ Γ12 and w4(x, t) = 0 for (x, t) ∈ Γ41.

Theorem 3. Let U(x, t) = L−1Û(x, p) be the inverse Laplace transform
of the weak solution Û(x, p) of either of the problems (TM±

p ). If

q(x, t) ∈ HL−1

−1,l+1,κ(G±, Γ34), q4(x, t) ∈ HL−1

−1,l,κ(G±, Γ23),

f(x, t) ∈ HL−1

1/2,l+1,κ(Γ12), f4(x, t) ∈ HL−1

1/2,l+1,κ(Γ41),

g(x, t) ∈ HL−1

−1/2,l+1,κ(Γ34), g4(x, t) ∈ HL−1

−1/2,l,κ(Γ23),

where κ > 0 and l ∈ R, then U ∈ HL−1

1,l,l,κ(G±) and

‖|U‖|1,l,l,κ;G± ≤ c
{
[q]−1,l+1,κ;G±,Γ34 + [q4]−1,l,κ;G±,Γ23

+ ‖f‖1/2,l+1,κ;Γ12 + ‖f4‖1/2,l+1,κ;Γ41

+ ‖g‖−1/2,l+1,κ;Γ34 + ‖g4‖−1/2,l,κ;Γ23

}
.

If, in addition, l ≥ 0, then U is a weak solution of the corresponding problem
(TM±).

Theorem 4. Each of the problems (TM±) has at most one weak solution.

Full details of the proofs of these assertions will appear in a future pub-
lication.



4. Mixed Problem for Thermoelastic Plates 45

References

1. C. Constanda, A Mathematical Analysis of Bending of Plates with
Transverse Shear Deformation, Longman/Wiley, Harlow-New York,
1990.

2. P. Schiavone and R.J. Tait, Thermal effects in Mindlin-type plates,
Quart. J. Mech. Appl. Math. 46 (1993), 27–39.

3. I. Chudinovich and C. Constanda, The Cauchy problem in the theory of
plates with transverse shear deformation, Math. Models Methods Appl.
Sci. 10 (2000), 463–477.

4. I. Chudinovich and C. Constanda, Nonstationary integral equations for
elastic plates, C.R. Acad. Sci. Paris Sér. I 329 (1999), 1115–1120.

5. I. Chudinovich and C. Constanda, Boundary integral equations in dy-
namic problems for elastic plates, J. Elasticity 68 (2002), 73–94.

6. I. Chudinovich and C. Constanda, Time-dependent boundary integral
equations for multiply connected plates, IMA J. Appl. Math. 68 (2003),
507–522.

7. I. Chudinovich and C. Constanda, Variational and Potential Meth-
ods for a Class of Linear Hyperbolic Evolutionary Processes, Springer-
Verlag, London, 2005.

8. I. Chudinovich, C. Constanda, and J. Coĺın Venegas, The Cauchy prob-
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5 On the Structure of the
Eigenfunctions of a Vibrating
Plate with a Concentrated
Mass and Very Small Thickness
Delfina Gómez, Miguel Lobo, and Eugenia Pérez

5.1 Introduction and Statement of the Problem

Let Ω and B be two bounded domains of R
2 with smooth boundaries which

we denote by ∂Ω and Γ, respectively. For simplicity, we consider that both
Ω and B contain the origin. Let ε be a positive parameter that tends to
zero. Let us consider εB and εΓ, the homothetics of B and Γ, respectively,
with ratio ε. We assume that εB̄ is contained in Ω.

We consider the vibrations of a homogeneous and isotropic plate occu-
pying the domain Ω̄ × [−h0/2, h0/2] of R

3 that contains a small region of
high density, the so-called concentrated mass. The size of this small region,
εB̄× [−h0/2, h0/2], depends on the parameter ε and the density is of order
O(ε−m) in this part and O(1) outside; m is a positive parameter. Let h0
be the plate thickness, 0 < h0 � diam Ω.

We consider the associated spectral problem in the framework of the
Reissner–Mindlin plate model

Mε
αβ,β −Mε

3α = h2ζεuε
α, Mε

3β,β = ζεuε
3 in Ω− εB̄, α = 1, 2,

Mε
αβ,β −Mε

3α = h2ζεε−muε
α, Mε

3β,β = ζεε−muε
3 in εB, α = 1, 2,

[uε
i ] =

[
Mε

iβnβ

]
= 0 on εΓ, i = 1, 2, 3,

uε
i = 0 on ∂Ω, i = 1, 2, 3.

(5.1)
Here, uε = (uε

1, u
ε
2, u

ε
3)

t, where (x3u
ε
1(x), x3u

ε
2(x), uε

3(x))t is the displace-
ment vector, x = (x1, x2) ∈ Ω, uε

1 and uε
2 are the component angles, Mε is

the moments matrix of elements

Mε
αβ = h2(λuε

γ,γδαβ + μ(uε
α,β + uε

β,α)),

Mε
3 is the shear force vector of components

Mε
3α = μ(uε

α + uε
3,α),

This work has been partially supported by DGES, BFM2001–1266.
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λ and μ are the Lamé constants of the material, n = (n1(x), n2(x)),
x ∈ εΓ, is the unit outward normal to εΓ, δαβ is the Kronecker sym-
bol, vi,α = ∂vi/∂xα, h2 = h2

0/12, and the brackets denote the jump across
εΓ of the enclosed quantities. Here and in what follows, Greek and Latin
subscripts take the values 1, 2, and 1, 2, 3, respectively, and the convention
of summation over repeated indices is understood. See, for example, [1]–[3]
for more details on the Reissner–Mindlin plate model.

For each fixed ε > 0, problem (5.1) is a standard eigenvalue problem for
a positive, self-adjoint anticompact operator. Let us consider

0 < ζε
1 ≤ ζε

2 ≤ · · · ≤ ζε
n ≤ · · ·

n→∞−−−−−−→∞,

the sequence of eigenvalues, with the classical convention of repeated eigen-
values. Let {uε,n}∞

n=1 be the corresponding eigenfunctions, which are as-
sumed to be an orthonormal basis in (H1

0 (Ω))3.
In this paper, we address the asymptotic behavior of the eigenvalues

and eigenfunctions of the spectral problem (5.1) when the parameters ε
and h tend to zero. Let us refer to [2] and [4] for a vibrating plate, without
concentrated masses, whose thickness h tends to zero, and to [5] and [6] for
a vibrating plate with a concentrated mass. Also, see [7] for the study of
the vibrations of a plate with a concentrated mass in the framework of the
Kirchhoff–Love plate model. We mention [8]–[10] for general references on
vibrating systems with concentrated masses. Assuming that h depends on
ε, out of all the possible relations between ε and h, here we consider the
more realistic relation where h = εr with r ≥ 1.

Depending on the values of the parameters m (related to the density)
and r (related to the thickness), there is a different asymptotic behavior of
the eigenelements (ζε

n, uε,n) when ε → 0. Here, we consider the case where
m > 4 and r ≥ 1.

By using the minimax principle, we obtain (see [6] for the proof):

Cεm+2r−2| log ε|−1 ≤ ζε
n ≤ Cnεm−4+2r, for each fixed n = 1, 2, . . . ,

where C and Cn are constants independent of ε, and Cn →∞ as n →∞.
The eigenvalues ζε

n of order O(εm−4+2r) are the so-called low frequencies,
and, in [6] we prove that, depending on whether r is r = 1 or r > 1, there
are different limit problems characterizing the limit values of ζε

n/εm−4+2r

and the corresponding eigenfunctions.
As a matter of fact, in the case where r = 1, the values ζε

n/εm−2 are ap-
proached by the eigenvalues of a spectral problem for the Reissner–Mindlin
plate model in an unbounded domain (see (5.8)). Instead, when r > 1, a
Kirchhoff–Love plate model in an unbounded domain describes the asymp-
totic behavior of ζε

n/εm−4+2r (see (5.38)). In order to make clear this
behavior, and for the sake of completeness, in Theorem 1 of Section 5.2
and Theorem 2 of Section 5.3 we summarize the results obtained in [6],
for r = 1 and r > 1, respectively, on the convergence of the eigenvalues
ζε
n/εm−4+2r and the corresponding eigenfunctions.
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The aim of this paper is to provide information on the structure of the
associated eigenfunctions, which is not clear from the above-mentioned re-
sults. We use asymptotic expansions and matching principles to obtain the
composite expansion of the eigenfunctions (see [10] and [11] for the tech-
nique). In particular, we show that in both cases, r = 1 and r > 1, the first
two components of the associated vibrations for the low frequencies always
have a local character, that is, the first two components of the displace-
ment vector, x3u

ε,n
1 (x) and x3u

ε,n
2 (x), are only significant in a region near

the concentrated mass, i.e., for |x| = O(ε), while they are very small at
the distance O(1) of the concentrated mass (see formulas (5.28) and (5.32),
(5.33) for r = 1 and (5.46) for r > 1). However, this local character does
not always hold for the last component of the displacement uε,n

3 (x) (see
formulas (5.30) and (5.34), (5.35) for r = 1 and (5.47) for r > 1). We ad-
dress the case r = 1 in Section 5.2 and the case r > 1 in Section 5.3. Below
we introduce some notation, which will be used throughout the paper.

First, we observe that problem (5.1) can be written in the form:

Aαju
ε
j = ζεh2uε

α, A3ju
ε
j = ζεuε

3 in Ω− εB̄, α = 1, 2,

Aαju
ε
j = ζεε−mh2uε

α, A3ju
ε
j = ζεε−muε

3 in εB, α = 1, 2,

[uε
i ] =

[
Niju

ε
j

]
= 0 on εΓ, i = 1, 2, 3,

uε
i = 0 on ∂Ω, i = 1, 2, 3,

(5.2)

where A = (Aij)i,j=1,2,3 is the differential operator on Ω defined by

A =

⎛⎜⎝−h2μΔ− h2(λ + μ)∂2
1 + μ −h2(λ + μ)∂1∂2 μ∂1

−h2(λ + μ)∂1∂2 −h2μΔ− h2(λ + μ)∂2
2 + μ μ∂2

−μ∂1 −μ∂2 −μΔ

⎞⎟⎠
(5.3)

and N = (Nij)i,j=1,2,3 is the boundary operator on εΓ defined by

N =

⎛⎜⎝h2(λ+2μ)n1∂1+h2μn2∂2 h2μn2∂1+h2λn1∂2 0
h2λn2∂1+h2μn1∂2 h2μn1∂1+h2(λ+2μ)n2∂2 0

μn1 μn2 μ(n1∂1+n2∂2)

⎞⎟⎠.

(5.4)
Then, considering the spectral parameter η = ζε4−2r−m and the local vari-
able y = x/ε, we define the new functions (V ε

1 , V ε
2 , V ε

3 ) = (Uε
1 , Uε

2 , Uε
3/ε)

where Uε(y) are the eigenfunctions of (5.2) written in the local variable y.
Thus, problem (5.2) for h = εr reads

Âε
αjV

ε
j = ηεεm+2r−2V ε

α , Âε
3jV

ε
j = ηεεmV ε

3 in ε−1Ω− B̄, α = 1, 2,

Âε
αjV

ε
j = ηεε2r−2V ε

α , Âε
3jV

ε
j = ηεV ε

3 in B, α = 1, 2,

[V ε
i ] =

[
N̂ε

ijV
ε
j

]
= 0 on Γ, i = 1, 2, 3,

(5.5)

V ε
i = 0 on ∂(ε−1Ω), i = 1, 2, 3,
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where Âε = (Âε
ij)i,j=1,2,3 is the operator

Âε=

⎛⎜⎝−μΔy−(λ + μ)∂2
y1+ε2−2rμ −(λ+μ)∂y1∂y2 ε2−2rμ∂y1

−(λ+μ)∂y1∂y2 −μΔy−(λ+μ)∂2
y2+ε2−2rμ ε2−2rμ∂y2

−ε2−2rμ∂y1 −ε2−2rμ∂y2 −ε2−2rμΔy

⎞⎟⎠
(5.6)

and N̂ε = (N̂ε
ij)i,j=1,2,3 is the operator

N̂ε=

⎛⎜⎝ (λ+2μ)n1∂y1+μn2∂y2 μn2∂y1+λn1∂y2 0
λn2∂y1+μn1∂y2 μn1∂y1+(λ+2μ)n2∂y2 0

ε2−2rμn1 ε2−2rμn2 ε2−2rμ(n1∂y1+n2∂y2)

⎞⎟⎠;

(5.7)
n = (n1(y), n2(y)) (y ∈ Γ) is the unit outward normal to Γ, and ∂yα denotes
∂/∂yα.

5.2 Asymptotics in the Case r = 1

If we formally pass to the limit in (5.5) when ε → 0, we obtain the following
spectral problem:

ÂijVj = 0 in R
2 − B̄, i = 1, 2, 3,

ÂijVj = ηVi in B, i = 1, 2, 3,

[Vi] =
[
N̂ijVj

]
= 0 on Γ, i = 1, 2, 3,

Vα → cα as |y| → ∞, α = 1, 2,

V3 = −cαyα + c3 + O(log |y|) as |y| → ∞;

(5.8)

where Â = (Âij)i,j=1,2,3 and N̂ = (N̂ij)i,j=1,2,3 are the operators defined
by (5.6) and (5.7), respectively, for r = 1, and ci, i = 1, 2, 3, are some
unknown but well-determined constants.

We observe that, once the value of the parameter h has been set at 1
(i.e., h ≡ 1 in (5.3) and (5.4)), Â and N̂ are the operators defined by (5.3)
and (5.4), respectively, associated with a Reissner–Mindlin plate model in
the whole space R

2 for h = 1 where the condition at the infinity that
we consider ensures that (5.8) is a well-posed problem and has a discrete
spectrum (see [1] and [6]). Let us denote by

0 = η1 ≤ η2 ≤ η3 ≤ · · · ≤ ηn ≤ · · · n→∞−−−−−−→∞

the sequence of eigenvalues of (5.8) with the classical convention of repeated
eigenvalues.

The following theorem states the convergence of the eigenvalues of (5.2)
and their corresponding eigenfunctions written in the local variable y = x/ε
to the limit problem (5.8).
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Theorem 1. Let ζε
n be the eigenvalues of problem (5.2) for h = ε. If

m > 4, then for each n, the values ζε
n/εm−2 converge as ε → 0 to the

eigenvalue ηn of (5.8). Furthermore, for any eigenfunction V of (5.8) as-
sociated with ηk, verifying ‖V ‖(L2(B))3 = 1, there exists Uε, Uε being a lin-
ear combination of eigenfunctions of (5.2) associated with the eigenvalues
converging towards ηk, such that Uε

α and Uε
3/ε converge in L2(B) towards

Vα and V3, respectively.
In addition, if Uε is an eigenfunction of (5.2) associated with eigenvalues

ζε such that ζε/εm−2 converge as ε → 0 to η∗, satisfying

εm‖Uε
α‖2L2(ε−1Ω−B̄)+εm−2‖Uε

3‖2L2(ε−1Ω−B̄)+‖Uε
α‖2L2(B)+ε−2‖Uε

3‖2L2(B) =1,

and Uε
α and Uε

3/ε converge weakly in L2(B) to V ∗
α and V ∗

3 , respectively, with
V ∗ 
= 0, then Uε

α and Uε
3/ε converge in L2(B) to V ∗

α and V ∗
3 , respectively,

where V ∗ is an eigenfunction of (5.8) associated with η∗.

We refer to [6] for the proof of Theorem 1, which is based on certain
known results of the Spectral Perturbation Theory (see [9] and [10]).

Next, using techniques of asymptotic expansions and matching prin-
ciples, we study the structure of the eigenfunctions of problem (5.2) for
h = ε.

We postulate an asymptotic expansion for the eigenvalues ζε,

ζε = ηεm−2 + o(εm−2), (5.9)

and, for the corresponding eigenfunctions uε, we postulate an outer expan-
sion in Ω− {0}

uε(x) = α0(ε)
[
u0(x) + εu1(x) + ε2u2(x) + o(ε2)

]
(5.10)

and a local expansion in a neighborhood of x = 0

Uε
α(y) = Vα(y) + o(1) α = 1, 2, (5.11)

Uε
3 (y) = εV3(y) + o(ε), (5.12)

where y is the local variable y = x/ε.
Since m > 4 and r = 1, replacing expansions (5.9), (5.11), and (5.12)

in the spectral problem (5.2) written in the local variable y = x/ε, that
is, problem (5.5) where ηε = ζεε2−m and (V ε

1 , V ε
2 , V ε

3 ) = (Uε
1 , Uε

2 , Uε
3/ε),

we obtain that (η, V ) satisfies equations (5.8)1-(5.8)3 and, consequently, we
set that it is an eigenelement of the so-called local problem (5.8).

On the other hand, replacing expansions (5.9) and (5.10) in problem
(5.2) for h = ε, we collect coefficients of the same powers of ε and gather
equations satisfied by uj . At a first step, we have that u0 verifies

u0
α + u0

3,α = 0 in Ω− {0}, α = 1, 2, (5.13)

u0
α,α + Δu0

3 = 0 in Ω− {0}, (5.14)

u0
i = 0 on ∂Ω, i = 1, 2, 3. (5.15)
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Let us note that for any u0
3 smooth function in Ω − {0} such that u0

3 =
∂u0

3/∂n = 0 on ∂Ω, the function defined by u0 = (−u0
3,1 ,−u0

3,2 , u0
3)

t satis-
fies (5.13)–(5.15) and we need to compute higher-order terms of the asymp-
totic expansion (5.10) in order to obtain further restrictions for u0

3.
In a second step, we obtain the same equations (5.13)–(5.15) for u1.

Following the process, we have

Ãαβu0
β + μu2

α + μu2
3,α = 0 in Ω− {0}, α = 1, 2, (5.16)

μu2
α,α + μΔu2

3 = 0 in Ω− {0}, (5.17)

u2
i = 0 on ∂Ω, i = 1, 2, 3,

where Ã = (Ãαβ)α,β=1,2 is the two-dimensional elasticity operator

Ã =
(−μΔ− (λ + μ)∂2

1 −(λ + μ)∂1∂2

−(λ + μ)∂1∂2 −μΔ− (λ + μ)∂2
2

)
. (5.18)

Then, combining (5.16) and (5.17) yields

∂α(Ãαβu0
β) = 0 in Ω− {0}, (5.19)

and, on account of (5.13) and (5.15), we deduce that u0
3 is a solution of

Δ2u0
3 = 0 in Ω− {0},

u0
3 =

∂u0
3

∂n
= 0 on ∂Ω.

(5.20)

Thus, once we determine a function u0
3 verifying (5.20), and the order

function α0(ε), we obtain u0
α for α = 1, 2 by (5.13) and the leading term in

the outer expansion (5.10) is determined. Let us determine u0
3 and α0(ε)

such that the matching for the expansions (5.10)–(5.12) holds.
First, we observe that u0

3 satisfies equation (5.20) in Ω except at the
origin, and we can think of solutions of the biharmonic operator which are
singular at the origin. That is, we can look for the type of singularity of u0

3
at the origin among the fundamental solution of the biharmonic operator
and its derivatives. In this way, we look for u0

3(x) in the form

u0
3(x) = a1

∂

∂x1
(|x|2 log |x|) + a2

∂

∂x2
(|x|2 log |x|) + F (x), (5.21)

where a1, a2 are some constants to be determined by matching, and F (x)
is a regular function in Ω; namely, F is the solution of the problem

Δ2F = 0 in Ω,

F = u∗ on ∂Ω,

∂F

∂n
=

∂u∗

∂n
on ∂Ω,

(5.22)
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where the function u∗ is defined in a neighborhood of the boundary ∂Ω by

u∗(x1, x2) = −a1
∂

∂x1
(|x|2 log |x|)− a2

∂

∂x2
(|x|2 log |x|)

= −(a1x1 + a2x2)(2 log
√

x2
1 + x2

2 + 1).

Second, (5.21) and (5.13) lead us to the formulas

u0
3(x1, x2) = (a1x1 + a2x2)(2 log

√
x2

1 + x2
2 + 1) + F (x1, x2), (5.23)

u0
1(x1, x2) = −u0

3,1(x1, x2)

= −a1(2 log
√

x2
1 + x2

2 + 1)− 2(a1x1 + a2x2)x1

x2
1 + x2

2

− ∂F

∂x1
(x1, x2), (5.24)

and

u0
2(x1, x2) = −u0

3,2(x1, x2)

= −a2(2 log
√

x2
1 + x2

2 + 1)− 2(a1x1 + a2x2)x2

x2
1 + x2

2

− ∂F

∂x2
(x1, x2). (5.25)

Therefore, the constants a1 and a2 determine u0
i , for i = 1, 2, 3.

Finally, the matching principle for the first two components of uε

lim
ε→0

fixed y

α0(ε)u0
α(εy) = lim

ε→0
fixed x

Vα

(x

ε

)
, α = 1, 2, (5.26)

gives us α0, a1, and a2. Indeed, taking into account formulas (5.24) and
(5.25) for u0

α, and the behavior at the infinity of Vα where V is an eigen-
function of (5.8) associated with η, we deduce that (5.26) is satisfied for

α0(ε) =
1

| log ε| , c1 = 2a1, and c2 = 2a2. (5.27)

Then u0
3 and α0(ε) in (5.23) and (5.27), respectively, are well-determined

functions and, consequently, the leading terms in the expansions (5.10)–
(5.12) are also determined.

By the construction of u0
3, the matching condition (5.26) for the first

two components of the asymptotic expansions of uε holds and, hence, the
composite expansion in Ω for these components is

uε
α(x) ∼ 1

| log ε|u
0
α(x) + Vα

(x

ε

)
− cα, α = 1, 2, (5.28)
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where (V1, V2, V3) is an eigenfunction of (5.8) associated with η, and u0
α

for α = 1, 2 are defined by (5.24) and (5.25), respectively, with a1 = c1/2,
a2 = c2/2, and F the solution of (5.22). Obviously, the convention that
log |x| is replaced by log ε when |x| ≤ ε should be understood in (5.28).

In order to obtain the composite expansion for the third component of
the displacements uε, we recall the matching principle in the intermediate
variable, namely,

lim
ε→0

fixed ξ �=0

α0(ε)u0
3(ξε| log ε|) = lim

ε→0
fixed ξ �=0

εV3(ξ| log ε|), (5.29)

where
ξ =

x

ε| log ε|
is an intermediate variable between x and y, with y = x/ε (see Section 3.3 in
[11]). Taking into account (5.27), (5.23), and the behavior at infinity of V3,
where V3 is the third component of an eigenfunction V of (5.8) associated
with η, condition (5.29) is also satisfied, and the composite expansion in Ω
for uε

3 is:

uε
3(x) ∼ εV3

(x

ε

)
+ χ

(
x

ε| log ε|

)[
1

| log ε|u
0
3(x)− εV3

(x

ε

)]
, (5.30)

where χ(ξ) is a smooth function satisfying

χ(ξ) =
{

0 for |ξ| ≤ a,

1 for |ξ| ≥ b,
(5.31)

with 0 < a < b any fixed constants.
Note that formula (5.28) shows that the vibrations corresponding to

the first two components uε
1, u

ε
2 always have a local character, that is, the

displacements x3u
ε
1(x) and x3u

ε
2(x) are only significant in a region near

the concentrated mass (for |x| = O(ε)) while they are very small at the
distance O(1) of the concentrated mass. Indeed, the displacements x3u

ε
1(x)

and x3u
ε
2(x) are of order O(ε) for |x| = O(ε),

x3u
ε
α(x) ∼ x3

[
1

| log ε|u
0
α(x) + Vα

(x

ε

)
− cα

]
= O(ε) for |x| = O(ε),

(5.32)
and they are of order O(ε/| log ε|) for |x| = O(1),

x3u
ε
α(x) ∼ x3

1
| log ε|u

0
α(x) = O

(
ε

| log ε|

)
for |x| = O(1). (5.33)

Nevertheless, for the third component uε
3, the order of magnitude of the

displacements can be larger outside the concentrated mass if the constants
c1 and c2 are different from zero. In this case, c1 
= 0 or c2 
= 0, formula
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(5.30) allows us to assert that the third component of the displacement
uε

3(x) is of order O(ε) for |x| = O(ε),

uε
3(x) ∼ εV3

(x

ε

)
= O(ε) for |x| = O(ε), (5.34)

and it is of order O(1/| log ε|) for |x| = O(1),

uε
3(x) ∼ 1

| log ε|u
0
3(x) = O

(
1

| log ε|

)
for |x| = O(1). (5.35)

Remark 1. We observe that in the case where c1 = c2 = 0, that is, the
constants cα appearing in the condition at infinity for the local problem
(5.8) simultaneously take the value zero, formulas (5.21)–(5.27) allow us to
choose functions u0

i = 0, for i = 1, 2, 3. In this case, since (5.28) and (5.30)
read

uε
α(x) ∼ x3Vα

(x

ε

)
, α = 1, 2,

uε
3(x) ∼ εV3

(x

ε

)
,

the local character of the three components of the displacement is main-
tained. We note that now we do not need to use the intermediate variable,
and that the result complements that in [12].

Remark 2. Let us note that the local character of the vibrations cor-
responding with the eigenelements (ζε

n/εm−2, uε
n), deduced by means of

asymptotic expansions and matching principles in this section, is in good
agreement with Theorem 1, where we need to use the local variable y = x/ε
to prove the convergence. Indeed, we observe that the functions given
by (5.28) and (5.30), approaching the eigenfunctions uε associated with
ζε/εm−2, satisfy∥∥∥∥Vα(y)−

(
1

| log ε|u
0
α(εy) + Vα(y)− cα

)∥∥∥∥
L2(B(0,R))

→ 0 (5.36)

and∥∥∥∥V3(y)−
(

V3(y) + χ

(
y

| log ε|

)[
1

ε| log ε|u
0
3(εy)− V3(y)

])∥∥∥∥
L2(B(0,R))

→ 0 ,

(5.37)

as ε → 0, for any fixed constant R, R > 0. Then we can assert that
Theorem 1 justifies, in some way, the asymptotic expansions obtained in
this section.
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5.3 Asymptotics in the Case r > 1

We consider the following asymptotic expansions for the eigenvalues ηε of
(5.5), and for their corresponding eigenfunctions V ε:

ηε = η + o(1), V ε = V + o(1).

Replacing both expressions in (5.5), for r > 1 and m > 4, we obtain that
Vα = −V3,α. Moreover, taking limits in the variational formulation of (5.5)
for the test functions W ∈ (D(R2))3 such that Wα = −W3,α, we obtain
that V3 verifies the spectral problem:

(λ + 2μ)Δ2V3 = 0 in R
2 − B̄,

(λ + 2μ)Δ2V3 = ηV3 in B,

[V3] =
[
∂V3

∂n

]
= [ΔV3] =

[
∂(ΔV3)

∂n

]
= 0 on Γ,

V3 = cαyα + c3 + O(log |y|) as |y| → ∞,

(5.38)

where ci, for i = 1, 2, 3, are some unknown but well-determined constants.
As in (5.8), this condition at infinity is a consequence of general results for
the solutions of elliptic systems with a finite energy integral (see [6] and
[13] for details).

We observe that problem (5.38) is an eigenvalue problem for a Kirchhoff–
Love plate model in an unbounded domain and has a discrete, nonnegative
spectrum:

0 = η1 = η2 = η3 ≤ η4 ≤ η5 ≤ · · · ≤ ηn ≤ · · · n→∞−−−−−−→ ∞,

denote the eigenvalues of (5.38) with the classical convention of repeated
eigenvalues.

The following result states the convergence of the eigenvalues of (5.2)
for h = εr and r > 1 (see [6] for its proof):

Theorem 2. Let ζε
n be the eigenvalues of problem (5.2) for h = εr. If

m > 4 and r > 1, for each n, the values ζε
n/εm−4+2r converge as ε →

0 to the eigenvalue ηn of (5.38). Moreover, for any eigenfunction V3 of
(5.38) associated with ηk and satisfying ‖V3‖L2(B) = 1, there exists a linear
combination Uε of eigenfunctions of (5.2) associated with the eigenvalues
converging towards ηk, such that Uε

3/ε converges to V3 in L2(B).
In addition, if Uε is an eigenfunction of (5.2) associated with eigenvalues

ζε such that ζε/εm−4+2r converges to η∗ as ε → 0, satisfying

εm+2r−2‖Uε
α‖2L2(ε−1Ω−B̄)+εm−2‖Uε

3‖2L2(ε−1Ω−B̄)+ε2r−2‖Uε
α‖2L2(B)+ε−2‖Uε

3‖2L2(B) =1,

and Uε
3/ε converges to V ∗

3 
= 0 weakly in L2(B), then Uε
α and Uε

3/ε converge
in L2(B) to V ∗

α and V ∗
3 , respectively, where V ∗

α = −V ∗
3,α and V ∗

3 is an
eigenfunction of (5.38) associated with η∗.
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In a similar way to the case where r = 1, we study the structure of the
eigenfunctions of problem (5.2) for h = εr with r > 1. We briefly outline
here the main steps of the proof.

We postulate an asymptotic expansion for the eigenvalues ζε,

ζε = ηεm−4+2r + o(εm−4+2r), (5.39)

an outer expansion for the corresponding eigenfunctions uε in Ω− {0},

uε(x) = α0(ε)
[
u0(x) + εrur(x) + ε2ru2r(x) + o(ε2r)

]
, (5.40)

and a local expansion in a neighborhood of the concentrated mass:

Uε
α(y) = Vα(y) + o(1) α = 1, 2, (5.41)

Uε
3 (y) = εV3(y) + o(ε). (5.42)

As outlined at the beginning of the section, replacing asymptotic expan-
sions (5.39) and (5.41), (5.42) in (5.5) for h = εr with r > 1 and m > 4,
ηε = ζεε4−2r−m and (V ε

1 , V ε
2 , V ε

3 ) = (Uε
1 , Uε

2 , Uε
3/ε) leads us to Vα = −V3,α,

where V3 is an eigenfunction of (5.38) associated with η.
On the other hand, replacing expansions (5.39) and (5.40) in (5.2) for

h = εr with r > 1 and collecting coefficients of the same power of ε, we
have that u0 and ur satisfy equations (5.13)–(5.15) while u2r verifies

Ãαβu0
β + μu2r

α + μu2r
3,α = 0 in Ω− {0}, α = 1, 2, (5.43)

μu2r
α,α + μΔu2r

3 = 0 in Ω− {0}, (5.44)

u2r
i = 0 on ∂Ω, i = 1, 2, 3,

where Ã = (Ãαβ)α,β=1,2 is the two-dimensional elasticity operator defined
by (5.18). Now, by virtue of (5.43) and (5.44) we get (5.19) and combining
this equation with (5.13) and (5.15), we conclude that u0

α = −u0
3,α where

u0
3 verifies problem (5.20).
As in Section 5.2, we look for u0

3 in the form (5.21) where a1, a2 are
certain constants to be determined by matching outer and local expansions,
and F (x) is the solution of (5.22). Thus, taking into account formulas
(5.24) and (5.25), the asymptotic behavior at infinity of V3, V3 being an
eigenfunction of (5.38), and the fact that Vα = −V3,α, we deduce that
(5.26) is satisfied if we take the order function α0(ε) and the constants a1,
a2 to be

α0(ε) =
1

| log ε| , c1 = −2a1, c2 = −2a2, (5.45)

and the leading terms in expansions (5.39)–(5.42) are determined.
Introducing the intermediate variable ξ = x/(ε| log ε|), we note that the

matching condition (5.29) for the local and outer expansions of uε
3 also
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holds, so the composite expansions for the components uε
i in Ω are now

uε
α(x) ∼ 1

| log ε|u
0
α(x) + Vα

(x

ε

)
+ cα, α = 1, 2, (5.46)

and

uε
3(x) ∼ εV3

(x

ε

)
+ χ

(
x

ε| log ε|

)[
1

| log ε|u
0
3(x)− εV3

(x

ε

)]
, (5.47)

where Vα = −V3,α, V3 is an eigenfunction of (5.38) associated with η, u0
3

is defined by (5.23), and u0
α, α = 1, 2, are defined by (5.24) and (5.25),

respectively, with a1 = −c1/2, a2 = −c2/2, and F the solution of (5.22).
Formula (5.46) allows us to assert that, for r > 1, the displacements

x3u
ε
1 and x3u

ε
2 are of order O(εr) for |x| = O(ε) and of order O(εr/| log ε|)

for |x| = O(1) (see (5.32) and (5.33) to compare when r = 1). Thus, also,
for r > 1, the first two components of the vibrations associated with the
low frequencies are localized near the concentrated masses. The same can
be said for the third component of the displacement, uε

3(x), in the case
where c1 = c2 = 0, while the order of magnitude can be larger outside the
concentrated mass if one of the constants c1 or c2 is different from zero. In
this last case, on account of (5.47), uε

3(x) is of order O(ε) for |x| = O(ε)
and of order O(1/| log ε|) for |x| = O(1) (see (5.34) and (5.35) and Remark
1 to compare when r = 1).

Remark 3. As in Section 5.2 and Remark 2, we can assert that Theorem 2
justifies the asymptotic expansions in this section. Indeed, the functions,
given by (5.46) and (5.47), approaching the eigenfunctions uε associated
with ζε/εm−4+2r, satisfy (5.36) and (5.37) as ε → 0, for any fixed con-
stant R > 0, where now Vα = −V3,α and V3 is an eigenfunction of (5.38)
associated with η.
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5. D. Gómez, M. Lobo, and E. Pérez, On a vibrating plate with a concen-
trated mass, C.R. Acad. Sci. Paris Sér. IIb 328 (2000), 495–500.



5. Eigenfunctions of a Vibrating Plate 59
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6 A Finite-dimensional
Stabilized Variational Method
for Unbounded Operators
Charles W. Groetsch

6.1 Introduction

Stabilization problems inevitably arise in the solution of inverse problems
that are phrased in infinite-dimensional function spaces. The direct ver-
sions of these problems typically involve highly smoothing operators and
consequently the inversion process is usually highly ill posed. This ill-posed
problem can be viewed on a theoretical level (and often on a quite prac-
tical level) as evaluating an unbounded operator on some data space (an
extension of the range of the direct operator). A typical case involves the
solution of a linear inverse problem phrased as a Fredholm integral equation
of the first kind

x(s) =
∫

Ω
k(s, t)y(t) dt

or, in operator form,
Ky = x,

where K is a compact linear operator acting between Hilbert spaces. In
this case the conventional solution is y = Lx, where L = K†, the Moore–
Penrose generalized inverse of K, is a closed densely defined unbounded
linear operator.

In the integral equation example just mentioned the solution of the in-
verse problem is given implicitly as the minimal norm least squares solution
of the Fredholm integral equation of the first kind. We now give a couple
of concrete examples of model problems from inverse heat flow theory of
solutions of inverse problems which are given explicitly as values of some
unbounded operator.

Suppose a uniform bar, identified with the interval [0, π], is heated to an
initial temperature distribution g(x) for x ∈ [0, π] while the endpoints of
the bar are kept at temperature zero. For suitable choices of constants the
evolution of the space-time temperature distribution of the bar, u(x, t), is
governed by the one-dimensional heat equation

∂u

∂t
=

∂2u

∂x2 , 0 < x < π, t > 0

This work was supported in part by the Charles Phelps Taft Foundation.
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and satisfies the boundary conditions u(0, t) = u(π, t) = 0. Suppose we
observe the temperature distribution f(x) of the bar at some later time,
say t = 1, that is, the function f(x) = u(x, 1) is observed, and we wish to
reconstruct the initial distribution g(x). Separation of variables leads to a
solution of the form

u(x, t) =
∞∑

n=1

cne−n2t sin nx

and therefore

f(x) =
∞∑

n=1

cne−n2
sin nx,

where

cm =
2
π

em2
∫ π

0
f(y) sinmy dy.

We then see that

u(x, t) =
2
π

∞∑
n=1

en2
e−n2t

∫ π

0
f(y) sinny sin nx dy

and hence

g(x) = u(x, 0) =
2
π

∞∑
n=1

en2
∫ π

0
f(y) sinny sin nx dy.

That is, g = Lf , where

Lf(x) =
2
π

∞∑
n=1

en2
sin nx

∫ ∞

0
f(y) sinny dy.

In other words, the solution g of the inverse problem is obtained from the
data f via the unbounded operator L defined on functions f in the subspace

D(L) =

{
f ∈ L2[0, π] :

∞∑
m=1

e2m2
a2

m < ∞, am =
∫ π

0
f(y) sinmy dy

}
.

Here the instability is apparent: small (in L2-norm) perturbations of the
data f can, because of the factors en2

in the kernel, be expressed as very
large changes in the solution g.

The problem of determining a spatially distributed source term from
the temperature distribution at a specific time provides another example
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of the solution of an inverse problem given as the value of an unbounded
operator. If in the model

∂u

∂t
=

∂2u

∂x2 + g(x), 0 < x < π, 0 < t,

where u(x, t) is subject to the boundary and initial conditions

u(0, t) = u(π, t) = 0, u(x, 0) = 0,

one wishes to reconstruct the source distribution g(x) from the spacial
temperature distribution at some later time, say f(x) = u(x, 1), one is led
to the explicit representation

g(x) = Lf(x) =
2
π

∞∑
n=1

n2

1− e−n2 sin nx

∫ π

0
f(s) sinns ds.

That is, g = Lf , where L is the linear operator on L2[0, π] with domain

D(L) =

{
f :

∞∑
m=1

m4a2
m < ∞, am =

2
π

∫ π

0
f(s) sinms ds

}
.

It is a simple matter to verify that the operators L which provide the
solutions of the inverse problems in these examples are closed, densely
defined, and unbounded.

In this paper we treat a theoretical aspect, specifically convergence the-
ory, of an abstract finite element method for stable approximate evaluation
of closed linear operators on a Hilbert space. We investigate the conver-
gence of certain stabilized finite-dimensional approximations to the true
solution. In [1] a treatment, in a more general context, of the convergence
of finite-dimensional approximations to a stabilized infinite-dimensional ap-
proximation of the solution can be found.

6.2 Background

Our problem, in the abstract, is to evaluate a closed unbounded operator
L : D(L) ⊆ H1 → H2 defined on a dense subspace D(L) of a Hilbert space
H1 at a vector x ∈ D(L). The rub is that we have only an approximation
xδ ∈ H1 satisfying ‖x−xδ‖ ≤ δ, where δ > 0 is a known error bound. These
approximate data typically represent some measured “rough” version of the
true data vector x and generally xδ /∈ D(L) and hence we may not apply
the operator directly to the available data. Even in the unlikely case that
xδ ∈ D(L) for all δ, we are not guaranteed that Lxδ → Lx as δ → 0 since
L is unbounded. This is the classic instability problem that arises so often
in solving linear inverse problems.

In [2] some stabilization techniques for approximate evaluation of un-
bounded operators are unified in a general scheme based on spectral theory
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and a theorem of von Neumann. This theorem states that if L is closed
and densely defined then the operator L̃ defined by

L̃ = (I + L∗L)−1

is bounded and self-adjoint and the operator LL̃ is bounded (see [3]). This
result suggests stabilizing the evaluation of Lx by an approximation of the
form

LL̃Sα(L̃)x,

where Sα(t) is a parameterized class of functions on (0,1] that approximates
the function 1/t in an appropriate sense. This is the basis of the analysis
in [2]. In the case when only an approximate data vector xδ is available,
the process may be viewed as a data smoothing step

xδ �→ L̃Sα(L̃)xδ

followed by a stabilized approximation of Lx

Lx ≈ LL̃Sα(L̃)xδ,

where the operator LL̃Sα(L̃) acting on the data vector xδ is bounded.
The analysis in [2] is carried out in the context of an infinite-dimensional

Hilbert space. In this paper we investigate a finite-dimensional realiza-
tion of a particular stabilization method known as the Tikhonov–Morozov
method.

6.3 The Tikhonov–Morozov Method

The family of functions

Sα(t) = (α + (1− α)t)−1, 0 < α < 1,

leads to the stable approximation

Lx ≈ LL̃(αI + (1− α)L̃)−1xδ

= L(I + αL∗L)−1xδ =: Lxδ
α,

known as the Tikhonov–Morozov method [4], given approximate data xδ ∈
H1 satisfying ‖x − xδ‖ ≤ δ. Under suitable conditions on the true data
x ∈ D(L) and with appropriate choice of the regularization parameter
α = α(δ) it can be shown (see [2]) that

‖Lx− Lxδ
α‖ = O(δ2/3).

However, for the important class of operators having compact resolvent
this order of approximation can not be improved except in the trivial case
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in which the true data is in the null space of the operator (see [5]). One of
the attractive features of this method is that the “smoothed” data xδ

α has
a variational characterization, namely it is the minimizer over D(L) of the
functional

Φα(z; xδ) = ‖z − xδ‖2 + α‖Lz‖2.
It is a routine matter to show that for each xδ ∈ H1 the functional Φα(·;xδ)
has a unique minimizer xδ

α over D(L) and this minimizer enjoys an extra
order of smoothness in that it necessarily lies in D(L∗L).

6.4 An Abstract Finite Element Method

The variational characterization of the Tikhonov–Morozov approximation
xδ

α as the minimizer over D(L) of the functional

Φα(z; xδ) = ‖z − xδ‖2 + α‖Lz‖2

suggests the possibility of using finite element methods to effectively com-
pute the approximations. To this end, suppose {Vm}∞

m=1 is a sequence of
finite-dimensional subspaces of H1 satisfying

V1 ⊆ V2 ⊆ ... ⊆ D(L) and ∪∞
m=1Vm = H1.

Given x ∈ D(L), the finite element approximation to Lx will be Lxα,m,
where

xα,m = argminz∈Vm
‖z − x‖2 + α‖Lz‖2.

Since Vm is finite dimensional, such a minimizer exists and is unique. Sup-
pose dimVm = n(m) and that {ϕ(m)

1 , . . . , ϕ
(m)
n(m)} is a basis for Vm. Then

the coefficients {c(m)
j } of the approximation

xα,m =
n(m)∑
j=1

c
(m)
j ϕ

(m)
j

are determined by the conditions

d

dt
Φα(xα,m + tϕ

(m)
i ; x)|t=0 = 0, i = 1, . . . , n(m),

which are equivalent to the system of linear algebraic equations

n(m)∑
j=1

[〈ϕ(m)
i , ϕ

(m)
j 〉+ α〈Lϕ

(m)
i , Lϕ

(m)
j 〉]c(m)

j

= 〈x, ϕ
(m)
i 〉, i = 1, . . . , n(m).
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When only an approximation xδ ∈ H1 is available satisfying ‖x−xδ‖ ≤ δ,
the minimizer of the functional Φα(·;xδ) over Vm is denoted by xδ

α,m:

xδ
α,m = argminz∈Vm

Φα(z; xδ).

As a first step in our analysis, we determine a stability bound for

‖Lxα,m − Lxδ
α,m‖.

The stability bound turns out to be the same as that found for the approx-
imation in infinite-dimensional space. We will employ the inner product
[·, ·] defined on D(L) by

[u, w] = 〈u, w〉+ α〈Lu, Lw〉,

where α is a fixed positive number, and the associated norm |u| =
√

[u, u].
Note that since L is closed, D(L) is a Hilbert space when endowed with
this inner product.

Theorem 1. If x ∈ D(L) ⊆ H1 and xδ ∈ H1 satisfies ‖x− xδ‖ ≤ δ, then

‖Lxα,m − Lxδ
α,m‖ ≤ δ/

√
α.

Proof. The necessary condition

d

dt
Φ(xα,m + tv; x)|t=0 = 0,

for all v ∈ Vm gives

〈xα,m − x, v〉+ α〈Lxα,m, Lv〉 = 0, (6.1)

for all v ∈ Vm and similarly

〈xδ
α,m − x, v〉+ α〈Lxδ

α,m, Lv〉 = 0,

for all v ∈ Vm. The condition (6.1) may be expressed in terms of the inner
product [·, ·] in the following way:

[xα,m − x, v] = 〈xα,m − x, v〉+ α〈L(xα,m − x), Lv〉
= −α〈Lx, Lv〉, (6.2)

for all v ∈ Vm. On the other hand,

[xδ
α,m − x, v] = 〈xδ

α,m − x, v〉+ α〈Lxδ
α,m − Lx, Lv〉

= 〈xδ − x, v〉+ 〈xδ
α,m − xδ, v〉+ α〈L(xδ

α,m − x), Lv〉
= 〈xδ − x, v〉 − α〈Lx, Lv〉
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and therefore,
[xδ

α,m − xα,m, v] = 〈xδ − x, v〉, (6.3)

for all v ∈ Vm. In particular, setting v = xδ
α,m−xα,m in (6.3), and applying

the Cauchy–Schwarz inequality, one obtains

‖xδ
α,m − xα,m‖2 + α‖Lxδ

α,m − Lxα,m‖2 = |xδ
α,m − xα,m|2

≤ δ‖xδ
α,m − xα,m‖.

Therefore,
‖xδ

α,m − xα,m‖ ≤ δ

and hence
α‖Lxδ

α,m − Lxα,m‖2 ≤ δ2,

giving the result.

We see from this theorem that the condition δ/
√

α → 0, combined with
a condition that ensures that ‖Lxα,m − Lx‖ → 0, will guarantee the con-
vergence of the stabilized finite element approximations to Lx.

The remaining development requires an analysis of the difference be-
tween the finite-dimensional approximation xα,m and the infinite-dimen-
sional approximation xα using exact data x ∈ D(L) which is characterized
by

xα = argminz∈D(L)‖z − x‖2 + α‖Lz‖2.
This is equivalent to

0 = 〈xα − x, v〉+ α〈Lxα, Lv〉 = [xα − x, v] + α〈Lx, v〉

for all v ∈ D(L). The corresponding finite element approximation xα,m

satisfies (6.2), that is,

0 = [xα,m − x, v] + α〈Lx, v〉

for all v ∈ Vm. Subtracting, we find that

[xα − xα,m, v] = 0, (6.4)

for all v ∈ Vm. We can express this in a geometrical way by saying that
xα,m is the [·, ·]-orthogonal projection of xα onto the finite-dimensional
subspace Vm. That is,

xα,m = Pmxα, (6.5)

where Pm : D(L) → Vm is the orthogonal projector of the Hilbert space
D(L), equipped with the inner product [·, ·], onto the subspace Vm ⊆ D(L).

Let Pm be the (ordinary) orthogonal projector of H1 onto Vm. One may
bound the quantity ‖Lxα − Lxα,m‖ in terms of the two quantities

βm = ‖(I − Pm)L̃‖
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and
γm = ‖L(I − Pm)L̃‖.

We note that since LL̃, LPm, and L̃ are all bounded linear operators, both
of these quantities are finite. We begin with a result that requires relatively
modest hypotheses on the true data x.

Theorem 2. If x ∈ D(L∗L), then

‖Lxα − Lxα,m‖2 ≤ (β2
m/α + γ2

m)‖x + L∗Lx‖2.

Proof. First we note that x ∈ D(L∗L) if and only if x = L̃w where
w = x + L∗Lx. From the characterization (6.5) we have

α‖Lxα − Lxα,m‖2 ≤ |xα − xα,m|2

= |xα −Pmxα|2 ≤ |xα − Pmxα|2

= ‖(I − Pm)xα‖2 + α‖L(I − Pm)xα‖2.

But
xα = (I + αL∗L)−1x = L̃(αI + (1− α)L̃)−1x

= L̃(αI + (1− α)L̃)−1L̃w.

Also, ‖(αI + (1− α)L̃)−1L̃‖ ≤ 1. Therefore,

α‖Lxα − Lxα,m‖2 ≤ (‖(I − Pm)L̃‖2 + α‖L(I − Pm)L̃‖2)‖w‖2,

that is,
‖Lxα − Lxα,m‖2 ≤ (β2

m/α + γ2
m)‖w‖2.

We now need a well-known consequence of the uniform boundedness
principle.

Lemma 1. Suppose {An} is a sequence of bounded linear operators sat-
isfying Anx → 0 as n → ∞ for each x ∈ H1. If K is a compact linear
operator, then ‖AnK‖ → 0 as n →∞.

Suppose L∗L has compact resolvent, i.e., L̃ is compact. Applying the
previous lemma with An = I − Pn, we see that

βn → 0 as n →∞.

If we assume that

LPnz → Lz for z ∈ D(L∗L), (6.6)

then we can also apply the lemma to the operator An = L(I−Pn)L̃ to find
that

γn → 0 as n →∞.



6. Variational Method for Unbounded Operators 69

We may now give a basic convergence and regularity result for the sta-
bilized finite element approximations.

Theorem 3. Suppose that L̃ is compact, that condition (6.6) holds, and
that x ∈ D(L∗L). If α = α(δ) → 0 as δ → 0 and m = m(α) → ∞ as
α → 0 in such a way that δ/

√
α → 0, γm → 0, and β2

m/α → 0, then

Lxδ
α,m → Lx.

Proof. Note that

‖Lxδ
α,m − Lx‖ ≤ ‖Lxδ

α,m − Lxα,m‖+ ‖Lxα,m − Lxα‖+ ‖Lxα − Lx‖
≤ δ/

√
α + O(

√
β2

m/α + γ2
m) + ‖Lxα − Lx‖.

It is well known [5] that ‖Lxα −Lx‖ → 0 as α → 0 (see, e.g., [2]), and the
result follows.

Remark. If we are willing to assume more on the true data, namely that
x ∈ R(L̃ν) for some ν ≥ 1, then minor modifications of the argument above
give the bound

‖Lxδ
α,m − Lx‖ ≤ δ/

√
α + O

(√
β2

m(ν)/α + γ2
m(ν)

)
+ ‖Lxα − Lx‖,

where
βm(ν) = ‖(I − Pm)L̃ν‖

and
γm(ν) = ‖L(I − Pm)L̃ν‖.

It is well known that if x ∈ D(LL∗L), then ‖Lxα − Lx‖ = O(α). For
completeness we supply the argument. If x ∈ D(LL∗L), then Lx = L̂w,
where w = (I +LL∗)Lx and L̂ := (I +LL∗)−1 is bounded and self-adjoint.
Therefore,

‖Lxα − Lx‖ = ‖LL̃(αI + (1− α)L̃)−1x− Lx‖
= ‖(L̂(αI + (1− α)L̂)−1 − I)L̂w‖
= α‖(L̂− I)(αI + (1− α)L̂)−1L̂‖‖w‖ ≤ α‖w‖.

We therefore obtain the following assertion.

Corollary. If condition (6.6) holds and if x ∈ D(LL∗L), γm = O(α),
βm = O(α3/2), and α ∼ δ2/3, then

‖Lxδ
α,m − Lx‖ = O(δ2/3).

This corollary shows that in principle the finite element approximations
are capable of achieving the optimal order of convergence possible for the
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Tikhonov–Morozov method. As a specific but simple instance of the corol-
lary, consider the case of the operator that maps the temperature distribu-
tion f(x) at time t = 1 to the distributed forcing term g(x). Let

Vm = span{ϕ1, ϕ2, . . . , ϕm},

where ϕj(x) =
√

2/π sin jx. Then

LPnz =
n∑

j=1

j2

1− e−j2 〈z, ϕj〉 → Lz

for each z ∈ D(L) and hence condition (6.6) is satisfied. Also, elemen-
tary estimates show that βm ≤ m−4 and γm ≤ m−2. Therefore, a choice
of stabilization parameter of the form α ∼ δ2/3 along with a choice of
subspace dimension of the form m ∼ δ−1/3 result in the optimal order of
approximation O(δ2/3).
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7 A Converse Result for the
Tikhonov–Morozov Method
Charles W. Groetsch

7.1 Introduction

Many ill-posed problems of mathematical physics may be phrased as eval-
uating closed unbounded linear operators on Hilbert space. A well-known
specific example occurs in potential theory. Consider the model Cauchy
problem for Laplace’s equation on an infinite strip. Here the unbounded
operator maps one boundary distribution into another. Specifically, let
u(x, y) be a harmonic function in the strip

Ω = {(x, y) : 0 < x < 1, −∞ < y < ∞},

satisfying a homogenous Neumann condition on the boundary x = 0, and
suppose that one wishes to determine the boundary values g(y) = u(1, y)
given the boundary values f(y) = u(0, y). That is, u(x, y) satisfies

Δu = 0 in Ω,

u(0, y) = f(y),
ux(0, y) = 0,

u(1, y) = g(y),

for −∞ < y < ∞.
Applying the Fourier transform û = F{u} with respect to the y variable,

û(x : ω) =
1√
2π

∫ ∞

−∞
u(x, y)e−iωy dy,

results in the initial value problem involving the frequency parameter ω:

d2

dx2 û = ω2û,

û(0) = f̂ ,

d

dx
û(0) = 0,

This work was supported in part by the Charles Phelps Taft Foundation.
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giving
ĝ(ω) = û(1, ω) = f̂(ω) cosh (ω).

Therefore the linear operator connecting f to g is given by

g = Lf = F−1{f̂(ω) cosh (ω)}.

This linear operator is defined only on

D(L) = {f ∈ L2(R) : f̂(ω) cosh (ω) = ĝ}

for some function g ∈ L2(R), a condition that says the high frequency
components of f must decay very rapidly. In particular, L is defined
on band-limited functions and hence D(L) is dense in L2(R). Also, op-
erator L is closed. For if {fn} ⊂ L2(R), f̂n(ω) cosh (ω) ∈ L2(R), and
F−1{f̂n(ω) cosh (ω)} → g ∈ L2(R), then f̂n(ω) cosh (ω) → ĝ ∈ L2(R), and
since f̂n → f̂ , we have

f̂(ω) cosh (ω) = ĝ ∈ L2(R),

and hence f ∈ D(L) and Lf = g, that is, L is closed.
However, L is unbounded. Indeed, if

f̂n(ω) = χ[n−1/2,n+1/2]

is the characteristic function of [n − 1/2, n + 1/2], then fn ∈ L2(R) and
‖fn‖ = 1, by the Parseval–Plancherel relation. However,

‖Lfn‖2 =
∫ n+1/2

n−1/2
(cosh ω)2dω ≥ 1

4

∫ n+1/2

n−1/2
e2ωdω →∞ as n →∞,

showing that L is unbounded.
The basic problem in the evaluation of such an unbounded operator is

that the data vector to which the operator is to be applied might be only
approximately known, and this approximation may fail to be in the domain
of the operator. Or worse, a given sequence of approximate data vectors,
even if it lies within the domain of the operator, might, upon applica-
tion of the operator, lead to a nonconvergent sequence since the operator
is unbounded. What are needed are bounded approximations to the un-
bounded operator, whose values converge in an appropriate sense to the
required value of the unbounded operator. Such schemes are called stabi-
lization methods and the best known stabilization method is the Tikhonov–
Morozov method.

In this note we answer a question, raised by M. Mitrea at IMSE2004 in
Orlando, concerning a converse of a convergence theorem for the Tikhonov–
Morozov method. In fact, we give two quite distinct proofs of the fact that
if the method achieves a rate of convergence of the form O(α), where α is
the stabilization parameter, then the true data lies in the space D(LL∗L).
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7.2 The Tikhonov–Morozov Method

Suppose L : D(L) ⊆ H1 → H2 is a closed densely defined linear operator
acting on a Hilbert space H1 and taking values in a Hilbert space H2. The
Tikhonov–Morozov method (see [1]) consists of approximating the vector
Lx by Lxα where xα is the minimizer over D(L) of the functional

Φα(z; x) = ‖z − x‖2 + α‖Lz‖2

in which α is a positive stabilization parameter. That is,

xα = argminz∈D(L)Φα(z; x).

It is easy to see that the unique minimizer xα of this functional in fact lies
in D(L∗L) and is given by

xα = (I + αL∗L)−1x.

Also L(I +αL∗L)−1 is an everywhere defined bounded linear operator, that
is, the Tikhonov–Morozov method is a stabilization method.

The expression for xα may be conveniently reformulated by use of von
Neumann’s classic theorem which states that if L is a closed densely defined
linear operator, then the operators L̃ and L̂ defined by

L̃ = (I + L∗L)−1 and L̂ = (I + LL∗)−1

are everywhere defined bounded self-adjoint operators (see [2]). The ap-
proximation may then be written

xα = L̃((1− α)L̃ + αI)−1x

and one sees immediately that Lxα = LL̃((1 − α)L̃ + αI)−1x is a stable
approximation to Lx. For example, the operator L defined in the pre-
vious section may be written L = F−1MF where M is the unbounded
multiplication operator densely defined on L2(R) by

(Mϕ)(ω) = (cosh ω)ϕ(ω).

In this case one finds that

Lxα = F−1M(I + αM2)−1Fx

and for each α > 0, one has

‖F−1M(I + αM2)−1F‖ ≤ 1/α.
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Therefore, Lxα is stable with respect to perturbations in x. It is known
(see [3]) that if x ∈ D(LL∗L), then

‖Lxα − Lx‖ = O(α).

In this note we give two proofs of converses of this fact, one based on
spectral theory and the other relying on the weak topology.

7.3 Operators with Compact Resolvent

The special case of the converse in which L̂ is compact has an instructive
proof and will be considered separately in this section. Such operators with
compact resolvent are quite common. In fact, Kato [4] has noted that in
many cases arising in mathematical physics the unbounded operator L∗L
has compact resolvent, that is, the operator

L̂ = (I + LL∗)−1

is compact. In Kato’s words:
“Operators with compact resolvent occur frequently in mathematical

physics. It may be said that most differential operators that appear in
classical boundary value problems are of this type.”

A prototypical example of such a closed densely defined linear operator
with compact resolvent is provided by the differentiation operator Lf = f ′

defined on

D(L) = {f ∈ L2[0, 1] : f abs. cont., f ′ ∈ L2[0, 1]}.

Then

D(LL∗) = {y ∈ L2[0, 1] : y′ abs. cont., y′′ ∈ L2[0, 1], y(0) = y(1) = 0}.

In this case L̂ = (I + LL∗)−1 is the compact integral operator on L2[0, 1]
defined by

L̂h(s) =
∫ 1

0
g(s, t)h(t) dt,

where g(s, t) is the continuous symmetric kernel

g(s, t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
sinh (1− s) sinh t

sinh 1
, t ≤ s,

sinh (1− t) sinh s

sinh 1
, s ≤ t.

In this section we give a proof of the promised converse in this case. Before
doing so, we note the following simple assertion.
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Lemma. R(L̂) = D(LL∗).

Proof. Since L̂ = (I +LL∗)−1, it follows that L̂z ∈ D(LL∗) for all z ∈ H2,
that is, R(L̂) ⊆ D(LL∗). On the other hand, if y ∈ D(LL∗), then y = L̂w

where w = y + LL∗y, i.e., D(LL∗) ⊆ R(L̂).

Theorem. Suppose L̂ is compact and x ∈ D(L). If ‖Lxα − Lx‖ = O(α),
then x ∈ D(LL∗L).

Proof. Let {uj ; λj} be a complete orthonormal eigensystem for H2, gen-
erated by the self-adjoint bounded operator L̂. N ote that the eigenvalues
{λj} lie in the interval (0, 1]. Suppose they are ordered as

0 < · · · ≤ λn+1 ≤ λn ≤ · · · ≤ λ2 ≤ λ1.

Then
Lxα = LL̃(αI + (1− α)L̃)−1x

= L̂(αI + (1− α)L̂)−1Lx

=
∞∑

j=1

λj

α + (1− α)λj
〈Lx, uj〉uj ,

and hence,

‖Lx− Lxα‖2 = α2
∞∑

j=1

(1− λj)2

(α + (1− α)λj)2
|〈Lx, uj〉|2

≥ α2(1− λ1)2
∞∑

j=1

(α + (1− α)λj)−2|〈Lx, uj〉|2.

Therefore, if ‖Lx− Lxα‖ = O(α), we have

∞∑
j=1

(α + (1− α)λj)−2|〈Lx, uj〉|2 ≤ C

for some constant C and all α ∈ (0, 1]. In particular, all of the partial sums
of the above series are uniformly bounded by C. Letting α → 0+ in each
of the individual partial sums shows that

n∑
j=1

λ−2
j |〈Lx, uj〉|2 ≤ C

for each n, and hence the series
∑∞

j=1 λ−2
j |〈Lx, uj〉|2 is convergent. The

vector

z =
∞∑

j=1

λ−1
j 〈Lx, uj〉uj
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is therefore well defined and

L̂z =
∞∑

j=1

〈Lx, uj〉uj = Lx,

that is, Lx ∈ R(L̂); hence, x ∈ D(LL∗L).

We note that the vector LL∗Lx is given in terms of the eigenexpansion
of Lx by

LL∗Lx =
∞∑

j=1

1− λj

λj
〈Lx, uj〉uj .

7.4 The General Case

We now drop the assumption that L̂ is compact and give a very different
proof of the converse that is inspired by an argument of Neubauer [5]. First,
we need a well-known result.

Lemma. If L is closed and densely defined, then LL∗ is closed.

Proof. Suppose that yn ∈ D(LL∗), yn → y, and LL∗yn → u ∈ H2. Then
(I + LL∗)yn → y + u and hence, since L̂ is bounded, yn → L̂(y + u).
Therefore, L̂(y + u) = y, that is, y ∈ D(LL∗) and y + LL∗y = y + u, or
LL∗y = u, so LL∗ is closed.

Theorem. If x ∈ D(L) and ‖Lx− Lxα‖ = O(α), then x ∈ D(LL∗L).

Proof. First, note that

xα = (I + αL∗L)−1x ∈ D(L∗L),

and hence,
Lxα = (I + αLL∗)−1Lx ∈ D(LL∗).

Also,
Lxα − Lx = −αLL∗Lxα.

Therefore, by the hypothesis,

‖LL∗Lxα‖ = O(1).

By the lemma, we know that LL∗ is closed. The graph of LL∗ is there-
fore closed and convex, and hence weakly closed. Since {‖LL∗Lxα‖} is
bounded, there is a sequence αn → 0 with

LL∗Lxαn
⇀ w
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for some w (here ⇀ indicates weak convergence). But Lxαn → Lx. Since
the graph of LL∗ is weakly closed, it follows that Lx ∈ D(LL∗) and
LL∗Lx = w. In particular, x ∈ D(LL∗L), as claimed.
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8 A Weakly Singular
Boundary Integral Formulation
of the External Helmholtz
Problem Valid for All
Wavenumbers
Paul J. Harris, Ke Chen, and Jin Cheng

8.1 Introduction

Over the last forty or so years the boundary integral method has become
established as one of the most widely used methods for solving the exterior
Helmholtz problem. The underlying differential equation can be reformu-
lated as a boundary integral equation either by applying Green’s theorem
directly to the solution or by representing the solution in terms of a layer
potential function. It is well known that the integral equation formulation
arising from either of these methods does not have a unique solution for
all real and positive values of the wavenumber. Over the years a number
of methods for overcoming this problem have been proposed, most notably
the so-called CHIEF method [1] and the Burton and Miller method [2]
for Green’s theorem formulation, and methods similar to those proposed
by Panich [3] for the layer potential formulation. A survey of different
methods for overcoming these problems is given in Amini et al. [4].

In the work presented in this paper we shall only consider the Burton
and Miller formulation for overcoming the nonuniqueness problem. This
method has the advantage that it is guaranteed to have a unique solution
for all real and positive wavenumbers, but has the disadvantage that it
introduces an integral operator with a hypersingular kernel. In this paper
we present a method for reformulating the hypersingular integral operator
in terms of integral operators that have kernel functions which are at worst
weakly singular and hence relatively straightforward to approximate by
standard numerical methods. Further, we shall show that the numerical
results obtained using the methods described here are considerably more
accurate than those obtained by the most widely used existing methods.

8.2 Boundary Integral Formulation

Consider the Helmholtz (or reduced wave-scattering) equation

∇φ + k2φ = 0 (8.1)
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in some domain D+ exterior to some closed, finite region D− with closed
and piecewise smooth surface S, subject to the boundary condition that
∂φ/∂n is known on S and to the radiation condition

lim
r→∞

r

(
∂φ

∂r
− ikφ

)
= 0,

where k is the acoustic wavenumber. In this work we shall assume that k
is real and positive.

An application of Green’s second theorem leads to∫
S

φ(q)
∂Gk(p, q)

∂nq
−Gk(p, q)

∂φ(q)
∂nq

dSq =
1
2
φ(p) (8.2)

for p ∈ S, where

Gk(p, q) =
eik|p−q|

4π|p− q|
is the free-space Green’s function for the Helmholtz equation. However,
it is well known that (8.2) does not possess a unique solution for certain
discrete values of the wavenumber k, although the underlying differential
equation (8.1) does possess a unique solution for all real and positive k.
Further, the exact values of k for which (8.2) fails will depend on the shape
of the surface S. Burton and Miller [2] proposed the alternative integral
equation

− 1
2
φ(p) +

∫
S

φ(q)
(

∂Gk(p, q)
∂nq

+ α
∂2Gk(p, q)
∂np∂nq

)
dSq

=
α

2
∂φ(p)
∂np

+
∫

S

∂φ(q)
∂nq

(
Gk(p, q) + α

∂Gk(p, q)
∂np

)
dSq (8.3)

and showed that (8.3) has a unique solution for all real and positive values
of the wavenumber k provided the imaginary part of the coupling constant
α is nonzero. Further, it is shown in [4,5] that the almost optimal choice
of α is α = i/k as this almost minimizes the condition number of the
integral operator. However, we note that this formulation has introduced
the integral operator with kernel function

∂2Gk(p, q)
∂np∂nq

,

which contains a 1/r3 hypersingularity. It is worth noting here that all
the other integral operators appearing in (8.3) have kernel functions which
are at worst weakly singular and so can be numerically evaluated using
appropriate quadrature rules. Methods for evaluating this hypersingular
integral operator will be discussed in the next section.
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8.3 Numerical Methods

We now describe the collocation method with high-order elements. To solve
(8.3), we first approximate the solution φ by

φ̃(q) =
N∑

i=1

φjψj(q), (8.4)

where {ψj(q)} are a set of known basis functions and {φj} are a set of
constants to be determined. Substituting (8.4) into (8.3) yields

n∑
j=1

φj

[
−1

2
ψj(p) +

∫
S

ψj(q)
(

∂Gk(p, q)
∂nq

+ α
∂2Gk(p, q)
∂np∂nq

)
dSq

]

=
α

2
∂φ(p)
∂np

+
∫

S

∂φ(q)
∂nq

(
Gk(p, q) + α

∂Gk(p, q)
∂np

)
dSq + R(p), (8.5)

where R is a residual function. A linear system of equations is obtained by
picking N points p1, p2, . . . , pN at which we force R(pi) = 0.

In order to be able to make use of (8.5) we need a method for evaluating
the hypersingular integral∫

S

ψj(q)
∂2Gk(pi, q)

∂np∂nq
dSq. (8.6)

Let us first review the commonly used collocation method with piecewise
constant elements. This consists of rewriting (8.6) as∫

S

ψj(q)
∂2Gk(pi, q)

∂np∂nq
dSq

=
∫

S

(ψj(q)− ψj(pi))
∂2Gk(pi, q)

∂np∂nq
dSq + ψj(pi)

∫
S

∂2Gk(pi, q)
∂np∂nq

dSq. (8.7)

Using the result given in [6], the second integral on the right-hand side
of (8.7) can be made weakly singular and hence be evaluated using an
appropriate quadrature rule. This can seen by rewriting (8.7) as∫

S

ψj(q)
∂2Gk(pi, q)

∂np∂nq
dSq

=
∫

S

(ψj(q)− ψj(pi))
∂2Gk(pi, q)

∂np∂nq
dSq + ψj(pi)k2

∫
S

Gk(pi, q)np · nqdSq.

(8.8)

If we now choose the basis functions ψj to be piecewise constant then
whenever the collocation point pi is in the same element as the integration
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point q then the first integral on the right-hand side of (8.8) is zero and
the problems associated with the hypersingular kernel function have been
avoided. However, this will not work if any other basis functions (such as
higher-order piecewise polynomials) are used, as the first integral on the
right-hand side of (8.8) is no longer zero. Hence the piecewise constant
approximation to φ has been widely used in practise.

Next we discuss the more general case of using high order collocation
methods. The nonconstant basis functions can be used with the help of
the recent result in [7]∫

S

ψj(q)
∂2Gk(p, q)
∂np∂nq

dSq

=
∫

S

(
{ψj(q)− ψj(p)−∇ψj(p) · (q − p)}∂2Gk(p, q)

∂np∂nq

)
dSq

+ k2ψj(p)
∫

S

np · nqGk(p, q)dSq +
∫

S

∇ψj(p) · nq
∂Gk(p, q)

∂np
dSq

− k2
∫

D−
∇ψj(p) · (q − p)

∂Gk(p, q)
∂np

dVq −
1
2
∇ψj(p) · np, (8.9)

in which all of the integrals on the right-hand side are at worst weakly
singular, but which has now introduced the volume integral over the interior
D− of S. Clearly we can avoid having to evaluate this volume integral if we
only consider the case k = 0. This is possible by rewriting the hypersingular
integral as∫

S

ψj(q)
∂2Gk(p, q)
∂np∂nq

dSq

=
∫

S

ψj(q)
[
∂2Gk(p, q)
∂np∂nq

− ∂2G0(p, q)
∂np∂nq

]
dSq +

∫
S

ψj(q)
∂2G0(p, q)
∂np∂nq

dSq.

(8.10)

The first integral on the right-hand side of (8.10) is at worst weakly singular
whilst the second integral can be evaluated using (8.9) with k = 0 to yield∫

S

ψj(q)
∂2Gk(p, q)
∂np∂nq

dSq

=
∫

S

ψj(q)
[
∂2Gk(p, q)
∂np∂nq

− ∂2G0(p, q)
∂np∂nq

]
dSq

+
∫

S

(
{ψj(q)− ψj(p)−∇ψj(p) · (q − p)}∂2G0(p, q)

∂np∂nq

)
dSq

+
∫

S

∇ψj(p) · nq
∂G0(p, q)

∂np
dSq −

1
2
∇ψj(p) · np. (8.11)



8. Weakly Singular Helmholtz Integral Formulation 83

Hence it is possible to solve (8.3) using (8.11) to evaluate the hypersingular
integral operator by means of any type of high-order basis functions; in
particular, high-order (i.e., nonconstant) polynomial basis functions.

8.4 Numerical Results

Here we present some results to illustrate the new formulation using high-
order collocation methods. These are for the following test surfaces:

(i) A unit sphere with point sources at (0, 0, 0.5) and (0.25, 0.25, 0.25)
and with strengths 2 + 3i and 4− i, respectively.

(ii) A cylinder of length 0.537 and radius 0.2685 with point sources at
(0, 0, 0.15) and (0.25, 0.25, 0.25) and with strengths 2 + 3i and 4 − i,
respectively.

(iii) A ‘peanut-shaped’ surface defined by

x =
√

cos 2θ +
√

1.5− sin2 2θ sin θ cos γ,

y =
√

cos 2θ +
√

1.5− sin2 2θ sin θ sin γ,

z =
√

cos 2θ +
√

1.5− sin2 2θ cos θ

for 0 ≤ θ ≤ π and 0 ≤ γ < 2π, with point sources at (0.2, 0, 1) and
(0, 0.2, −0.75) and with strengths 2 + 3i and 4 − i, respectively. In each
case the surface S has been approximated by a number of quadratically
curved triangular elements.

The usual high-order piecewise polynomial basis functions for solving
(8.3) on a surface made up of such elements are usually defined in terms
of the nodal points of the surface elements (isoparametric elements). How-
ever, when trying to solve (8.3) there is a major problem with using the
surface nodes as collocation points as we need to be able to calculate the
normal at the collocation points (np in (8.3)), but the interpolated sur-
face does not possess a well-defined normal at these points. One possible
solution to this problem is to use the normal to the original surface, but
this will not be possible if the original surface has an edge or a vertex.
The alternative is to collocate at points which are interior to the elements
and different from the surface interpolation nodes. This has the immedi-
ate advantage that the approximate surface will have a unique normal at
each collocation point, but the disadvantage that the approximate solution
will no longer be continuous at the element boundaries. The choice of the
location of these interior points will have a significant effect on the overall
accuracy of the numerical scheme. Here we have used discontinuous linear
and quadratic schemes to calculate the solution. In the linear case, the
location of the collocation points is determined by a parameter δ which
governs the location of the three collocation points relative to the element
centroid and each element vertex. In the quadratic case, the additional
three collocation points are simply taken as the midpoints between each
two consecutive collocation points of the linear case. Fig. 1 and 2 show
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the relative error in the computed surface pressure for each surface at the
first characteristic wavenumber using discontinuous linear and quadratic
elements, respectively. In the linear case, it is clear that the optimal value
is δ = 0.4, whilst in the quadratic case, the situation is not quite so clear-
cut, but using δ = 0.25 would seem to be appropriate. These are the values
that have been used in the calculations described below.

Fig. 1. The L2 relative error on each test surface for different values of δ using
the linear basis functions.

Fig. 2. The L2 relative error on each test surface for different values of δ using
the quadratic basis functions.
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Fig. 3, 4, and 5 show the results of using the discontinuous constant,
linear, and quadratic approximations for the sphere, cylinder, and peanut,
respectively.

Fig. 3. The L2 relative error on the unit sphere using discontinuous constant,
linear, and quadratic basis functions.

Fig. 4. The L2 relative error on a cylinder using discontinuous constant, linear,
and quadratic basis functions.
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Fig. 5. The L2 relative error on the peanut using discontinuous constant, linear,
and quadratic basis functions.

The results of employing the commonly used piecewise constant ap-
proximation are also given as a comparison. In each case we see that the
linear and quadratic discontinuous approximations are considerably more
accurate than the usual piecewise constant approximation, and that the
quadratic approximation is more accurate than the linear approximation.

8.5 Conclusions

Over the years, the Burton and Miller method has been shown to be a
theoretically reliable method for determining the acoustic field radiated or
scattered by an object. However, in practice, nearly all of the earlier work
on this problem was restricted to using a piecewise constant approximation
and there has always been the problem of how to evaluate the integral op-
erator which involves the second derivative of the Green’s function beyond
the piecewise constants.

The work in the paper shows how this problem can be overcome; by
using a singularity subtraction technique, one manages to avoid introducing
any volume integrals. This new formulation allows a much wider class of
basis functions to be considered. The numerical results show that the
higher-order piecewise polynomials considered here give considerably more
accurate results.
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9 Cross-referencing for
Determining Regularization
Parameters in Ill-Posed
Imaging Problems
John W. Hilgers and Barbara S. Bertram

9.1 Introduction

Imaging problems offer some of the best examples of ill-posed Fredholm first
kind integral equations. These problems are also very challenging because
they consist of inherently two-dimensional integral operators with kernels,
or point spread functions (psf), which amount to degraded identity opera-
tors. This means that the kernels resemble corrupted Dirac delta functions,
or spikes that have been diffracted into peaks with finite diameters. Prob-
lems featuring such kernels are among the most pathological because the
corresponding spectral falloff of eigenvalues with index is extremely rapid.
This magnifies the ill-posed nature of the inverse problem [1].

The integral operator K in this case is defined by

Kf(x, y) =
∫ ∫

K(x− x′, y − y′)f(x′, y′)dx′dy′, 0 ≤ x, y ≤ 1.

Because K is a Hilbert–Schmidt kernel, operator K is completely con-
tinuous from L2([0, 1] × [0, 1]) into itself. As such, the inverse operator,
K−1, or generalized inverse, K†, is necessarily unbounded (unless K is
degenerate)[2]. This is the source of the instability in the inverse problem.

The practical problem is usually encountered in a noise-contaminated
form

Kf = ḡ = g + ε, (9.1)

where g = Kf0, f0 is the true solution and ε represents additive error.
The inverse problem is to obtain f0, or a good approximation of it, from
the measured data ḡ in spite of the noise ε. To this end, a least square
approach is usually taken whereby one tries to solve

min
f
‖Kf − ḡ‖,

The second author wishes to thank Signature Research, Inc. for hosting her
sabbatical.
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any solution of which must solve the normal equation K∗Kf = K∗ḡ, which
is even more ill posed than the original (9.1) (see [13]–[15]). There are a
number of ways to avoid the instability of the normal equation by applying
some form of regularization. Three general classes follow.

1. Solve
(K∗K + αL∗L)f = K∗ḡ, (9.2)

where L and α are the regularization operator and parameter, respec-
tively. Here α is just the Lagrange multiplier in the constrained least
squares (CLS) approach (see [13], [15], and [16]–[22]). For α > 0, the
operator in (9.2) is invertible when N(K) ∩ N(L) = {0} (N repre-
senting the null space).

2. Solve the normal equation by a spectral or singular value decomposi-
tion (SVD) expansion, and keep only the first terms. The number of
terms retained becomes the de facto regularization parameter [2].

3. Use an iterative approach to solving (9.1) directly, or the normal
equation, or even (9.2) (see [28], [25], and [26]). In this paper the
conjugate gradient method is used. In all such methods the number
of iterations is the equivalent regularization parameter.

What is clear is that all regularization techniques involve assigning values
to one or more parameters which control the amount of smoothness to be
forced on the approximate solution. How this is to be done is a problem of
long standing and the subject of this paper.

9.2 The Parameter Choice Problem

How to determine the type and amount of regularization to be applied in
an ill-posed inverse problem is an open question, probably dating back to
the Russian A.N. Tikhonov and the work he did in the 1940’s in invert-
ing a solution to the heat equation in an effort to infer past climate from
measured cores of Siberian permafrost. The papers [23]–[30] cited below,
and hundreds of others, consider this problem in some way. The answer
to the problem depends, among other things, on: the high frequency com-
ponents of f0, the spectrum of K∗K, the statistics of ε, and the size of
‖ε‖/‖g‖. Some specific results are given in [2]–[8] and [12] for regulariza-
tion schemes like (9.2), and [1] discusses how the spectrum of K∗K can
impact the stability of the optimal regularization parameter.

The methodology advanced herein, termed CREF for cross referencing
different regularized families, has evolved over about 10 years (see [6]–[11]),
and is based on three assumptions.

First, no matter what complex dependence exists between any particular
regularized approximate to f0, call it f̃ , and the above-mentioned (as well
as other) factors, the following behavior will always be noted. As the
regularization parameter varies, whether it be continuous or discrete, f̃ will
evolve from over-smoothed to something near f0 to something increasingly
unstable.

Second, when two different regularized approximates, say f̃ and h̃, both
pass into their respective unstable regimes, the highly disordered nature of
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the instabilities means it is highly probable that ‖f̃ − h̃‖ increases rapidly
with continued parameter variation, a phenomenon which is easily detected.

Third, quantities that get close to the same thing get close to each other
(i.e., the triangle inequality).

Based on these three assumptions, the CREF method is simply defined
as the solution to

argmin ‖ f̃ − h̃ ‖, (9.3)

where the arguments are the regularization parameters of the two families.
In [7] the condition

‖ε‖/‖g‖ < 1

is shown to be a likely indicator of the existence of (9.3) for regularizers of
the form (9.2). In cases run to date (see [6]–[11]), (9.3) has never failed to
exist, and has always provided stable approximations of high acuity, even
when ‖ε‖/‖g‖ ≈ 0.5.

9.3 Advantages of CREF

The major advantage of CREF is that the approximation inherent in (9.3) is
undertaken in the domain space (of K). In contrast, the generalized cross-
validation (GCV) method [5] minimizes a function which approximates
‖Kf0 − Kf̃‖, thereby executing a comparison in the range space, where
the action of the kernel can suppress very pathological features in f̃ .

To state this another way, the optimal parameter(s) which minimize
‖f̃ − f0‖ can fluctuate over several orders of magnitude for different error
vectors, ε, even when ‖ε‖ is fixed. This phenomenon is driven by the rate
of decrease of the spectrum of K∗K, and is a feature shared by the GCV
approximation to the optimal parameter(s) [1].

However, the optimal regularizer, f̃ , considered as a vector in the appro-
priate function space, is a very stable approximator to f0, and the quality
of the approximation appears to depend only on ‖ε‖ no matter how un-
stable the dependence of the optimal parameter(s) becomes. Using (9.3)
accesses only stable approximations. Basically the only way CREF can fail
is:

(1) If the regularization method is pathologically wrong for the particular
problem so the optimal parameter is infinite or undefined, or if ‖ε‖/‖g‖ is
excessive, in which cases none of the competing methods would perform
well either.

(2) That the second assumption of the method fails, namely that both
regularizers in (9.3) will become unstable in the very same way, so (9.3)
remains small even when f̃ and h̃ become unstable.

While it may well be possible to engineer examples where (1) and (2)
occur, in problems undertaken with standard regularization techniques,
with ‖ε‖/‖g‖ < 1, problems with CREF have never been experienced in
practice (see [6]–[11]).
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9.4 Examples

All images are 256 × 256, centered on 512 × 512 for zero padding. In the
figures only the 256 × 256 image is displayed. The noise is additive and
Gaussian. All convolutions and deconvolutions were done in the frequency
domain using standard MATLAB FFT routines.

9.4.1 The Garage

The psf was computed by the MATLAB AIRY function with a support
diameter of about 10 pixels. The object was the “garage” (see Fig. 1).
Gaussian noise was added to the image with ‖ε‖/‖g‖ = .04, and this is
shown in Fig. 1.

50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

50

100

150

200

250

Fig. 1. The garage as object and its image with noise.

9.4.1.1 CLS Example

Two CLS regularizers with L1 = I and L2 = Δ, the identity and Laplacian,
respectively, were compared. A power of ten grid search was executed with
the result that α = 10 and β = 100 where α and β are the parameters for
L1 and L2, respectively. These values are identical to the true optimum
parameter values (also taken to the nearest power of 10). The results are
shown in Fig. 2.
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Fig. 2. Reconstructions of the garage with the identity and Laplacian, respec-
tively.
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9.4.1.2 Conjugate Gradient and CLS/Laplacian Example

This example is the same as 9.4.1.1 except that here CREF compared
the conjugate gradient (CG) method with a positivity constraint invoked
with CLS, L = Δ. The search was done on a grid pitting multiples of ten
iterations of CG against powers of ten for α with the result that a minimum
was found for 20 iterations of CG and α = 1000 for the CLS method. The
resulting approximations are shown in Fig. 3.
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Fig. 3. Reconstructions of the garage using conjugate gradient and Laplacian,
respectively.

9.4.1.3 Conjugate Gradient and CLS/Identity Example

This is like examples 9.4.1.1 and 9.4.1.2 except that here CG with a posi-
tivity constraint was used with CLS, L = I. The same grid was searched
as in example 9.4.1.2 with the minimum occurring for 70 iterations of CG
and α = 10 for the CLS. This is the optimal α value for CLS with L = I.
The reconstructions are shown in Fig. 4.
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Fig. 4. Reconstructions of the garage using conjugate gradient and identity,
respectively.
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9.4.2 The Jeep

The psf is measured and is approximately Gaussian. The object was the
“jeep” shown in Fig. 5. Gaussian noise was added to the image with the
extreme noise level, ‖ε‖/‖g‖ = 0.42, and this, too, is shown in Fig. 5.
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Fig. 5. The jeep as object and its image with noise.

9.4.2.1 CLS Example

Two CLS regularizers with L1 = I and L2 = Δ, the identity and Lapla-
cian, respectively, were compared. A CREF power of ten grid search was
executed with the result that α = 10−4 and β = 0.1, where α and β are
the parameters for L1 and L2, respectively. The reconstructions are shown
in Fig. 6.
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Fig. 6. Reconstructions of the jeep with the identity and Laplacian, respectively.

9.4.2.2 Conjugate Gradient and CLS/Laplacian Example

Example 9.4.2.1 was repeated using CG (with positivity constraint) and
CLS with L = Δ as the two regularizers. The parameters are the number
n of iterations for CG and β as in example 9.4.2.1. The search for solving
(9.3) was conducted over negative powers of ten and nonnegative integers
for β (and, of course, integers for n). The minimum square variation was
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attained for n = 3 iterations and β = 5. The results are shown in Fig. 7.
Further comments are included in the summary.
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Fig. 7. Reconstructions with CG (with positivity constraint) and constrained
least squares with Laplacian.

9.5 Summary

The CREF method continues to provide highly stable approximations to
the solutions of ill-posed inverse problems, particularly in the presence of
high noise levels, and also in the case of two-dimensional imaging problems.

It should be emphasized that in example 9.4.2.1, CREF provided both
regularized approximates with their true optimum parameter values (to the
nearest power of ten). The true parameter values are found by comparing
each reconstruction with the true object shown in Fig. 1 and 5. Note that
example 9.4.2.1 shows a bit less blur but more noise when compared with
the solutions of example 9.4.2.2.

This is not surprising since β of example 9.4.2.1 is 0.1 while that of
example 9.4.2.2 is 5. This, in turn, is due to the fact that in performing
each iteration of CG, a nonnegativity constraint was also enforced by the
simple expedient of zeroing out negative-going regions of the reconstruction.
As a result the reconstruction is smoother and when used in CREF pulls β
up to the larger value. In example 9.4.2.1 neither CLS regularizer included
a nonnegativity constraint.

In general, whether one favors the deblur or the noise removal functions
of the regularization method depends on the level of each degrading factor
present. In this case Fig. 6 may appear preferable to the “optimal” solution
of Fig. 7.
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10 A Numerical Integration
Method for Oscillatory
Functions over an Infinite
Interval by Substitution
and Taylor Series
Hiroshi Hirayama

10.1 Introduction

The arithmetic operations and functions of power series can be defined
easily in Fortran 90, C++ [1], and C#. The functions represented in these
languages, which consist of arithmetic operations, predefined functions, and
conditional statements, can be expanded in power series.

We consider the integral of an oscillatory function over an infinite inter-
val, of the form

I =
∫ ∞

0
f(x)g(h(x)) dx, (10.1)

where f(x) is a slowly decaying function, g(x) is one of sin x, cos x, Jn(x),
and Yn(x) (the Bessel function of the first kind of integral order), and
h′(x) > 0.

Let t = h(x); then

I =
∫ ∞

0
f(h−1(t))(

d

dt
h−1(t))g(t) dt.

The solution of an ordinary differential equation can be expanded in a Tay-
lor series by Picard’s method of successive approximations and the inverse
function of f(x) satisfies the ordinary differential equation

dy

dx
=

1
f ′(y)

.

Therefore, the integrand above, that is,

f(h−1(t))(
d

dt
h−1(t)),

can be expanded in a Taylor series. Using these Taylor series, we can give
an effective numerical integration method for this type of integral.
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10.2 Taylor Series

In this section, we explain the basic idea of expanding functions in Taylor
series. The reader is referred to [2]–[4] for details.

An arithmetic program for Taylor series can easily be made. The follow-
ing relations are valid not only at the origin, but also at any other point.
Taylor series can be defined in the form

f(x) = f0 + f1x + f2x
2 + f3x

3 + f4x
4 + · · · , (10.2)

g(x) = g0 + g1x + g2x
2 + g3x

3 + g4x
4 + · · · ,

h(x) = h0 + h1x + h2x
2 + h3x

3 + h4x
4 + · · · . (10.3)

Addition and subtraction. If h(x) = f(x)± g(x), then

hi = fi ± gi.

Multiplication. If h(x) = f(x)g(x), then

hn =
n∑

k=0

fign−i.

Division. If h(x) = f(x)/g(x), then

h0 =
f0

g0
, hn =

1
g0

(
fn −

n−1∑
k=0

hkgn−k

)
, n ≥ 1.

Differentiation. If h(x) = df(x)/dx, then

hm = 0, hn = (n + 1)fn+1, n = 1, . . . , m− 1.

Integration. If h(x) =
∫

f(x)dx, then

h0 = 0, hn =
1
n

fn−1, n ≥ 1.

Exponential function. If h(x) = ef(x), then dh/dx = hdf/dx. Substituting
(10.2) and (10.3) in this differential equation and comparing the coefficients,
we find that

h0 = ef0 , hn =
1
n

n∑
k=1

khn−kfk, n ≥ 1.

We can easily get the same type of differential equation and the same type
of relation between the coefficients of Taylor series for other elementary
transcendental functions.
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10.3 Integrals of Oscillatory Type

We consider the oscillatory-type integral

I =
∫ ∞

0
f(x) sinx dx, (10.4)

where f(x) is O(xα), α < 0, and f (n)(x) is O(xα−n) as x→∞.
Integral (10.4) can be rewritten as

I =
∫ a

0
f(x) sinx dx +

∫ ∞

a

f(x) sinx dx.

The first integral on the right-hand side can be computed using ordinary
numerical integration methods.

The second integral on the right-hand side is transformed through inte-
gration by parts into∫ ∞

a

f(x) sinx dx = [−f(x) cos x]∞a +
∫ ∞

a

f ′(x) cos x dx

= f(a) cos a +
∫ ∞

a

f ′(x) cos x dx.

Repeating this operation M times, we arrive at∫ ∞

a

f(x) sinx dx = f(a) cos a− f ′(a) sin a− f ′′(a) cos a

+ · · ·+ f (M−1)(a) sin
(

x +
Mπ

2

)
+
∫ ∞

a

f (M)(x) sin
(

x +
Mπ

2

)
dx.

Similarly, for cosx,∫ ∞

a

f(x) cos x dx = −f(a) sin a− f ′(a) cos a− f ′′(a) sin a

+ · · ·+ f (M−1)(a) cos
(

x +
Mπ

2

)
+
∫ ∞

a

f (M)(x) cos(x +
Mπ

2
) dx.

The above results can be written as∫ ∞

a

f(x) sinxdx = (f(a)− f ′′(a) + f (4)(a)− f (6)(a) + · · ·) cos a

− (f ′(a)− f(3)(a) + f (5)(a) + · · ·) sin a, (10.5)∫ ∞

a

f(x) cos xdx = −(f(a)− f ′′(a) + f (4)(a)− f (6)(a) + · · ·) sin a

− (f ′(a)− f(3)(a) + f (5)(a) + · · ·) cos a. (10.6)
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These series are generally divergent. Calculation must be stopped when
the minimum of the absolute value of the added terms is achieved.

Analogous results are obtained for

I =
∫ ∞

0
f(x)Jn(x) dx,

where Jn(x) is the Bessel function of the first kind and order n, f(x) is
smooth and O(xα), α < 1/2, and f (n)(x) is O(xα−n) as x→∞.

The above integral can be split as

I =
∫ a

0
f(x)Jn(x) dx +

∫ ∞

a

f(x)Jn(x) dx.

The first integral on the right-hand side is calculated by means of ordinary
numerical methods. The second integral is transformed through integration
by parts. Using the equality∫

xnJn−1(x) dx = xnJn(x),

we obtain∫ ∞

a

f(x)Jn(x) dx

= [f(x)Jn+1(x)]∞a +
∫ ∞

a

d

dx

(
x−n−1f(x)

)
xn+1Jn+1(x) dx

= −f(a)Jn+1(a) +
∫ ∞

a

d

dx

(
x−n−1f(x)

)
xn+1Jn+1(x) dx.

The Bessel function satisfies

Jn(x) ≈
√

2
xπ

cos
(
x− 1

2 n− 1
4

)
as x→∞

and f(x) is O(xα), α < 1/2; therefore, f(x)Jn(x) → 0 as x→∞.
Repeating the above operation M times yields∫ ∞

a

f(x)Jn(x) dx

=
M∑

k=1

[
(−1)k

(
1
x

d

dx

)k−1

(x−n−1f(x))xn+kJn+k(x)
]

x=a

+ (−1)M

∫ ∞

a

(
1
x

d

dx

)M

(x−n−1f(x))xn+M+1Jn+M (x) dx. (10.7)
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The Bessel function is easily evaluated by Miller’s method. If the Taylor
series of f(x) is given, then the second integral on the right-hand side above
can be computed without difficulty.

10.4 Numerical Examples

We use formulas (10.5)–(10.7) to compute numerically two simple examples
of integrals of the type (10.1).

10.4.1 Example 1

Consider the integral

I =
∫ ∞

0

1
x + 1

sin(x log(1 + x)) dx.

As above, we can write

I =
∫ a

0

1
x + 1

sin(x log(1 + x)) dx +
∫ ∞

a

1
x + 1

sin(x log(1 + x)) dx. (10.8)

Let t = h(x) = x log(1 + x) in the second integral in (10.8); then this
integral becomes

I2 =
∫ ∞

a

1
x + 1

sin(x log(1 + x)) dx =
∫ ∞

b

v(t) sin(t) dt,

where

v(t) =

d

dt
dh−1(t)

h−1 + 1
, b = a log(1 + a).

Thus, for a = 13, we find that

h(x) = 34.3077 + 3.56763(x− 13) + 0.0382653(x− 13)2

− 0.000971817(x− 13)3 + 3.6877× 10−5(x− 13)4 + · · ·

and that the inverse function of h(x) is

h−1(t) = 13 + 0.280298(t− b)− 0.000842687(t− b)2

+ 1.10657× 10−5(t− b)3 − 1.92062× 10−7(t− b)4 + · · · ,

with b = 13 log(14); therefore,

v(t) = 0.0200213− 0.000521236(t− b) + 1.40122× 10−5(t− b)2

− 3.82616× 10−7(t− b)3 + 1.05501× 10−8(t− b)4 + · · · ,
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so
I =

∫ ∞

0

1
x + 1

sin(x log(1 + x)) dx = 0.437992011202960.

10.4.2 Example 2

Consider the integral

I =
∫ ∞

0

x

x2 + 1
J0(x log(1 + x)) dx. (10.9)

As in Example 1,

I =
∫ a

0

xJ0(x log(1 + x))
x2 + 1

dx +
∫ ∞

a

xJ0(x log(1 + x))
x2 + 1

dx.

Integral (10.9) can now be computed easily with, for example, a = 30, by
means of the procedure explained above. The result is

I =
∫ ∞

0

x

1 + x2 J0(x log(1 + x)) dx = 0.510502342713232.

10.5 Conclusion

Since Taylor series can be constructed for smooth functions, for the solution
of an ordinary differential equation, and for an inverse function, we can
approximate certain integrals in various ways by means of such series, in
quite an effective manner.
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Birkhäuser, Boston, 2002, 111–116.

4. L.B. Rall, Automatic Differentiation–Technique and Applications, Lect.
Notes in Comp. Sci. 120, Springer-Verlag, Berlin-Heidelberg-New York,
1981.



11 On the Stability of
Discrete Systems
Alexander O. Ignatyev and Oleksiy A. Ignatyev

11.1 Introduction

Difference equations have been studied in various branches of mathematics
for a long time. The first results in the qualitative theory of such systems
were obtained by Poincaré and Perron at the end of the nineteenth and the
beginning of the twentieth centuries. A systematic description of the theory
of difference equations can be found in [1]–[4]. Difference equations are a
convenient model for the description of discrete dynamical systems and for
the mathematical simulation of systems with impulse effects (see [5]–[9]).
One of the directions arising from the applications of difference equations is
linked with the qualitative investigation of their solutions (stability, bound-
edness, controllability, observability, oscillation, robustness, and so on; see
[10]–[19]).

Consider a discrete system of the form

xn+1 = fn(xn), fn(0) = 0, (11.1)

where n = 0, 1, 2, . . . is the discrete time, xn = (x1
n, x2

n, ..., xp
n) ∈ R

p, and
fn = (f1

n, f2
n, ..., fp

n) ∈ R
p satisfy Lipschitz conditions uniformly in n, that

is, ‖fn(x) − fn(y)‖ ≤ Lr‖x − y‖ for ‖x‖ ≤ r, ‖y‖ ≤ r. System (11.1) has
the trivial (zero) solution

xn ≡ 0. (11.2)

We denote by xn(n0, u) the solution of system (11.1) coinciding with u for
n = n0. We also make the notation Br = {x ∈ R

p : ‖x‖ ≤ r}. We assume
that the functions fn(x) are defined in BH , where H > 0 is some fixed
number. As in [4], we denote by Z+ the set of nonnegative integers.

11.2 Main Definitions and Preliminaries

By analogy with ordinary differential equations (see [20]–[22]), let us intro-
duce the following definitions.

Definition 1. Solution (11.2) of system (11.1) is said to be stable if for
any ε > 0 and n0 ∈ Z+ there exists δ = δ(ε, n0) > 0 such that ‖xn0‖ ≤ δ
implies that ‖xn‖ ≤ ε for each n > n0.

Definition 2. The trivial solution of system (11.1) is said to be uniformly
stable if δ in Definition 1 can be chosen independent of n0, i.e., δ = δ(ε).
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Definition 3. Solution (11.2) of system (11.1) is called attractive if for
every n0 ∈ Z+ there exists η = η(n0) > 0 and for every ε > 0 and xn0 ∈ Bη

there exists σ = σ(ε, n0, xn0) ∈ N such that ‖xn‖ < ε for any n ≥ n0 + σ.
Here N is the set of natural numbers.

In other words, the solution (11.2) of system (11.1) is attractive if

lim
n→∞

‖xn(n0, xn0)‖ = 0. (11.3)

Definition 4. The zero solution of system (11.1) is called equiattractive
if for every n0 ∈ Z+ there exists η = η(n0) > 0 and for any ε > 0 there
is σ = σ(ε, n0) ∈ N such that ‖xn(n0, xn0)‖ < ε for all xn0 ∈ Bη and
n ≥ n0 + σ.

In other words, the zero solution of (11.1) is equiattractive if the limit
relation (11.3) holds uniformly in xn0 ∈ Bη.

Definition 5. Solution (11.2) of system (11.1) is said to be uniformly
attractive if for some η > 0 and any ε > 0 there exists σ = σ(ε) ∈ N such
that ‖xn(n0, xn0)‖ < ε for all n0 ∈ Z+, xn0 ∈ Bη, and n ≥ n0 + σ.

In other words, the solution (11.2) of system (11.1) is uniformly attrac-
tive if the limit relation (11.3) holds uniformly in n0 ∈ Z+, xn0 ∈ Bη.

Definition 6. The trivial solution (11.2) of system (11.1) is called
• asymptotically stable if it is stable and attractive;
• equiasymptotically stable if it is stable and equiattractive;
• uniformly asymptotically stable if it is uniformly stable and uniformly
attractive.

Definition 7. A function r : R+ → R+ belongs to the class of Hahn
functions K (r ∈ K) if r is a continuous increasing function and r(0) = 0
(see [20] and [21]).

The following assertion was proved in [6].

Theorem 1. Solution (11.2) of system (11.1) is uniformly stable if there
exists a sequence of functions {Vn(x)} such that

a(‖x‖) ≤ Vn(x) ≤ b(‖x‖), a ∈ K, b ∈ K, n ∈ Z+, (11.4)

Vn(xn) ≥ Vn+1(xn+1) for every solution xn. (11.5)

Theorem 2. Suppose that there exists a sequence of functions {Vn(x)}
with properties (11.4) and such that

Vn+1(xn+1)− Vn(xn) ≤ −c(‖xn‖), c ∈ K, (11.6)

|Vn(x)− Vn(y)| ≤ L‖x− y‖, n ∈ Z+, x ∈ BH , y ∈ BH , L > 0.

Then the zero solution of system (11.1) is uniformly asymptotically stable.

In the particular case when system (11.1) is autonomous, that is, fn(x) =
f(x), the following theorem holds (see [6], p. 34).
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Theorem 3. If there exists a continuous function V (x) such that a(‖x‖)
≤ V (x) ≤ b(‖x‖), a ∈ K, b ∈ K, and

V (xn+1)− V (xn) ≤ 0 (11.7)

for every solution xn of system (11.1), and if (11.7) holds as an equality in
some set that does not contain entire semitrajectories, then solution (11.2)
of system (11.1) is asymptotically stable.

The purpose of this paper is to obtain conditions for the asymptotic
stability of solution (11.2) of system (11.1) assuming that the sequences
{fn(x)} are periodic or almost periodic.

11.3 Stability of Periodic Systems

Definition 8. System (11.1) is said to be periodic with period q if

fn(x) ≡ fn+q(x) for each n ∈ Z+, x ∈ BH . (11.8)

Throughout this section we assume that (11.1) is periodic with period q.

Theorem 4. If solution (11.2) of system (11.1) is stable, then it is uni-
formly stable.

Proof. Conditions (11.8) imply that

xn+q(n0 + q, x) ≡ xn(n0, x), (11.9)

so it suffices to show that for any ε > 0 there exists δ = δ(ε) > 0 such that
for each n0 = 0, 1, . . . , q− 1 and xn0 ∈ Bδ the inequality ‖xn(n0, xn0)‖ ≤ ε
holds for n ≥ n0. According to the assumption, for any ε > 0 there exists
δ1 > 0 such that if xq = xq(0, xn0) satisfies the condition xq ∈ Bδ1 , then
xn(q, xq) ∈ Bε for n ≥ q. The functions fn satisfy the Lipschitz condition
with Lipschitz constant L, uniformly in n. Let us choose δ = L−qδ1. If for
any 0 ≤ n0 ≤ q − 1 the condition xn0 ∈ Bδ holds, then xn(n0, xn0) ∈ Bε.
This completes the proof.

Theorem 5. If the zero solution of system (11.1) is asymptotically stable,
then it is uniformly asymptotically stable.

Proof. Since solution (11.2) of system (11.1) is asymptotically stable, it
follows that (11.3) holds in the set

n0 ∈ Z+, xn0 ∈ Bλ, (11.10)

where λ is a sufficiently small positive number. Because of the periodicity
of system (11.1), we assume that n0 satisfies the condition 0 ≤ n0 ≤ q− 1.
First, we define the number η = η(ε) from the condition

‖xn(n0, xn0)‖ ≤ ε for xn0 ∈ Bη, n > n0. (11.11)
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This is always possible because of the uniform stability of the zero solution.
Let us show that the limit relation (11.3) holds uniformly in n0 and xn0

from (11.10), that is, we show that for every ε > 0, there is σ = σ(ε) ∈ N

such that the inequality ‖xn(n0, xn0)‖ ≤ ε holds for all n ≥ n0 + σ. We
assume the opposite, namely, that there is no such σ = σ(ε). Then for any
large natural number m, there is nm ∈ N such that nm > mq, and there
are initial data (n0m, xn0m

) such that 0 ≤ n0m ≤ q − 1, xn0m
∈ Bλ, and

‖xnm
(n0m, xn0m

)‖ > ε. (11.12)

Since the sequence {n0m} is finite and {xn0m} lies in a compact set, the
sequence {n0m, x0m} contains a subsequence that converges to (n∗, x∗),
where 0 ≤ n∗ ≤ q − 1 and x∗ ∈ Bλ. Without loss of generality, we may
assume that the sequence {n0m} coincides with n∗ and that {xn0m

} itself
converges to x∗. Hence, (11.3) is valid for values n0 = n∗ and xn0 = x∗, so
there is a sufficiently large k = k(ε) ∈ N such that

‖xn∗+kq(n∗, x∗)‖ < 1
2 η(ε).

Then, by virtue of the continuous dependence of solutions on the initial
data, there are sufficiently large values of m for which

‖x(k)‖ < η(ε), (11.13)

where x(k) = xn0m+kq(n0m, x0m). Inequalities (11.13) and (11.11) imply
that ‖xn(n0m, x(k))‖ ≤ ε for all n > n0m. According to (11.9) and the
property of uniqueness of the solution, this implies that

ε ≥ ‖xn(n0m, x(k))‖ ≡ ‖xn+kq(n0m + kq, x(k))‖ ≡ ‖xn+kq(n0m, xn0m)‖.

This inequality contradicts assumption (11.12) because there exists nm

such that nm > kq. The contradiction proves that limit relation (11.3)
holds uniformly in n0 and xn0 , as required.

Definition 9. A sequence of numbers {uk}∞
k=1 is said to be ultimately

nonzero if for any natural number M there exists k > M such that uk 
= 0.

Theorem 6. Suppose that there exists a periodic sequence of functions
{Vn(x)} with period q, each term of which satisfies (11.4), (11.5), and a
Lipschitz condition, and that the sequence {Vn(xn) − Vn+1(xn+1)} is ulti-
mately nonzero for each nonzero solution of system (11.1). Then the zero
solution of (11.1) is uniformly asymptotically stable.

Proof. Theorem 1 implies that solution (11.2) of system (11.1) is uni-
formly stable, that is, for every ε > 0 there exists δ = δ(ε) > 0 such that
for any n0 ∈ Z+ and xn0 ∈ Bδ, n > n0, the inequality ‖xn(n0, xn0)‖ ≤ ε
holds. Let us show that each trajectory xn = xn(n0, xn0) with such initial
conditions has property (11.3).
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Consider the sequence {vn}, where

vn = Vn(xn(n0, xn0)).

This sequence does not increase and is bounded below, so there exists
lim

n→∞
vn = η ≥ 0. Let us show that η = 0. We assume the opposite,

namely, that
η = lim

n→∞
Vn(xn(n0, xn0)) > 0. (11.14)

Consider the sequence {x(k)}, where x(k) = xn0+kq(n0, xn0). Since ‖x(k)‖ ≤
ε < H, we conclude that there exists a subsequence that converges to
x∗ ∈ Bε. Without loss of generality, suppose that the sequence {x(k)} itself
converges to x∗ 
= 0. Since the Vn(x) are periodic in n and each Vn(x) is
continuous in x, it follows that Vn0(x∗) = η. Consider the semitrajectory
xn(n0, x∗) of system (11.1) for n ≥ n0, and the sequence {v∗

n}, where
v∗

n = Vn(xn(n0, x∗)). This sequence does not increase, and {v∗
n − v∗

n+1} is
ultimately nonzero. Hence, there is n∗ ∈ N, n∗ > n0, such that

Vn∗(xn∗(n0, x∗)) = η1 < η.

Since {x(k)} tends to x∗ as k → ∞ and solutions are continuously depen-
dent on the initial conditions, we have

‖xn∗(n0, x∗)− xn∗(n0, x
(k))‖ < γ

for all k > M(γ) ∈ N with any small γ > 0; hence,

lim
k→∞

Vn∗(xn∗(n0, x
(k)) = η1. (11.15)

Taking into account the periodicity of system (11.1), we can write

xn∗(n0, x
(k)) = xn∗(n0, xn0+kq(n0, xn0)) = xn∗+kq(n0, xn0). (11.16)

In fact, trajectories I and II of (11.1) with initial conditions (n0, x
(k)) and

(n0+kq, x(k)) for the discrete time Δn = n∗−n0 pass through xn∗(n0, x
(k))

and xn∗+kq(n0, xn0), respectively. This proves (11.16). The periodicity
of Vn in n implies that Vn∗(x) = Vn∗+kq(x); hence, in view of (11.16),
condition (11.15) can be written as

lim
k→∞

Vn∗+kq(xn∗+kq(n0, xn0)) = η1. (11.17)

But (11.17) contradicts the inequality Vn(xn(n0, xn0)) ≥ η1 because η1 < η.
This contradiction proves that assumption (11.14) was incorrect; therefore,
η = 0. Condition (11.4) implies limit relation (11.3). Using Theorem 5, we
deduce that the zero solution of system (11.1) is uniformly asymptotically
stable.
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11.4 Stability of Almost Periodic Systems

Definition 10. A sequence {un}+∞
−∞ is said to be almost periodic if for

every ε > 0 there is l = l(ε) ∈ N such that each segment [sl, (s+1)l], s ∈ Z,
contains an integer m such that ‖un+m − un‖ < ε for all n ∈ Z. Here Z

is the set of integers. Numbers m with such properties are called ε-almost
periods of the sequence {un}.
Definition 11. A sequence of functions {fn(x)} is called uniformly almost
periodic if for every ε > 0 there exists l = l(ε, r) ∈ N such that each
segment of the form [sl, (s + 1)l], s ∈ Z, contains an integer m such that
‖fn+m(x)− fn(x)‖ < ε for all n ∈ Z and ‖x‖ < r.

Lemma 1. [23, p. 125] Let sequences {u1
n}, {u2

n}, . . . , {uM
n } be almost

periodic. Then for every ε > 0, there exists l = l(ε) ∈ N such that each
segment of the form [sl, (s + 1)l], s ∈ Z, contains at least one ε-almost
period that is common to all these sequences.

Lemma 2. If for every x ∈ BH a sequence {Fn(x)} is almost periodic, and
if each function Fn(x) satisfies a Lipschitz condition uniformly in n ∈ Z

and x ∈ BH , then this sequence is uniformly almost periodic.

Proof. The functions Fn(x) satisfy the Lipschitz condition, so

‖Fn(x)− Fn(y)‖ ≤ L1‖x− y‖, (11.18)

where L1 is the Lipschitz constant. Let ε be any positive number. BH is
bounded and closed, therefore it is compact. Consequently, there exists a
finite set of points z1, . . . , zM such that zj ∈ BH , j = 1, ..., M , and for any
x ∈ BH there exists a natural number i, 1 ≤ i ≤ M , such that

‖x− zi‖ <
ε

3L1
.

By Lemma 1, there is l = l(ε) ∈ N such that every segment [sl, (s + 1)l],
s ∈ Z, contains a number m ∈ Z such that

‖Fn(zi)− Fn+m(zi)‖ <
ε

3
(11.19)

for all 1 ≤ i ≤ M and n ∈ Z.
We now show that for every x ∈ BH , any integer m satisfying (11.19) is

an ε-almost period of the sequence {Fn(x)}. Let zk be the same element
of the set z1, ..., zM for which ‖x − zk‖ < ε/(3L1). Then, by (11.18) and
(11.19),

‖Fn+m(x)− Fn(x)‖
≤ ‖Fn+m(x)−Fn+m(zk)‖+‖Fn+m(zk)−Fn(zk)‖+‖Fn(zk)−Fn(x)‖
≤ ε

3
+ 2L1 ·

ε

3L1
= ε. (11.20)

Inequality (11.20) completes the proof of the lemma.
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Theorem 7. Suppose that a sequence of continuous functions {Vn(x)}
satisfies

a(‖x‖) ≤ Vn(x), a ∈ K, x ∈ BH , Vn(0) = 0, (11.21)

and that for every n0 ∈ Z+ there exists Δ(n0) > 0 such that ‖xn0‖ < Δ
implies that the sequence {Vn(xn(n0, xn0))} is monotonically nonincreasing
and converges to zero. Then the zero solution of system (11.1) is equiat-
tractive.

Proof. Choose an arbitrary δ = δ(n0) ∈ (0, Δ). According to the condi-
tions of the theorem, for any ε > 0, n0 ∈ Z+, and xn0 ∈ Bδ there exists
σ = σ(ε, n0, xn0) ∈ N such that

Vn0+σ(xn0+σ(n0, xn0)) < 1
2 ε.

Because of the continuity of the Vn(x) and the continuous dependence of
solutions on the initial data, there is a neighborhood Q(xn0) of xn0 where

Vn0+σ(xn0+σ(n0, y)) < ε for y ∈ Q(xn0). (11.22)

Since the sequence {Vn} is monotonically nonincreasing along the solutions
of system (11.1), from (11.22) it follows that

Vn(xn(n0, y)) < ε for n ≥ n0 + σ(ε, n0, xn0), y ∈ Q(xn0).

So, the compact set Bδ is covered by the system of neighborhoods {Q(xn0)}
from which, by the Heine–Borel lemma, it is possible to select a finite
subcovering Q1, ..., Qj with corresponding numbers σ1, . . . , σj . Let

σ(ε, n0) = max{σ1, . . . , σj},

where σ depends only on ε and n0. Then Vn(xn(n0, xn0)) < ε for all
n ≥ n0 + σ(ε, n0) if ‖xn0‖ ≤ δ(n0). This inequality proves that solution
(11.2) of system (11.1) is equiattractive.

In the rest of this section, we assume that the sequence {fn(x)} on the
right-hand side of (11.1) is almost periodic for every fixed x ∈ BH , and
that the functions fn(x) satisfy a Lipschitz condition uniformly in n.

Lemma 3. Consider a solution xn(n0, xn0) of system (11.1) and suppose
that xn(n0, xn0) belongs to Br, 0 < r < H, for n ≥ n0. Let {εk} be a
monotonic sequence of positive numbers converging to zero, and let {mk}
be a sequence of εk-almost periods of {fn(x)} (for every εk there corresponds
an εk-almost period mk). Then

lim
k→∞

‖xn∗(n0, x
(k))− xn∗+mk

(n0, xn0)‖ = 0, (11.23)

where x(k) = xn0+mk
(n0, xn0) and n∗ is a fixed natural number greater than

n0, that is, n∗ > n0.
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Proof. Consider the solutions

xn(n0, x
(k)) (11.24)

and
xn(n0 + mk, x(k)) (11.25)

of (11.1). After Δn = n∗ − n0 steps, the point x(k) passes to xn∗(n0, xn0)
along the solution (11.24), and x(k) passes to xn∗+mk

(n0 + mk, x(k)) =
xn∗+mk

(n0, xn0) along (11.25). Solution (11.25) of (11.1) with initial con-
dition (n0 + mk, x(k)) can be interpreted as the solution of the system

xn+1 = fn+mk
(xn) (11.26)

with initial data (n0, x
(k)). The sequence {fn(x)} is almost periodic, and

every function fn(x) satisfies a Lipschitz condition; hence, the difference
between the right-hand sides of (11.1) and (11.26) is arbitrarily small for k
large enough. This implies limit relation (11.23).

Theorem 8. Suppose that there exists a sequence of functions {Vn(x)}
such that

(a) for every fixed x ∈ BH , the sequence {Vn(x)} is almost periodic;
(b) each Vn(x) satisfies (11.21) and a Lipschitz condition uniformly in n;
(c) Vn(xn) ≥ Vn+1(xn+1) along any solution of (11.1);
(d) the sequence {Vn(xn)} is ultimately nonzero along any nonzero so-

lution of (11.1).
Then the zero solution of system (11.1) is equiasymptotically stable.

Proof. First, we show that solution (11.2) of system (11.1) is stable. We
choose arbitrary ε ∈ (0, H) and n0 ∈ Z+. Let δ = δ(ε, n0) > 0 be such that
Vn0(x) < a(ε) for x ∈ Bδ; then

a(‖xn‖) ≤ Vn(xn) ≤ Vn0(xn0) < a(ε),

so we have ‖xn‖ < ε for n > n0.
We now show that solution (11.2) is equiattractive. We choose an arbi-

trary xn0 ∈ Bδ. The sequence {Vn(xn(n0, xn0))} is monotonically nonin-
creasing, therefore there exists

lim
n→∞

Vn(xn(n0, xn0)) = η ≥ 0,

and Vn(xn(n0, xn0)) ≥ η for n ≥ n0. We claim that η = 0. We assume
the opposite, namely, that η > 0, and consider a monotonic sequence of
positive numbers {εk} converging to zero, where ε1 is sufficiently small.
By Lemmas 2 and 1, for every εi, for the sequences {fn(x)} and {Vn(x)}
there exists a sequence of εi-almost periods mi,1, mi,2, . . . , mi,k, . . . with
mi,k < mi,k+1 and limk→+∞ mi,k = +∞, such that
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|Vn+mi,k
(x)− Vn(x)| < εi,

‖fn+mi,k
(x)− fn(x)‖ < εi

for any n ∈ Z and x ∈ Bε. Without loss of generality, suppose that
mi,k < mi+1,k for all i ∈ N, k ∈ N, and write mk = mk,k.

Consider the sequence {x(k)}, x(k) = xn0+mk
(n0, xn0), k = 1, 2, . . . . This

sequence is bounded, therefore there exists a subsequence that converges
to some point x∗. Without loss of generality, suppose that the sequence
{x(k)} itself converges to x∗. The sequence {Vn(x)} is almost periodic for
every fixed x ∈ BH and each function Vn(x) is continuous; hence,

Vn0(x∗) = lim
n→∞

Vn0(xn) = lim
k→∞

lim
n→∞

Vn0+mk
(xn)

= lim
n→∞

Vn0+mn
(xn) = lim

n→∞
Vn0+mn

(xn0+mn
(n0, xn0)) = η.

Consider the sequence {xn(n0, x
∗)}. From the conditions of the theorem,

there exists n∗ > n0 (n∗ ∈ N) such that

Vn∗(xn∗(n0, x
∗)) = η1 < η.

The functions fn(x) satisfy a Lipschitz condition, hence,

lim
k→∞

‖xn∗(n0, x
(k))− xn∗(n0, x

∗)‖ = 0

because
lim

k→∞
‖x(k) − x∗‖ = 0.

This implies that
lim

k→∞
Vn∗(xn∗(n0, x

(k))) = η1. (11.27)

The almost periodicity of the sequence {fn(x)} and limit relation (11.23)
yield

‖xn∗(n0, x
(k))− xn∗+mk

(n0, xn0)‖ ≤ γk, (11.28)

where γk → 0 as k → ∞. Since the sequence {Vn} is almost periodic, we
have

|Vn∗(x)− Vn∗+mk
(x)| < εk (11.29)

for every x ∈ BH , and conditions (11.27) and (11.28) imply that

|Vn∗(xn∗+mk
(n0, xn0))− η1| < ξk, (11.30)

where ξk → 0 as k →∞. From (11.29) it follows that

|Vn∗(xn∗+mk
(n0, xn0))− Vn∗+mk

(xn∗+mk
(n0, xn0))| < εk. (11.31)
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By (11.30) and (11.31),

|Vn∗+mk
(xn∗+mk

(n0, xn0))− η1| < ξk + εk, (11.32)

where ξk + εk → 0 as k →∞.
On the other hand,

lim
k→∞

Vn∗+mk
(xn∗+mk

(n0, xn0)) = η. (11.33)

Inequality (11.32) and (11.33) contradict the inequality η1 < η, which
proves that η = 0; hence, by Theorem 7, solution (11.2) of system (11.1) is
equiasymptotically stable.

Theorem 9. Suppose that there exists a sequence of functions {Vn(x)}
such that for every x ∈ BH , the sequence {Vn(x)} is almost periodic, and
that each function Vn(x) satisfies a Lipschitz condition uniformly in n and
is such that
(a) |Vn(x)| ≤ b(‖x‖), b ∈ K, n ∈ Z+, for x ∈ BH ;
(b) for any n ∈ Z+ and δ > 0, there is x ∈ Bδ such that Vn(x) > 0;
(c) Vn+1(xn+1) ≥ Vn(xn) along any solution xn.

Then solution (11.2) of system (11.1) is unstable.

Proof. Let ε ∈ (0, H) be an arbitrary number. Choose any n0 ∈ Z+ and
any sufficiently small δ > 0. Also, choose x0 ∈ Bδ so that Vn0(xn0) > 0.
From the conditions of the theorem it follows that there exists η > 0
such that |Vn(x)| < Vn0(xn0) for every x ∈ Bη. Consider the sequence
{Vn}, where Vn = Vn(xn(n0, xn0)). This sequence is nonincreasing, that is,
Vn(xn(n0, xn0)) ≥ Vn0(xn0) for n ≥ n0. This means that ‖xn(n0, xn0)‖ ≥ η
for every n ≥ n0. We show that there is N0 ∈ N, N0 > n0, such that
‖xN0(n0, xn0)‖ > ε. Assume the opposite, namely, that

η ≤ ‖xn(n0, xn0)‖ ≤ ε (11.34)

for all n > n0. Using the conditions of the theorem and inequality (11.34),
we arrive at a contradiction just as in the proof of Theorem 8, so we omit
details. This contradiction shows that the solution xn(n0, xn0) leaves Bε,
which completes the proof.

Example. Consider the system

xn+1 = yn cos(πn), yn+1 = −xn cos n (11.35)

and the function Vn(xn, yn) = x2
n + y2

n; then

Vn+1(xn+1, yn+1)− Vn(xn, yn) = −(sin2 n) x2
n − (sin2 πn) y2

n. (11.36)

In [23] it is shown that for any sufficiently small ε > 0, there exists a
sequence n1, n2, . . . , nk, . . .→∞ such that

0 < sin2 nk < ε, 0 < sin2(πnk) < ε, k = 1, 2, . . . .
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This means that there is no c ∈ K such that the left-hand side of (11.36)
satisfies inequality (11.6), so Theorem 2 cannot be applied to this system.
System (11.35) is not autonomous, therefore Theorem 3 cannot be applied
to the study of the stability of its zero solution. But this system is almost
periodic, and the right-hand side of (11.36) is negative for each nonzero
solution of (11.35). Hence, by Theorem 8, the zero solution of system
(11.35) is equiasymptotically stable.
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12 Parallel Domain
Decomposition Boundary
Element Method for
Large-scale Heat Transfer
Problems
Alain J. Kassab and Eduardo A. Divo

12.1 Introduction

Numerical solutions of engineering problems often require large complex
systems of equations to be set up and solved. For any system of equa-
tions, the amount of computer memory required for storage is proportional
to the square of the number of unknowns, which for large problems can
exceed machine limitations. For this reason, almost all kinds of compu-
tational software use some type of problem decomposition for large-scale
problems. For methods that result in sparse matrices, the storage alone can
be decomposed to save memory, but techniques such as the boundary ele-
ment method (BEM) generally yield fully populated matrices, so another
approach is needed.

The BEM requires only a surface mesh to solve a large class of field equa-
tions; furthermore, the nodal unknowns appearing in the BEM equations
are the surface values of the field variable and its normal derivative. Thus,
the BEM lends itself ideally not only to the analysis of field problems, but
also to modeling coupled field problems such as those arising in conjugate
heat transfer (CHT). However, in implementing the BEM for intricate 3D
structures, the number of surface unknowns required to resolve the temper-
ature field can readily number in the 10s to 100s of thousands. Since the
ensuing matrix equation is fully populated, this poses a serious problem
regarding both the storage requirements and the need to solve a large set
of nonsymmetric equations.

The BEM community has generally approached this problem by (i) ar-
tificially sub-sectioning the 3D model into a multi-region model—an idea
that originated in the treatment of piecewise nonhomogeneous media (see
[1]–[3]), in conjunction with block solvers reminiscent of finite element
method (FEM) frontal solvers (see [4] and [5]) or iterative methods (see
[6]–[9])—and (ii) using fast-multipole methods adapted to BEM coupled to
a generalized minimal residuals (GMRES) nonsymmetric iterative solver
(see [10] and [11]). The first approach is readily adapted to existing BEM
codes, whereas the multipole approach, although very efficient, requires
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the rewriting of existing BEM codes. Recently, a technique using wavelet
decomposition has been proposed to compress the BEM matrix once it is
formed and stored in order to accelerate the solution phase without major
alteration of traditional BEM codes [12].

In this paper, a particular domain decomposition or artificial multi-
region sub-sectioning technique is presented along with a region-by-region
iteration algorithm tailored for parallel computation [13]. The domain de-
composition is applied to two problems. The first one addresses BEM mod-
eling of large-scale, three-dimensional, steady-state, nonlinear heat con-
duction problems, which allows for multiple regions of different nonlinear
conductivities. A nonsymmetric update of the interfacial fluxes to ensure
equality of fluxes at the subdomain interfaces is formulated. The second
application considers the problem of large-scale transient heat conduction.
Here, the transient heat conduction equation is transformed into a modified
Helmholtz equation using the Laplace transformation. The time-domain
solution is retrieved with a Stehfest numerical inversion routine.

The domain decomposition technique described below employs an itera-
tion scheme, which is used to ensure the continuity of both the temperature
and heat flux at the region interfaces. In order to provide a sufficiently ac-
curate initial guess for the iterative process, a physically based initial guess
for the temperatures at the domain interfaces is derived, and a coarse grid
solution obtained with constant elements is employed. The results of the
constant grid model serve as an initial guess for finer discretizations ob-
tained with linear and quadratic boundary element models. The process
converges very efficiently, offers substantial savings in memory, and does
not demand the complex data-structure preparation required by the block-
solvers or multipole approaches. Moreover, the process is shown to con-
verge for steady-state linear and nonlinear problems, as well as for transient
problems. The nonlinear problems are treated using the classical Kirchhoff
transformation. Results from two numerical examples are presented. The
first example considers the 3D steady-state solution in a composite linear
and nonlinear conducting rod. The second example deals with a transient
case in a cooled conducting blade. The solution of the second example is
compared to that of a commercial code.

12.2 Applications in Heat Transfer

Below we give the BEM formulations for steady-state 3D nonlinear heat
conduction and transient 2D linear conduction.

12.2.1 Three-dimensional Nonlinear Heat Conduction

The initial discussion will focus primarily on nonlinear 3D heat transfer,
governed by the steady-state nonlinear heat conduction equation

∇ · [k(T )∇T ] = 0, (12.1)
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where T is the temperature and k is the thermal conductivity of the ma-
terial. If the thermal conductivity is assumed constant, then the above
reduces to the Laplace equation for the temperature

∇2T = 0. (12.2)

When the dependence of the thermal conductivity on temperature is an
important concern, the nonlinearity in the steady-state heat conduction
equation can readily be removed by introducing the classical Kirchhoff
transform U(T ) [14], defined by

U(T ) =
1
k0

∫ T

T0

k(T ) dT, (12.3)

where T0 is the reference temperature and k0 is the reference thermal con-
ductivity. The transform and its inverse are readily evaluated, either an-
alytically or numerically. Since U is nothing but the area under the k
vs. T curve, it is a monotonically increasing function of T , and the back-
transform T (U) is unique. The heat conduction equation then transforms
to the Laplace equation for the transformed parameter U(T ):

∇2U = 0.

The boundary conditions are transformed linearly as long as they are of
the first or second kind, that is,

T |rs = Ts ⇒ U |rs = U(Ts) = Us,

−k
∂T

∂n

∣∣∣∣
rs

= qs ⇒ −k0
∂U

∂n

∣∣∣∣
rs

= qs.

Here rs denotes a point on the surface. After transformation, the boundary
conditions of the third kind become nonlinear:

−k
∂T

∂n

∣∣∣∣
rs

= hs[T |rs
− T∞] ⇒ −k0

∂U

∂n

∣∣∣∣
rs

= hs[T (U |rs
)− T∞].

In this case, iteration is required. This is accomplished by rewriting the
convective boundary condition as

−k0
∂U

∂n

∣∣∣∣
rs

= hs[U |rs
− T∞] + hs[T (U |rs

)− U |rs
]

and first solving the problem with the linearized boundary condition

−k0
∂U

∂n

∣∣∣∣
rs

= hs[U |rs − T∞]

to provide an initial guess for iteration.
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Thus, the heat conduction equation can always be reduced to the Laplace
equation. Therefore, for simplicity, from now on we use the symbol T for
the dependent variable with the understanding that when dealing with a
nonlinear problem T is interpreted as U .

The Laplace equation is readily solved by first converting it into a bound-
ary integral equation (BIE) of the form (see [14] and [15])

C(ξ) T (ξ) +
∮

S

q(x)G (x, ξ) dS(x) =
∮

S

T (x)H (x, ξ) dS(x), (12.4)

where S(x) is the surface bounding the domain of interest, ξ is the source
point, x is the field point, q(x) = −k∂T (x)/∂n is the heat flux, G (x, ξ) is
the fundamental solution, and H (x, ξ) = −k∂G (x, ξ) /∂n.

The fundamental solution is the response of the adjoint governing dif-
ferential operator at any field point x due to a Dirac delta function acting
at the source point ξ, and is given by G (x, ξ) =

(
1/(4πk)

)
r(x, ξ) in 3D,

where r(x, ξ) is the Euclidean distance from the source point ξ to x. The
free term C(ξ) =

∮
S(x) H (x, ξ) dS(x) can be shown analytically to be the

internal angle subtended at the source point, divided by 4π, when ξ is on
the boundary, and equal to one when ξ is at the interior. In the standard
BEM, polynomials are employed to discretize the boundary geometry and
the distribution of the temperature and heat flux on the boundary. The
discretized BIE is usually collocated at the boundary points, leading to the
algebraic analog of (12.4), that is,

[H]{T} = [G]{q}.

These equations are readily solved upon imposition of boundary conditions.
Sub-parametric constant, isoparametric bilinear, and super-parametric bi-
quadratic, discontinuous boundary elements are used as the basic elements
in the 3D BEM codes developed to implement these algorithms; these are
illustrated in Fig. 1 (a)–(c). Such elements avoid the so-called star-point is-
sue and allow for discontinuous fluxes. Moreover, the biquadratic elements
used here are super-parametric, with a bilinear model of the geometry and
a biquadratic model of the temperature and heat flux. This type of ele-
ment provides compatibility of geometric models with grids generated by
structured finite-volume grid generators.

12.2.2 Transient Heat Conduction

The BEM has been traditionally used to solve transient heat conduction
problems via three different approaches: (i) using the convolution scheme,
where a time-dependent Green’s function is introduced to build a transient
boundary integral equation model, (ii) using the dual reciprocity method
(DRM) to expand the spatial portion of the governing equation by means of
radial-basis functions and a finite difference scheme to march in time, and
(iii) using the Laplace transformation of the governing equation to eliminate
the time derivative and arrive at a modified Helmholtz equation that can
be solved using a steady-state BEM approach, and then inverting the BEM
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solution back into real space-time by means of a numerical Laplace inversion
scheme (see [14] and [16]–[25]).

(a) Discontinuous sub-parametric constant element.

(b) Discontinuous isoparametric bilinear element.

(c) Discontinuous super-parametric biquadratic element.

Fig. 1. Discontinuous elements.

The first approach will require the generation and storage of BEM in-
fluence coefficient matrices at every time step of the convolution scheme,
making the technique unfeasible for medium or large problems, particu-
larly in 3D applications, as the computational and storage requirements
become unrealistically high. The second approach raises a different issue,
because the global interpolation functions for the DRM, such as the widely
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used radial-basis functions (RBF), lack convergence and error estimation
approximations, can at times lead to unwanted behavior, and significantly
increase the conditioning number of the resulting algebraic system. The
third approach, which originated in BEM applications by Rizzo and Shippy
[17], does not require time marching or any type of interpolation, but it re-
quires fine-tuning of the BEM solution of the modified Helmholtz equation
and a numerical Laplace inversion of the results. Real variable-based nu-
merical Laplace inversion techniques such as the Stehfest transformation
(see [22] and [23]) provide very accurate results for nonoscillatory types
of functions, such as those expected to result from transient heat con-
duction applications, as all poles of the transformed solution are real and
distributed along the negative part of the real axis. One type of paral-
lelization has been discussed by Davies and Crann [24], where individual
solutions, as required for the numerical Laplace inversion, are obtained si-
multaneously in multiple processors. This type of parallelization reduces
the computational time, but does not help with the storage requirements
since the entire domain must be handled by each processor, thus leaving
room for efficiency improvements.

In what follows, we briefly formulate a Laplace-transformed BEM al-
gorithm which lends itself to the iterative parallel domain decomposition
scheme to be discussed for both steady-state and transient heat conduction.

12.2.2.1 Governing Equation and the Laplace Transformation

Transient heat conduction is governed by the well-known diffusion equation,
which for a 2D rectangular coordinate system is

∇ ·
[
k∇T (x, y, t)

]
= ρc

∂T

∂t
(x, y, t).

Applying the Laplace transformation, we arrive at

∇ ·
[
k∇T̄ (x, y, s)

]
= ρcs T̄ (x, y, s) − ρc T (x, y, 0), (12.5)

where T̄ (x, y, s) is the Laplace-transformed temperature and new depen-
dent variable. The above expression can be further simplified by imposing
the initial condition T (x, y, 0) = 0, which is true for any case of uniform ini-
tial condition with a proper superposition. Equation (12.5) is also no longer
time dependent; it now contains the Laplace transformation parameter s.
This parameter can simply be treated as a constant in all further consid-
erations. The dependence of the temperature field on s is thus eliminated,
and we apply the initial condition to find that

∇ ·
[
k∇T̄ (x, y)

]
− ρcs T̄ (x, y) = 0.

Assuming that the thermal conductivity is independent of temperature,
we see that the above is a modified Helmholtz equation. The solution
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to this equation is well known, since many other physical problems are
governed by it [25]. Finally, the boundary conditions must be transformed
in order to shift the entire problem to the proper Laplace transform space.
Assuming time-independent boundary conditions, we obtain

T̄ (x, y, s)|Γ =
T (x, y)

s

∣∣∣∣
Γ
, q̄(x, y, s)|Γ =

q(x, y)
s

∣∣∣∣
Γ
,

where Γ is the boundary (control surface).

12.2.2.2 BEM for the Modified Helmholtz Equation

The development of a BEM solution begins by reducing the governing
equation to a boundary-only integral equation. The current form of the
Laplace-transformed transient heat conduction problem can be expressed
in integral form by pre-multiplying the equation by a generalized function
G(x, y, ξ), integrating over the domain Ω of interest in the problem (control
volume), identifying G(x, y, ξ) as the fundamental solution, and using the
sifting property of the Dirac delta function to obtain

ρc C(ξ) T̄ (ξ) =
∮

Γ
H(x, y, ξ) T̄ (x, y) dΓ−

∮
Γ

G(x, y, ξ) q̄(x, y) dΓ.

For this case, the fundamental solution G in 2D is [26]

G(x, y, ξ) =
1

2πα
K0

(√
s

α
r

)
.

Here, α= k/ρc, K0 is a modified Bessel function of the second kind of order
zero, and r =

[
(x − xi)2 + (y − yi)2

]1/2. The normal derivative H(x, y, ξ)
of the fundamental solution is

H(x, y, ξ) =
−ρc

2πr

√
s

α
K1

(√
s

α
r

)[
(x− xi)nx + (y − yi)ny

]
,

where nx and ny are the x- and y-components of the unit outward normal
n. Using standard BEM discretization leads to

N∑
j=1

Hij T̄j =
N∑

j=1

Gij q̄j .

Here, Hij = Ĥij − 1
2ρcδij and δij is the Kronecker delta. Boundary con-

ditions can be further applied to reduce the above system of equations to
the standard algebraic form [A]{x} = {b}. Once the system is solved by
standard linear algebra methods, the solution must be inverted numerically
from the Laplace space to the real transient space.
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12.2.2.3 Numerical Inversion of the Laplace-transformed
Solution

The final step of the overall numerical solution is the inversion of the
Laplace-transformed BEM solution. While many techniques exist for such
an inversion, the Stehfest transformation has the advantages of being quite
stable, very accurate, and simple to implement. The Stehfest transfor-
mation works by computing a sample of solutions at a specified number
of times and predicting the solution based on this sample [27]. Owing to
the nonoscillatory behavior of the transient heat conduction equation, the
Stehfest transformation works exceptionally well. The Stehfest inversion is
considered the best attempt at an improvement using extrapolation meth-
ods on the result of an asymptotic expansion resulting from a specific delta
sequence first proposed by Garver in 1966 [27]. The Stehfest inverse of the
Laplace transform f̄(s) of a function of time f(t) is given by

f(t) = ln
(

2
t

) N∑
n=1

Knf̄(sn),

where the sequence of s-values is

sn = n
ln 2
t

and the series coefficients are

Kn = (−1)n+N/2
min(n,N/2)∑
k=(n+1)/2

kN/2(2k)!
(N/2− k)!k!(k − 1)!(n− k)!(2k − n)!

.

The coefficients Kn are computed once and stored. Double precision
arithmetic is mandatory to obtain accurate solutions. This method has
been shown to provide accurate inversion for heat conduction problems in
the BEM literature and is adopted in this study as the method to invert
Laplace-transformed BEM solutions. Typically, the upper limit in the se-
ries is taken as N = 12 ∼ 14, as cited by Stehfest [22]; however, for these
types of BEM solution inversions, Moridis and Reddell [28] reported little
gain in accuracy for N = 6 ∼ 10 and demonstrated accurate results using
N = 6. Davies and Crann [29] also report accurate results using N = 8 for
BEM problems with periodic boundary conditions. In this work we have
used N = 12, following the original results of Stehfest, and for maximum
accuracy. It is also notable that owing to amplification effects of the large
factorial coefficients Kn, on both round off and truncation errors BEM so-
lutions must be carried to very high levels of precision. For this reason
very accurate integration, linear solver, and iteration routines are neces-
sary in the BEM solution. This requirement acts to further increase the
computational power and time needed for accurate transient results. This
inversion method still remains advantageous because of its consistent re-
quirements for any-time solutions. The computation is independent of the
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given time value, which is a major advantage over time-marching schemes,
which require much longer run-times for large-time solutions compared to
small-time solutions.

12.3 Explicit Domain Decomposition

In the standard BEM solution process, if N is the number of boundary
nodes used to discretize the problem, the number of floating-point opera-
tions (FLOPS) required to generate the algebraic system is proportional
to N2. Direct memory allocation is also proportional to N2. Enforcing
imposed boundary conditions yields

[H]{T} = [G]{q} ⇒ [A]{x} = {b},

where {x} contains the nodal unknowns T or q, whichever is not speci-
fied in the boundary conditions. The solution of the algebraic system for
the boundary unknowns can be performed using a direct solution method,
such as LU decomposition, requiring FLOPS proportional to N3 or an it-
erative method such as the biconjugate gradient or general minimization of
residuals which, in general, require FLOPS proportional to N2 to achieve
convergence. In 3D problems of any appreciable size, the solution becomes
computationally prohibitive and leads to enormous memory demands.

A domain decomposition solution process is adopted instead, where the
domain is decomposed by artificially sub-sectioning the single domain of
interest into K subdomains. Each of these is independently discretized
and solved by a standard BEM, with enforcement of the continuity of tem-
perature and heat flux at the interfaces. It is worth mentioning that the
discretization of neighboring subdomains in this method of decomposition
does not have to be coincident, that is, at the connecting interface, the
boundary elements and nodes from the two adjoining subdomains are not
required to be structured following a sequence or particular position. The
only requirement at the connecting interface is that it forms a closed bound-
ary with the same path on both sides. The information between neighbor-
ing subdomains separated by an interface can be effectively passed through
an interpolation, for example, by compactly supported radial-basis func-
tions.

The process is illustrated in 2D in Fig. 2, with a decomposition of four
(K = 4) subdomains. The conduction problem is solved independently
over each subdomain, where initially a guessed boundary condition is im-
posed over the interfaces in order to create a well-posed problem for each
subdomain. The problem in the subdomain Ω1 is transformed as follows:

∇2TΩ1(x, y) = 0 ⇒ [HΩ1 ]{TΩ1} = [GΩ1 ]{qΩ1}.

The composition of this algebraic system requires n2 FLOPS, where
n is the number of boundary nodes in the subdomain, as well as n2 for
direct memory allocation. This new proportionality number n is roughly
equivalent to 2N/(K +1), as long as the discretization along the interfaces
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has the same level of resolution as the discretization along the boundaries.
The direct memory allocation requirement for the algebraic manipulation
of the latter is now reduced to n2, since the influence coefficient matrices
can easily be stored in ROM memory for later use after the boundary
value problems on the remaining subdomains have been effectively solved.
For the example shown here, where the number of subdomains is K = 4,
the new proportionality value n is approximately equal to 2N/5. This
simple multi-region example reduces the memory requirements to about
n2/N2 = 4/25 = 16% of the standard BEM approach.

The algebraic system for the subdomain Ω1 is rearranged, with the aid
of the given and guessed boundary conditions, as

[HΩ1 ]{TΩ1} = [GΩ1 ]{qΩ1} ⇒ [AΩ1 ]{xΩ1} = {bΩ1}.

The solution of the new algebraic system for Ω1 requires that the number
of FLOPS be proportional to n3/N3 = 8/125 = 6.4% of the standard BEM
approach if a direct algebraic solution method is employed, or a number of
floating-point operations proportional to n2/N2 = 4/25 = 16% of the stan-
dard BEM approach if an indirect algebraic solution method is employed.
For both FLOPS count and direct memory requirement, this reduction is
dramatic. However, as the first set of solutions for the subdomains was ob-
tained using guessed boundary conditions along the interfaces, the global
solution needs to follow an iteration process and satisfy a convergence cri-
terion.

Fig. 2. BEM single region discretization and four domain BEM decomposition.

Globally, the FLOPS count for the formation of the algebraic setup for
all K subdomains must be multiplied by K, therefore, the total operation
count for the computation of the coefficient matrices is K n2

N2 ≈ 4K
(K+1)2 . For

this particular case with K = 4, this corresponds to Kn2/N2 = 16/25 =
64% of the standard BEM approach. Moreover, a more significant reduc-
tion is revealed in the RAM memory requirements since only the memory
needs for one of the subdomains must be allocated at a time; the oth-
ers can temporarily be stored into ROM, and when a parallel strategy is
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adopted, the matrices for each subdomain are stored by its assigned pro-
cessor. Therefore, for this case of K = 4, the memory requirements are
reduced to only n2/N2 = 4/25 = 16% of the standard single region case.

In order to reduce the computational efforts needed with respect to the
algebraic solution of the system, a direct approach LU factorization is em-
ployed for all subdomains. The LU factors of the coefficient matrices for
all subdomains are constant, as they are independent of the right-hand
side vector and need to be computed only once, at the first iteration step,
and stored on disc for later use during the iteration process. Therefore, at
each iteration, only a forward and a backward substitution will be required
for the algebraic solution. This feature allows a significant reduction in
the operational count through the iteration process since only a number of
floating-point operations proportional to n, as opposed to n3, is required at
each iteration step. The access to memory at each iteration step must also
be added to this computation time. Typically, however, the overall conver-
gence of the problem requires few iterations, and this access to memory is
not a significant addition. Additionally, iterative solvers such as GMRES
may offer a more efficient alternative.

12.4 Iterative Solution Algorithm

The initial guess is crucial to the success of any iteration scheme. In or-
der to provide an adequate initial guess for the 3D case, the problem is
first solved using a coarse-grid constant-element model, obtained by col-
lapsing the nodes of the discontinuous bilinear element to the centroid and
supplying that model with a physically based initial guess for interface
temperatures. This converged solution then serves as the initial guess for a
finer-grid solution, obtained using isoparametric bilinear elements; the lat-
ter, in turn, may be used to provide the starting point to a super-parametric
biquadratic model (see Fig. 1 (a)–(c), where these three elements are illus-
trated).

Fig. 3. Initial guess at the interface node i illustrated in 2D for a 2-region
subdomain decomposition.

While the constant-element solution can be used as an initial guess
for the later runs, an initial guess is still required for the solution of the
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constant-element case. An efficient initial guess can be made using a 1D
heat conduction argument for every node on the external surfaces to every
node at the interface of each subdomain. An “area over distance” argument
is then used to weight the contribution of an external temperature node to
an interface node (see Fig. 3).

Relating any interface node i to any exterior node j, we estimate that

Ti =

N3∑
j=1

AjTj

rij

Ne∑
j=1

Aj

rij

,

where rij = |�rij | is the magnitude of the position vector from interfacial
node i to surface node j and the area of element j is denoted by Aj .
There are Ne exterior nodes imposed by the boundary conditions, NT ex-
terior nodes imposed by temperature, Nq exterior nodes subjected to heat
flux conditions, and Nh exterior boundary nodes subjected to convective
boundary conditions. The use of a 1D conduction argument for flux and
convective nodes is shown in Fig. 4.

(a) Heat flux node j. (b) Convective node j.

Fig. 4. Electric circuit analogy to 1D heat conduction from node i to node j.

Using these arguments, we readily conclude that the initial guess for any
interfacial node is given by the simple algebraic expression

Ti =

NT∑
j=1

BijTj −
Nq∑
j=1

BijRijqj +
Nh∑
j=1

BijHijT∞j

Hij + 1

Si −
NT∑
j=1

Bij +
Nh∑
j=1

BijHij

Hij + 1

,

where

Bij = Aj/rij , Rij = rij/k, Hij = hj/krij , Si =
N∑

j=1

Aj/rij .

The thermal conductivity of the medium is k, and the film coefficient at
the jth convective surface is hj . For a nonlinear problem, the conductivity
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of the medium is taken at a mean reference temperature. Once the ini-
tial temperatures are imposed as boundary conditions at the interfaces, a
resulting set of normal heat fluxes along the interfaces will be computed.
These are then nonsymmetrically averaged in an effort to match the heat
flux from neighboring subdomains.

In a two-domain substructure, the averaging at the interface is explicitly
given by

qI
Ω1

= qI
Ω1
−

qI
Ω1

+ qI
Ω2

2
and qI

Ω2
= qI

Ω2
−

qI
Ω2

+ qI
Ω1

2
,

to ensure the flux continuity condition qI
Ω1

= −qI
Ω2

after averaging. Com-
pactly supported radial-basis interpolation can be employed in the flux
averaging process in order to account for unstructured grids along the in-
terface from neighboring subdomains. Using these fluxes, we solve the
BEM equations again to obtain mismatched temperatures along the inter-
faces for neighboring subdomains. These temperatures are interpolated,
if necessary, from one side of the interface to the other using compactly
supported radial-basis functions, to account for the possibility of interface
mismatch between the adjoining substructure grids. Once this is accom-
plished, the temperature is averaged out at each interface. Thus, in a
two-domain substructure, the interface temperatures for regions 1 and 2
are

T I
Ω1

=
T I

Ω1
+ T I

Ω2

2
+

R
′′
qI
Ω1

2
and T I

Ω2
=

T I
Ω1

+ T I
Ω2

2
+

R
′′
qI
Ω2

2
,

to account, in general, for a case where a physical interface exists and a
thermal contact resistance is present between the connecting subdomains;
here, R′′ is the thermal contact resistance that imposes a jump on the
interface temperature values. These temperatures, now matched along the
interfaces, are used as the next set of boundary conditions.

It is important to note that when dealing with the nonlinear problem, the
interfacial temperature update is performed in terms of the temperature T
and not in terms of the Kirchhoff transform variable U . That is, given the
current values of the transform variable from either side of the subdomain
interface at the current iteration, these are both inverted to provide the
actual temperatures, and it is these temperatures that are averaged. This
is an important point, as the Kirchhoff transform amplifies the jump in
temperature at the interface, leading to the divergence of the iterative
process, as reported in the literature (see [30]–[32]). Also, if a convective
boundary condition is imposed at the exposed surface of a subdomain,
a sublevel iteration is carried out for that subdomain. However, as the
solution for such a subdomain is part of the overall iterative process, the
sublevel iterations are not carried out to convergence, but are limited to
only a few. For such cases, the number of sublevel iterations is set to a
default number of 5, with an option for the user to increase that number
as needed. The overall iteration is continued until a convergence criterion
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is satisfied. A measure of convergence may be defined as the L2-norm of
the mismatched temperatures along all interfaces, that is,

L2 =
{

1
KN I

K∑
k=1

NI∑
i=1

(
T I − T I

u

)2}1/2

.

This norm measures the standard deviation of the BEM-computed interface
temperatures T I and the averaged-out updated interface temperatures T I

u .
The iteration routine can be stopped once this standard deviation reaches
a small fraction ε of ΔTmax, where ΔTmax is the maximum temperature
span of the global field. We remark that an iteration means the process by
which an iterative sweep is carried out to update both the interfacial fluxes
and temperatures so that the above norm may be computed. Here it is
important to note that for the steady-state problems, a value of ε = 5 ·10−4

is sufficient for accurate solutions; however, owing to the amplification
effects of the Stehfest transformation, the transient cases require values as
small as ε = 10−15.

12.5 Parallel Implementation on a PC Cluster

The above domain decomposition BEM formulation is ideally suited to
parallel computing. We ran our BEM solutions on a Windows XP-based
cluster consisting of 10 Intel-based P3 and P4 CPUs (1.7GHz ∼ 2GHz),
equipped with RAMBUS memory ranging from 768MB to 1,024MB. This
small cluster is interconnected through a local workgroup in a 100 base-
T Ethernet network with full duplex switches. A parallel version of the
code is implemented under MPICH libraries, which conform with MPI and
MPI2 standards (see [33]–[35]) and using the COMPAQ Visual FORTRAN
compiler. The parallel code collapses to serial computation if a single pro-
cessor is assigned to the cluster. Static load balancing is implemented for
all computations.

12.6 Numerical Validation and Examples

We present a 3D steady-state nonlinear heat conduction example and a
2D transient conduction example. A cylinder of radius 1 and length 10 is
considered. The cylinder is decomposed into 10 equal subdomains corre-
sponding to a discretization of 2,080 elements and 2,080 degrees of freedom
(DOF) for the constant-element discretization, 8,320 DOF for the bilinear
discretization, and 16,640 DOF for the biquadratic discretization. Two
cases are considered here, namely, (i) a rod with nonlinear conductivity

k(T ) = 1.93[1 + 9.07× 10−4 (T − 720)],

and (ii) a composite rod with end-caps comprising 10% of the geometry
and having a low nonlinear conductivity

k(T ) = 7.51[1 + 4.49× 10−4 (T − 1420)],
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with the same conductivity for the remainder of the rod as in (i), or k(T ) =
19.33[1 + 4.53 × 10−4 (T − 1420)] over 80% of the interior. Convective
boundary conditions are imposed everywhere on the cylinder walls, with
the ends cooled by convection with T∞ = 0 and h = 10, while the perimeter
is heated by convection with h = 1 and T∞, varying from 1, 000 to 4, 000.
The timings and total iterations for convergence of the solutions are shown
in Table 1.

Table 1. The number of iterations and timings for the rod problem.

P4 cluster∼2,080 elements Case 1 Case 2
constant elements (2,080DOF) 5 iterations 9 iterations
bilinear elements (8,320 DOF) 1 iteration 1 iteration
biquadratic elements (16,640 DOF) 1 iteration 1 iteration
Total time to solution 284 seconds 292 seconds

The second example considers transient heat conduction in a laminar
airfoil with three cooling passages. The entire model consisted of about
1,600 degrees of freedom which were split over eight separate subdomains.
Constant convective boundary conditions were applied at all surfaces. The
problem was also modeled using the commercial code Fluent 6.1 with a
similar level of discretization (see Fig. 5 for each mesh). Since an analytic
solution to this problem is not available, a time step convergence study
was completed for the finite difference model to ensure stable, accurate
results for the finite difference analysis. At a time step of 0.04 sec, the
change in solutions becomes negligible and the problem was solved with
that converged time step. The temperature solutions at two points in each
model were recorded and are displayed over time in Fig. 6. Contour plots
at a single representative time (40 sec) are also presented (see Fig. 7) to
show the agreement of the entire field temperatures. These results show
almost perfect agreement between the BEM and FD solutions.

(a) BEM mesh.

(b) FD mesh.

Fig. 5. Laminar airfoil meshes (convective BCs imposed on all boundaries).
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(a) Temperature at a point between the leading edge and the first passage.

(b) Temperature at the trailing edge.

Fig. 6. Temperature solutions at two points.

12.7 Conclusions

The boundary element method (BEM) is often an efficient choice for the
solution of various engineering field problems as it acts to decrease the
dimensionality of the problem. However, the solution of large problems is
still prohibitive since the BEM coefficient matrices are typically fully popu-
lated and difficult to subdivide or compress. We have presented an efficient
iterative domain decomposition method to reduce the storage requirement
and allow the solution of such large-scale problems. The decomposition ap-
proach lends itself ideally to parallel message-passing-type computing due
to the independence of each of the BEM subregion solutions. With this
approach, large-scale problems can be readily solved on small PC clusters.
The iterative domain decomposition approach is general and can be applied
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to any type of BEM problem arising in such diverse fields as elasticity, ther-
moelasticity, and acoustics.

(a) BEM temperature field at t = 40 sec.

(b) Finite difference temperature field at t = 40 sec.

(c) Temperature scale for both solution fields.

Fig. 7. Comparison between BEM and a finite difference solver (Fluent 6.1).
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13 The Poisson Problem
for the Lamé System
on Low-dimensional
Lipschitz Domains
Svitlana Mayboroda and Marius Mitrea

13.1 Introduction and Statement of the Main Results

Consider the Lamé operator of linear elastostatics in R
3,

L�u := μΔ�u + (λ + μ)∇(div �u), μ > 0, λ > − 2
3μ. (13.1)

In this paper we study the well-posedness of the Poisson problems for the
system of elastostatics equipped with either Dirichlet or Neumann-type
boundary conditions in a bounded Lipschitz domain Ω ⊂ R

3 (see Section
13.6 for the two-dimensional case):

L�u = �f in Ω, Tr �u = �g on ∂Ω, (13.2)

L�u = �f in Ω, ∂ν�u = �g on ∂Ω. (13.3)

Hereafter Tr stands for the trace map on ∂Ω, and ∂ν is the traction conormal
defined by

∂ν�u := λ(div �u)ν + μ[∇�u +∇�ut]ν, (13.4)

where ν is the unit normal to ∂Ω and the superscript t indicates transpo-
sition (in this case, of the matrix ∇�u = (∂ju

α)j,α).
Relying on the method of layer potentials and suitable Rellich–Nečas–

Payne–Weinberger formulas, the boundary value problems (13.2)–(13.3)
with �f = 0 and �g ∈ Lp(∂Ω), 2 − ε < p < 2 + ε, have been treated (in all
space dimensions) by B. Dahlberg, C. Kenig, and G. Verchota [7]. In the
three-dimensional setting, these results have been subsequently extended to
optimal ranges of p’s (2− ε < p ≤ ∞ for the Dirichlet boundary condition,
and 1 < p < 2+ε for the traction boundary condition, with ε = ε(∂Ω) > 0)
in [6]. More recently, the results for the Dirichlet problem (i.e., (13.2) with
�f = 0 and �g ∈ Lp(∂Ω)) have been further extended in dimension n ≥ 4 to
the range 2 − ε < p < 2(n−1)

n−3 + ε by Z. Shen in [20] (though determining

The work of M. Mitrea was supported in part by grants from the NSF and
the UM Office of Research.
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the optimal range of p’s remains an open problem at the moment). In all
these works, nontangential maximal function estimates are sought for the
solution �u.

Following the breakthrough in the case of the Dirichlet Laplacian in [11]
(which further builds on [5]), as well as the subsequent developments in
[8], a study of (13.2)–(13.3) on Sobolev–Besov spaces over low-dimensional
Lipschitz domains has been initiated in [17], where the optimal ranges of
indices have been identified under the assumption that all spaces involved
are Banach (roughly speaking, this amounts to the requirement that all
the integrability exponents are greater than one). Here we take the next
natural step and extend the scope of this study to allow the consideration of
Besov (Bp,q

s ) and Triebel–Lizorkin (F p,q
s ) spaces for the full range of indices

0 < p, q ≤ ∞. This builds on the work in [13] where we have recently
dealt with the case of the Laplacian. Our current goals are also motivated
by questions regarding the regularity of the Green potentials associated
with the Lamé system and here we prove new mapping properties of these
potentials on Lp and Hardy spaces. For example, we show that (any)
two derivatives on the elastic Green potential with a Dirichlet boundary
condition yield an operator bounded on Lp(Ω), 1 < p ≤ 2, if Ω ⊂ R

2 is a
convex domain and |λ| <

√
3μ, and on the Hardy space h1(Ω) if Ω ⊂ R

3 is
a convex polyhedron.

Before stating our main results we briefly elaborate on notation and
terminology. We refer to, e.g., [23] for definitions and basic properties of
the Besov and Triebel–Lizorkin scales

Bp,q
α (Rn), F p,q

α (Rn), n ≥ 2.

An open, connected set Ω ⊂ R
3 is called a Lipschitz domain if its boundary

can be locally described by means of Lipschitz graphs (in appropriate sys-
tems of coordinates); see, e.g., [21] for a more detailed discussion. Given
Ω ⊂ R

3 Lipschitz and 0 < p, q ≤ ∞, α ∈ R, we set

Bp,q
α (Ω) := {u ∈ D′(Ω) : ∃ v ∈ Bp,q

α (R3) with v|Ω = u},

Bp,q
α,0(Ω) := {u ∈ Bp,q

α (R3) : suppu ⊆ Ω},

with similar definitions for F p,q
α (Ω) and F p,q

α,0(Ω). Here, D(Ω) denotes the
collection of test functions in Ω (equipped with the usual inductive limit
topology), while D′(Ω) stands for the space of distributions in Ω. Finally,
if |s| < 1, Bp,q

s (∂Ω) stands for the Besov class on the Lipschitz manifold
∂Ω, obtained by transporting (via a partition of unity and pull-back) the
standard scale Bp,q

s (R2). Typically, we shall work with vector-valued distri-
butions, such as �u = (u1, u2, u3), etc.; however, even when warranted, our
notation for the various function spaces employed in this paper does not
emphasize the vector nature of the objects involved (this will eventually be
clear from the context).

To state our first result, for each a ∈ R set

(a)+ := max {a, 0}.
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Theorem 1. Suppose that Ω is a bounded Lipschitz domain in R
3, and,

for 2
3 < p ≤ ∞, 0 < q ≤ ∞, 2

( 1
p − 1

)
+ < s < 1, consider the boundary

value problem

L�u = �f ∈ Bp,q

s+ 1
p −2(Ω), �u ∈ Bp,q

s+ 1
p

(Ω), Tr �u = �g ∈ Bp,q
s (∂Ω). (13.5)

Then there exists ε = ε(Ω) ∈ (0, 1] such that (13.5) is well posed if the pair
(s, p) satisfies one of the following three conditions:

(I) : 2
2+ε < p ≤ 2

1+ε and 2
p − 1− ε < s < 1;

(II) : 2
1+ε ≤ p ≤ 2

1−ε and 0 < s < 1;

(III) : 2
1−ε ≤ p ≤ ∞ and 0 < s < 2

p + ε.

(13.6)

Furthermore, the solution has an integral representation formula in
terms of (elastic) layer potential operators and satisfies the natural esti-
mate

‖�u‖Bp,q

s+ 1
p

(Ω) ≤ C‖�f‖Bp,q

s+ 1
p

−2
(Ω) + C‖�g‖Bp,q

s (∂Ω).

Finally, an analogous well-posedness result holds on the Triebel–Lizorkin
scale, i.e., for the problem

L�u = �f ∈ F p,q

s+ 1
p −2(Ω), �u ∈ F p,q

s+ 1
p

(Ω), Tr �u = �g ∈ Bp,p
s (∂Ω). (13.7)

This time, it is assumed that p 
= ∞ and(
min

{ 1
3p + 1, s

2 + 1
})−1

< q ≤ ∞. (13.8)

In particular, the above inequality is true when min{p, 1} ≤ q ≤ ∞.
In the class of Lipschitz domains this result is sharp, but one may take

ε = 1 if ∂Ω ∈ C1.

Fig. 1 depicts the two-dimensional pentagonal region consisting of all
points with coordinates (s, 1/p) satisfying (13.6).

To formulate our main result regarding the Poisson problem with trac-
tion boundary conditions we introduce one more piece of notation. Let
Ψ be the six-dimensional linear space of vector-valued functions �ψ in R

3

satisfying
∂iψ

j + ∂jψ
i = 0, 1 ≤ i, j ≤ 3,

(note that each �ψ ∈ Ψ is a null solution of L and ∂ν
�ψ = 0), and for a space

of vector-valued distributions X on a set O, define

Ψ⊥ ∩ X := {�u ∈ X : 〈�u, �ψ|O〉 = 0, ∀ �ψ ∈ Ψ}. (13.9)
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Fig. 1.

Theorem 2. Let Ω be a bounded, connected Lipschitz domain in R
3 and,

for 2
3 < p ≤ ∞, 0 < q ≤ ∞, and 2

( 1
p − 1

)
+ < s < 1, consider the boundary

value problem

L�u = �f
∣∣∣
Ω
, �f ∈ Bp,q

s+ 1
p −2,0(Ω), �u ∈ Ψ⊥ ∩Bp,q

s+ 1
p

(Ω), ∂
�f
ν �u = �g ∈ Bp,q

s−1(∂Ω),

(13.10)
where the data are assumed to satisfy the necessary compatibility condition

〈�f, �ψ〉 = 〈�g, �ψ〉, ∀ �ψ ∈ Ψ. (13.11)

Then there exists ε = ε(Ω) ∈ (0, 1] such that (13.10) has a unique solution
if the pair s, p satisfies one of the three conditions in (13.6). In addition,
the solution has an integral representation formula in terms of (elastic)
layer potential operators and satisfies the estimate

‖�u‖Bp,q

s+ 1
p

(Ω) ≤ C‖�f‖Bp,q

s+ 1
p

−2,0
(Ω) + C‖�g‖Bp,q

s−1(∂Ω).

An analogous well-posedness result holds for the problem

L�u = �f
∣∣∣
Ω
, �f ∈ F p,q

s+ 1
p −2,0(Ω), �u ∈ Ψ⊥ ∩ F p,q

s+ 1
p

(Ω), ∂
�f
ν �u = �g ∈ Bp,p

s−1(∂Ω),

(13.12)
assuming (13.11), (13.8), and p 
= ∞. When ∂Ω ∈ C1, one can take ε = 1
in each case.

Above, ∂
�f
ν �u stands for a suitable concept of conormal derivative which takes

into account both the field �u and �f . See Section 13.3 for details.
Our strategy for dealing with the problems (13.5), (13.7), (13.10), and

(13.12), is to rely on integral representation formulas of the solution in
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terms of elastic layer potential operators. This approach brings into focus
the properties of singular integral operators involved in such representa-
tions. In particular, we study the boundedness of the elastic layer poten-
tials on Besov and Triebel–Lizorkin scales in Section 13.2, as well as the
invertibility of some of their boundary traces in Section 13.4. As a key pre-
requisite, in Section 13.3 we include a discussion of sharp results for traces
and traction derivatives on Lipschitz domains. The properties of the Green
potentials are then analyzed in Section 13.5. Finally, in Section 13.6, the
two-dimensional setting is briefly discussed.

13.2 Estimates for Singular Integral Operators

Even though we shall work in the three-dimensional setting, all results
proved in this section have natural versions in R

n with n ≥ 2. Fix a
Lipschitz domain Ω ⊂ R

3 and denote by dσ and ν the surface measure and
the unit normal on ∂Ω, respectively. We start by reviewing the definitions
of the elastic layer potentials associated with Ω. Recall that the standard
fundamental solution for the system of elastostatics is given by the Kelvin
matrix Γ = (Γαβ)α,β , where for each 1 ≤ α, β ≤ 3, x = (xα)α ∈ R

3,

Γαβ(x) :=
3
8π

(
1
μ

+
1

2μ + λ

)
δαβ

|x| +
3
8π

(
1
μ
− 1

2μ + λ

)
xαxβ

|x|3 .

Here and elsewhere, δαβ stands for the standard Kronecker symbol. For
vector-valued functions on ∂Ω, the single (elastic) layer potential operator
is defined by

S �f(x) :=
∫

∂Ω
Γ(x− y) �f(y) dσ(y), x ∈ R

3 \ ∂Ω, (13.13)

where dσ stands for the canonical surface measure on ∂Ω. Also, the double
(elastic) layer potential operator is given by

D �f(x) :=
∫

∂Ω

(
∂νyΓ(x− y)

)t �f(y) dσ(y), x ∈ R
3 \ ∂Ω. (13.14)

Here the operator ∂ν (defined in (13.4)) applies to each column of the
matrix Γ. The well-known jump relations for the operators (13.13)–(13.14)
then read:

lim
x→z

x∈γ±(z)

D �f(x) = ± 1
2
�f(z) + p.v.

∫
∂Ω

(
∂νy

Γ(z − y)
)t �f(y) dσ(y)

=:
(
± 1

2I + K
)

�f(z), z ∈ ∂Ω,

(13.15)

and
lim
x→z

x∈γ±(z)

∂νS �f(x) =
(
∓ 1

2I + K∗) �f(z), z ∈ ∂Ω, (13.16)
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where K∗ denotes the formal adjoint of K. In (13.15)–(13.16), γ±(z) are
suitable nontangential approach regions with vertex at z ∈ ∂Ω, which are
contained in Ω+ := Ω and Ω− := R

3 \ Ω̄, respectively. See, e.g., [7] for
more details.

Finally, the elastic Newtonian potential is defined as

Π�f(x) :=
∫

Rn

Γ(x− y)�f(y) dy, x ∈ R
3. (13.17)

With regard to this operator, we first note the following consequence of
known results about the mapping properties of pseudo-differential opera-
tors on Besov and Triebel–Lizorkin scales.

Proposition. Suppose that

0 < p < ∞, 0 < q ≤ ∞, 3
(

1
min{1,p,q} − 1

)
< α,

and fix two arbitrary scalar-valued functions φ, ψ ∈ C∞
c (R3). Then

φΠψ : F p,q
α−2(R

3) −→ F p,q
α (R3)

is a bounded operator. Moreover, for 0 < p, q ≤ ∞ and 3
( 1

min{1,p}−1
)

< α,

φΠψ : Bp,q
α−2(R

3) −→ Bp,q
α (R3)

is also bounded.

We shall now state two theorems whose proofs are intertwined and will
be presented together.

Theorem 3. Consider a bounded Lipschitz domain Ω ⊂ R
3 and suppose

that p, q, s are fixed numbers such that 2
3 < p ≤ ∞, 2( 1

p − 1)+ < s < 1, and
0 < q ≤ ∞. Then

∂νΠ : Bp,q
s+1/p−2,0(Ω) −→ Bp,q

s−1(∂Ω),

∂νΠ : F p,q
s+1/p−2,0(Ω) −→ Bp,p

s−1(∂Ω), if p 
= ∞, (13.18)

are well-defined, linear, and bounded operators.

Theorem 4. Let Ω be a bounded Lipschitz domain in R
3 and assume that

the indices p, s satisfy 2
3 < p ≤ ∞ and 2( 1

p − 1)+ < s < 1. Then

D : Bp,q
s (∂Ω) −→ Bp,q

s+ 1
p

(Ω), S : Bp,q
s−1(∂Ω) −→ Bp,q

s+ 1
p

(Ω)

are well-defined, bounded, linear operators for each 0 < q ≤ ∞.
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The same holds for

D : Bp,p
s (∂Ω) −→ F p,q

s+ 1
p

(Ω), S : Bp,p
s−1(∂Ω) −→ F p,q

s+ 1
p

(Ω), (13.19)

provided p 
= ∞ and (13.8) is satisfied.

Proof of Theorems 4 and 3. This parallels arguments developed for
harmonic layer potentials in [14], so we shall present a sketch in which only
the novel aspects are emphasized. We proceed in a series of steps.

Step I. Consider first the case when 1 ≤ p = q ≤ ∞ for Besov spaces, and
1 < p < ∞, q = 2, for Triebel–Lizorkin spaces. For a proof of Theorems 4
and 3 under these assumptions, see [17].

Step II. For 0 < p < ∞, α ∈ R, introduce the space

Lp
α(Ω) := {�u ∈ Lp(Ω) : L�u = 0 and ‖�u‖Lp

α(Ω) < ∞},

‖�u‖Lp
α(Ω) := ‖δ〈α〉−α|∇〈α〉�u|‖Lp(Ω) +

〈α〉−1∑
j=0

‖∇j�u‖Lp(Ω).

Throughout the paper, 〈α〉 will denote the smallest nonnegative integer
greater than or equal to α, and ∇j�u will stand for the vector of all mixed
partial derivatives of order j of the components of �u. Also, here and else-
where, we set δ(x) := dist(x, ∂Ω) for x ∈ Ω.

The claim we make in this scenario is that

D : Bp,p
s (∂Ω) −→ Lp

s+ 1
p

(Ω), S : Bp,p
s−1(∂Ω) −→ Lp

s+ 1
p

(Ω)

are bounded operators provided 2
3 < p ≤ ∞ and 2( 1

p − 1)+ < s < 1. This
is proved by means of atomic decomposition results for Besov spaces and
pointwise estimates on the kernel of the elastic layer potentials in question.
The reader is referred to [14] for details.

Step III. The following embedding holds:

Lp
α(Ω) ↪→ F p,2

α (Ω) if 0 < p < ∞, α ≥ 0. (13.20)

This has been established in [11] for 1 < p < ∞, so the novelty here is the
consideration of the range 0 < p ≤ 1, on which we shall focus subsequently.
First, we verify that, if 0 < p ≤ 1, then

L�u = 0 in Ω and �u ∈ Lp(Ω) =⇒ �u ∈ hp(Ω), (13.21)

where membership to the local Hardy space hp(Ω) can be characterized
as follows. Fix ψ ∈ C∞

c (B(0, 1)) such that
∫

B(0,1) ψ(x) dx = 1 and set
ψt(x) := t−nψ(x/t). Then for any 0 < p ≤ 1 and any �u ∈ D′(Ω),

�u ∈ hp(Ω) ⇐⇒ (�u)+(x) := sup
0<t<δ(x)

|(ψt ∗ �u)(x)| ∈ Lp(Ω). (13.22)
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With an eye on (13.21) we first observe that the null solutions of L satisfy
a sub-averaging property. That is, there exists a finite, positive constant
C such that if L�u = 0 in Ω, then

|�u(x)| ≤ C

r3

∫
Br(x)

|�u(y)| dy ∀x ∈ Ω, 0 < r < δ(x). (13.23)

Indeed, it was proved in [12] that there exist two constants C1 and C2
such that for every null solution �u = (uα)α of the Lamé system in an open
domain Ω in R

3,

uα(x) =
1

4πρ2

∫
|y−x|=ρ

∑
β

(
C1δαβ + C2

xα − yα

|x− y|
xβ − yβ

|x− y|

)
uβ(y) dσy

for x ∈ Ω and 0 < ρ < δ(x), 1 ≤ α ≤ 3. Multiplying both sides above by
ρ2 and integrating with respect to ρ for 0 ≤ ρ ≤ r, we get

uα(x) =
3

4πr3

∫
Br(x)

∑
β

(
C1δαβ + C2

xα − yα

|x− y|
xβ − yβ

|x− y|

)
uβ(y) dy

for x ∈ Ω and 0 < r < δ(x), 1 ≤ α ≤ 3, which readily yields (13.23).
Making a dilation (to reduce matters to r = 1) and differentiating under
the integral sign, we also obtain, in a similar fashion,

|∇k�u(x)| ≤ Ck

r3+k

∫
Br(x)

|�u(y)| dy, x ∈ Ω, 0 < r < δ(x), k = 0, 1, 2, . . . .

It is known (going back to an old proof of Hardy and Littlewood) that the
sub-averaging property (13.23) entails

|�u(x)|p ≤ Cp

r3

∫
Br(x)

|�u(y)|p dy, x ∈ Ω, 0 < r < δ(x), 0 < p < ∞.

Thus, for each 0 < p < ∞, k = 0, 1, 2, ..., x ∈ Ω and 0 < r < δ(x) we may
write

|∇k�u(x)| ≤ Ck

r3+k

∫
Br/2(x)

|�u(y)| dy

≤ Ck

r3+k

∫
Br/2(x)

(
Cp

r3

∫
Br/2(y)

|�u(z)|p dz

)1/p

dy

≤ Ck

r3+k

∫
Br/2(x)

(
Cp

r3

∫
Br(x)

|�u(z)|p dz

)1/p

dy

≤ Ck

rk

(
Cp

r3

∫
Br(x)

|�u(y)|p dy

)1/p
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so that for each 0 < p < ∞ and k = 0, 1, . . . ,

|∇k�u(x)|p ≤ Cp,k

r3+kp

∫
Br(x)

|�u(y)|p dy, x ∈ Ω, 0 < r < δ(x). (13.24)

In particular, by (13.24) and Fubini’s theorem,∫
Ω
|δ(x)k∇k�u(x)|p dx

≤ C

∫
Ω

(
δ(x)−3

∫
Bδ(x)/2(x)

|�u(y)|p dy

)
dx ≤ C

∫
Ω
|�u(x)|p dx

since δ(x) ≈ δ(y) uniformly for y ∈ Bδ(x)/2(x).
Next, observe that L�u = 0 in Ω implies Δ2�u = 0 in Ω. Bring in the

mean value theorem for biharmonic functions in R
3, namely

�u(x) =
1

4πρ2

∫
|y−x|=ρ

�u(y) dσy −
ρ2

6
(Δ�u)(x), x ∈ Ω, 0 < ρ < δ(x),

and pick a nonnegative, radial function ψ ∈ C∞
c (B(0, 1)) such that∫

B1(0)
ψ(x) dx = 1. We then write

(�u)+(x) = sup
0<t<δ(x)

1
t3

∣∣∣∣ ∫
Bt(x)

ψ

( |x− y|
t

)
�u(y) dy

∣∣∣∣
= sup

0<t<δ(x)

1
t3

∣∣∣∣ ∫ t

0
ψ

(
ρ

t

)∫
|x−z|=t

�u(z) dσzdρ

∣∣∣∣
≤ C sup

0<t<δ(x)

1
t

∫ t

0
ψ

(
ρ

t

)(
|�u(x)|+ t2|∇2�u(x)|

)
dρ

≤ C
(
|�u(x)|+ δ(x)2|∇2�u(x)|

)
, x ∈ Ω.

Therefore,

‖(�u)+‖Lp(Ω) ≤ C‖�u‖Lp(Ω) + C‖δ2∇2�u‖Lp(Ω) ≤ C‖�u‖Lp(Ω),

which, in view of (13.22), proves (13.21). Given that F p,2
0 (Ω) = hp(Ω) for

0 < p ≤ 1, this justifies (13.20) when α = 0. This argument can also be
carried out when α ∈ N is large, because of the Hardy space extension
results of A. Miyachi [18].

There remains to interpolate between these partial results. To this end,
we note that with 0 < p < ∞ fixed, the spaces Lp

α(Ω), indexed by α ∈ R,
form a complex interpolation scale. With analytic functions (of several
complex variables) in place of elastic fields, this has been proved in [22] but
essentially the argument goes through since it only uses the sub-averaging
properties of the elastic fields. This finishes the proof of (13.20).
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Step IV. In concert, Steps II and III justify the boundedness of the oper-
ators (13.19) for q = 2, provided 2

3 < p ≤ ∞ and 2( 1
p − 1)+ < s < 1. With

this in hand, interpolation with the results in Step I allows us to further
extend the range of q’s for which the operators (13.19) are bounded.

Step V. The fact that the operator in (13.18) is well defined and bounded
when 2

3 < p ≤ 1, 2( 1
p − 1) < s < 1, and 0 < q ≤ ∞ can be proved using

an atomic decomposition result for the space F p,q
s+1/p−2,0(Ω) in which the

atoms are supported in interior Whitney cubes for Ω. This, in turn, is
proved in [14] (cf. also the decomposition results for Hardy spaces from
[3]).

Step VI. Formally, the operators ∂νΠ and D are dual to each other (as an
inspection of their kernels shows). In fact, so are Tr ◦ Π and S, where the
trace operator is analyzed in the next section. Dualize the results in Step IV
(when 1 < p, q < ∞) and interpolate with the results in Step V, then
finally dualize this new round of results (again, when 1 < p, q < ∞) and
interpolate with the results in Step IV. Close inspection of these arguments
shows that this procedure yields precisely the range of indices advertised
in Theorems 4 and 3 for the operators (13.18) and (13.19).

Step VII. Finally, the results on Besov scales follow from what we have
proved so far and real interpolation.

13.3 Traces and Conormal Derivatives

The issue of traces is central in the context of boundary value problems.
The following result, proved in [14], is going to play an important role for
us here.

Theorem 5. Let Ω ⊂ R
3 be Lipschitz and assume that the indices p, s

satisfy
2
3

< p ≤ ∞, 2
(

1
p − 1

)
+

< s < 1.

Then the restriction to the boundary extends to a linear, bounded operator

Tr : Bp,q

s+ 1
p

(Ω) −→ Bp,q
s (∂Ω) for 0 < q ≤ ∞.

Furthermore, for this range of indices, Tr is onto and has a bounded right
inverse

Ex : Bp,q
s (∂Ω) −→ Bp,q

s+ 1
p

(Ω).

Moreover, similar considerations hold for

Tr : F p,q

s+ 1
p

(Ω) −→ Bp,p
s (∂Ω)
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when it is understood that q = ∞ if p = ∞. In this situation, there exists
a linear, bounded right inverse

Ex : Bp,p
s (∂Ω) −→ F p,q

s+ 1
p

(Ω), (13.25)

provided that (13.8) also holds.

Turning to conormal derivatives, we adopt a slightly more general point
of view and assume that the Lamé system (13.1) is written in the form

(L�u)α =
∑

β

∑
j,k

aαβ
jk ∂j∂kuβ , α = 1, 2, 3, (13.26)

for some (real-valued, constant) coefficient tensor, i.e., some (9×9)-matrix
A :=

(
aαβ

jk

)
j,k,α,β

. The coefficient tensor A is not uniquely determined by

the initial system of partial differential equations and each choice gives rise
to a conormal derivative, i.e.,

(∂ν�u)α =
∑

β

∑
j,k

aαβ
jk νj∂kuβ , α, β, j, k = 1, 2, 3. (13.27)

Evidently, the traction conormal (13.4) is of this type, by choosing

aαβ
jk := λδαjδβk + μ(δαβδjk + δαkδβj), α, β, j, k = 1, 2, 3,

which we shall assume from now on.
Our goal is to make sense of (13.27) on the boundary of a Lipschitz

domain Ω ⊂ R
3 when the field �u is not regular enough in Ω to make sense

of Tr (∂kuβ). The approach we propose will take into account not only
the smoothness of the field �u itself but the smoothness of L�u as well. For
starters, when 1 < p, q < ∞, 0 < s < 1, �u ∈ F p,q

s+ 1
p

(Ω), and �f ∈ F p,q

s+ 1
p −2,0(Ω)

are such that L�u = �f |Ω, then we define ∂
�f
ν �u ∈ F p,q

s−1(∂Ω) =
(
F p′,q′

1−s (∂Ω)
)∗,

1/p + 1/p′ = 1, 1/q + 1/q′ = 1, by

〈∂ �f
ν �u, �ψ〉 := 〈�f , Ex(�ψ)〉+ μ〈∇�u +∇�ut,∇Ex(�ψ) +∇(Ex(�ψ))t〉

+ λ〈div �u , div Ex(�ψ)〉 ∀ �ψ ∈ Bp′,q′
1−s (∂Ω), (13.28)

where Ex is the (vector-valued version of the) extension operator (13.25).
Note that all pairings of distributions in Ω are meaningful, so this procedure
does yield a definition of the traction conormal, though limited to the
range 1 < p, q < ∞ (since, e.g., Bp,q

s−1(∂Ω) fails to be a dual space if
min{p, q} ≤ 1). Nonetheless, the following assertion holds.
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Theorem 6. Let Ω be a bounded Lipschitz domain in R
3 and assume that

2
3 < p ≤ ∞ and 2( 1

p − 1)+ < s < 1, 0 < q ≤ ∞. Then one can define a
concept of traction derivative such that{

(�u, �f) ∈ Bp,q

s+ 1
p

(Ω)⊕Bp,q

s+ 1
p −2,0(Ω) : L�u = �f |Ω

}
� (�u, �f)

�→ ∂
�f
ν �u ∈ Bp,q

s−1(∂Ω) (13.29)

is well defined, linear, and bounded, i.e.,

‖∂ �f
ν �u‖Bp,q

s−1(∂Ω) ≤ C
(
‖�f‖Bp,q

s+ 1
p

−2,0
(Ω) + ‖�u‖Bp,q

s+ 1
p

(Ω)

)
holds, and which reduces to (13.28) when p, q > 1.

Finally, similar conclusions are valid in the context of Triebel–Lizorkin
spaces for the map{

(�u, �f) ∈ F p,q

s+ 1
p

(Ω)⊕F p,q

s+ 1
p −2,0(Ω) : L�u = �f |Ω

}
� (�u, �f) �→ ∂

�f
ν �u ∈ Bp,p

s−1(∂Ω),

(13.30)

assuming that, as before, p 
= ∞ and
(
min

{ 1
3p + 1, s

2 + 1
})−1

< q and

that, in addition, q <
(

1
p − 1

)−1
if p ≤ 1 and q ≤ ∞ if p > 1.

Proof. We shall break down the argument into a series of steps.

Step I. First, we introduce an operator

∂L
ν : Lp

s+ 1
p

(Ω) −→ Bp,p
s−1(∂Ω), (13.31)

which is well defined, linear, and bounded if 2
3 < p < ∞, 2( 1

p−1)+ < s < 1,
and which reduces to (13.4) if �u is sufficiently regular (say, �u ∈ C∞(Ω)).

To this end, consider the system of elastostatics represented in the form
(13.26) and suppose that ϕ : R

2 → R is a Lipschitz function such that
ϕ(0) = 0 and, for some M, R > 0,

ΣR := {(x′, ϕ(x′)) : x′ ∈ R
2, |x′| < R} ⊂ ∂Ω,

DR,M := {x + te3 : x ∈ ΣR, 0 < t < 2M} ⊂ Ω.

For every vector field �u = (u1, u2, u3) such that L�u = 0 in Ω we set

uα
j (x) := −

∫ M

0
(∂ju

α)(x + te3) dt, 1 ≤ j, α ≤ 3, x ∈ DR,M/2, (13.32)

�vj := (uα
j )1≤α≤3 in DR,M/2, 1 ≤ j ≤ 3,
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where e3 = (0, 0, 1) ∈ R
3. Then the following identities can be easily

checked:

∂kuα
j = ∂ju

α
k in DR,M/2 for every α, j, k = 1, 2, 3, (13.33)

uα
3 (x) = uα(x)− uα(x + Me3) ∀x ∈ DR,M/2, ∀α = 1, 2, 3, (13.34)
L�vj = 0 in DR,M/2 for every j = 1, 2, 3. (13.35)

Next, we prove an incisive claim to the effect that, generally speaking,

�u ∈ Lp
θ(Ω), 0 < p < ∞, θ ≥ 0 =⇒

3∑
j=1

‖�vj‖Lp
θ
(DR,M/2) ≤ C‖�u‖Lp

θ
(Ω).

(13.36)
Indeed, since dist (x, ∂DR,M/2) ≤ δ(x) = dist (x, ∂Ω), uniformly for
x ∈ DR,M/2, we may write∫

DR,M/2

(
dist (x, ∂DR,M/2)〈θ〉−θ|∇〈θ〉�vj(x)|

)p

dx

≤ C

∫
DR,M/2

δ(x)p(〈θ〉−θ)

(∫ M

0
|(∇〈θ〉+1�u)(x + te3)| dt

)p

dx

≤ C

∫
x′∈R

2

|x′|<R

∫ M

0
rp(〈θ〉−θ)

(∫ M

0
|(∇〈θ〉+1�u)((x′, ϕ(x′) + r + t))| dt

)p

dr dx′

≤ C

∫
x′∈R

2

|x′|<R

∫ 2M

0
rp(〈θ〉−θ)

(∫ 2M

r

|∇〈θ〉+1�u|∗((x′, ϕ(x′) + λ)) dλ

)p

dr dx′

(13.37)

by changing variables, first,

DR,M/2 � x = (x′, ϕ(x′) + r) �→ (x′, r) ∈ {x′ ∈ R
2 : |x′| < R} × (0, M),

and, second, λ := t + r ∈ (0, 2M). Above, (·)∗ denotes the maximal radial
operator defined (for a function w defined in DR,M ) as

w(x) := sup
t>0: x+ten∈DR,M

|w(x + ten)|, x ∈ DR,M .

This subtlety (i.e., the consideration of the radial maximal operator) is only
needed in order to be able to use Hardy’s inequality when p ≤ 1 (when p >
1, we shall disregard (·)∗, i.e., interpret it as the identity operator). This is
because the ordinary Hardy’s inequality continues to hold in the Lp-setting
even when 0 < p ≤ 1, provided the function involved is nonincreasing
(which is certainly the case for |∇〈θ〉+1�u|∗ in the transversal direction);
cf., e.g., the appendix in [22] for a precise statement. Invoking Hardy’s
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inequality just alluded to, we can further dominate the last expression in
(13.37) by

C

∫
x′∈R

2

|x′|<R

∫ 2M

0
λp(〈θ〉−θ+1)

(
|∇〈θ〉+1�u|∗((x′, ϕ(x′) + λ))

)p

dλ dx′

≤ C

∫
DR,M

δ(x)p(〈θ〉−θ+1)
(
|∇〈θ〉+1�u|∗(x)

)p

dx.

To continue, we consider a Whitney decomposition of Ω (cf. [21]). Specif-
ically, there exists a family of balls Bj = Brj

(zj), with zj ∈ Ω and
δ(zj) ≈ rj , which cover Ω and such that their concentric doubles have
finite overlap. Then Fatou’s lemma implies∫

DR,M

δ(x)p(〈θ〉−θ+1)
(
|∇〈θ〉+1�u|∗(x)

)p

dx

≤
∑

j

∫
DR,M

δ(x)p(〈θ〉−θ+1)
(
χBj∩DR,M

|∇〈θ〉+1�u|p
)∗

(x) dx. (13.38)

Note that (χBj∩DR,M
|∇〈θ〉+1�u|p)∗ is supported in a set of measure less than

or equal to Cr3
j . Also, on that set, δ(x)p(〈θ〉−θ+1) ≤ Cr

p(〈θ〉−θ+1)
j . Finally,

‖(χBj∩DR,M
|∇〈θ〉+1�u|p)∗‖L∞(DR,M ) ≤ ‖∇〈θ〉+1�u‖p

L∞(Bj). All in all,

∫
DR,M

δ(x)p(〈θ〉−θ+1)
(
χBj∩DR,M

|∇〈θ〉+1�u|p
)∗

(x) dx

≤ C r
3+p(〈θ〉−θ+1)
j ‖∇〈θ〉+1�u‖p

L∞(Bj)

≤ C r
p(〈θ〉−θ)
j

∫
B2rj

(zj)
|∇〈θ〉�u(x)|p dx, (13.39)

where the last inequality follows from the sub-averaging property of ∇〈θ〉�u
(note that this is still a null solution for the constant coefficient operator
L, so (13.24) applies). Since the family {B2rj

(zj)}j has finite overlap and
δ(x) ≈ rj for x ∈ B2rj

(zj), adding up inequalities of the form (13.39) in j
and recalling (13.38) leads to the conclusion that∫

DR,M

δ(x)p(〈θ〉−θ+1)
(
|∇〈θ〉+1�u|∗(x)

)p

dx

≤ C

∫
Ω

δ(x)p(〈θ〉−θ)|∇〈θ〉�u(x)|p dx.

This readily implies (13.36).
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After this preamble, we can introduce the operator ∂L
ν acting on �u ∈

Lp

s+ 1
p

(Ω) by

(∂L
ν �u)α

∣∣∣
ΣR

:=
∑
β,j,k

aαβ
jk ∂τj3

[
Tr uβ

k

]∣∣∣
ΣR

+
∑
β,j,k

aαβ
jk νj(∂kuβ)(·+ Me3)

∣∣∣
ΣR

,

(13.40)

where 1 ≤ α ≤ 3, the uβ
j are as in (13.32), and ∂τjk

:= νj∂k − νk∂j ,
j, k = 1, 2, 3, are the tangential derivatives. Note that

∂τjk
◦ Tr : F p,2

s+ 1
p

(Ω) −→ Bp,p
s−1(∂Ω), 1 ≤ j, k ≤ 3,

are (by Theorem 5) well-defined and bounded operators, so the first sum in
(13.40) is meaningful. The second sum above is easily handled (in fact, in
L∞) since the first-order partial derivatives of uβ are evaluated away from
∂Ω. Then (13.40) can be used to define ∂L

ν �u globally on ∂Ω, by gluing the
various local definitions together using a smooth partition of unity.

By (13.20), it follows that the operator (13.31) is bounded. There re-
mains to show that its action is compatible with (13.4) in the case when
�u ∈ C∞(Ω), i.e., that, in this situation, the formula (13.40) coincides
with the definition of conormal (traction) derivative (13.27). Indeed, for
α = 1, 2, 3, we may write, based on (13.33)–(13.35), that∑

β,j,k

aαβ
jk νj∂kuβ =

∑
β,j,k

aαβ
jk νj

(
∂3u

β
k + ∂kuβ(·+ Me3)

)
=
∑
β,j,k

aαβ
jk

(
νj∂3 − ν3∂j

)
uβ

k +
∑
β,j,k

aαβ
jk νj∂kuβ(·+ Me3)

=
∑
β,j,k

aαβ
jk ∂τj3u

β
k +

∑
β,j,k

aαβ
jk νj∂kuβ(·+ Me3),

where in the second step we have used the fact that

∑
β

∑
j,k

aαβ
jk ∂ju

β
k(x) = −

∫ M

0

(∑
β

∑
j,k

aαβ
jk ∂j∂kuβ

)
(x + ten) dt = 0.

This finishes the proof of the claim made in Step I.

Step II. We next claim that

Lp
α(Ω) = {�u ∈ F p,2

α (Ω) : L�u = 0 in Ω} if 0 < p < ∞ and α > 3( 1
p − 1)+.

(13.41)
This, however, is proved using similar arguments to those employed in the
proof of (13.20); see [14] for details in the case of harmonic functions. In
particular, (13.41) shows that

∂L
ν : F p,q

s+ 1
p

(Ω) −→ Bp,p
s−1(∂Ω) (13.42)
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is a bounded operator provided

2
3

< p < ∞, 2
(

1
p
− 1

)
+

< s < 1, q = 2.

By embeddings, the same is true for 0 < q ≤ 2 and, by the discussion
just prior to the statement of Theorem 6, for 1 < q < ∞ granted that
1 < p < ∞. Interpolating between these various partial results allows us
to conclude that the operator (13.42) is bounded for the range of indices
specified in the statement of the theorem in connection with (13.30).

Step III. Finally, assume that �u ∈ F p,q

s+ 1
p

(Ω) and �f ∈ F p,q

s+ 1
p −2,0(Ω) are such

that L�u = �f |Ω. We then set

∂
�f
ν �u := ∂νΠ�f + ∂L

ν

(
�u− (Π�f)|Ω

)
, (13.43)

where Π stands for the elastic Newtonian potential (13.17) and ∂L
ν is the

operator (13.31), (13.42). Now the properties of (�u, �f) �→ ∂
�f
ν �u which have

been advertised in the statement of the theorem can be checked directly
from (13.43) keeping in mind the mapping properties of the operators in-
volved. This finishes the proof of the claims made about (13.30). The case
of (13.29) follows from this and real interpolation.

13.4 Boundary Integral Operators and Proofs of the
Main Results

Recall the linear space of vector-valued functions Ψ introduced in Section
13.1 and convention (13.9).

Theorem 7. For each bounded Lipschitz domain Ω in R
3 there exists

ε = ε(∂Ω) ∈ (0, 1] with the following significance. Let

2
3 < p ≤ ∞, 2

( 1
p − 1

)
+ < s < 1

be such that one of the conditions in (13.6) is satisfied. Then the operators

1
2I + K : Bp,p

s (∂Ω) −→ Bp,p
s (∂Ω),

− 1
2I + K∗ : Ψ⊥ ∩Bp,p

s−1(∂Ω) −→ Ψ⊥ ∩Bp,p
s−1(∂Ω)

are invertible.

Proof. When 1 ≤ p, q ≤ ∞ this is proved in [17]. An inspection of the
argument there shows that it is possible to further extend this range, by
means of the interpolation techniques recently developed in [14], in the
fashion indicated in the statement of the theorem.

We are now ready to prove Theorems 1 and 2.
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Proof of Theorems 1 and 2. The solution of the Poisson problem with
Dirichlet boundary conditions admits the integral representation formula

�u = (RΩ◦Π◦EΩ)�f +D◦
(

1
2I+K

)−1(
�g−Tr (RΩ◦Π◦EΩ �f)

)
in Ω, (13.44)

where RΩ and EΩ are, respectively, the restriction from R
3 to Ω and the

extension from Ω to R
3, with preservation of class (cf. [23] for a discussion

and references). Then the relevant properties of �u can be read off (13.44),
given that all operators involved are well understood. The uniqueness part
is a consequence of embeddings and the results for 1 ≤ p, q ≤ ∞ from [17].

As for Theorem 2, we proceed similarly, starting with the integral rep-
resentation formula

�u = (RΩ ◦Π)�f + S ◦
(
− 1

2I + K∗
)−1(

�g − ∂νΠ�f
)

in Ω.

Condition (13.11) ensures that �g − ∂νΠ�f ∈ Ψ⊥ ∩Bp,p
s−1(∂Ω), so Theorem 7

applies.

13.5 Regularity of Green Potentials in Lipschitz
Domains

Given Ω ⊂ R
3 bounded, Lipschitz domain, we let GD, GN denote the

solution operators for the Poisson problem for the Lamé operator with
homogeneous Dirichlet and traction boundary conditions, respectively. In
the case of the traction problem, it is understood that the given datum �f

is first normalized so that 〈�f, �ψ〉 = 0 for each �ψ ∈ Ψ.

Theorem 8. For each bounded, connected Lipschitz domain Ω in R
3 there

is ε = ε(Ω) ∈ (0, 1] with the following significance. Suppose that the num-
bers p and s, 2

3 < p ≤ ∞, 2( 1
p − 1)+ < s < 1, are such that one of the three

conditions in (13.6) is satisfied. Then, with α := s + 1
p − 2, the operators

GD : Bp,q
α (Ω) −→ Bp,q

α+2(Ω) if 0 < q ≤ ∞,

GD : F p,q
α (Ω) −→ F p,q

α+2(Ω) if (13.8) holds and p 
= ∞,

are well defined and bounded. Similar results hold for traction boundary
conditions, i.e., for

GN : Bp,q
α,0(Ω) −→ Bp,q

α+2(Ω) if 0 < q ≤ ∞,

GN : F p,q
α,0(Ω) −→ F p,q

α+2(Ω) if (13.8) holds and p 
= ∞.

These results are sharp in the class of Lipschitz domains. For ∂Ω ∈ C1

one can take ε = 1.
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The two-dimensional pentagonal region consisting of all points with co-
ordinates (α, 1/p) such that α, p are as in the statement of this theorem
has the shape shown in Fig. 2.

Fig. 2.

Theorem 8 is a direct consequence of Theorems 1 and 2, given the results
discussed in Sections 13.2–13.4.

Recall that the Triebel–Lizorkin space F p,q
α (R3) reduces to the local

Hardy class hp(R3) if 0 < p < ∞, q = 2, α = 0 (as is well known, the latter
coincides with the Lebesgue class Lp(R3) if 1 < p < ∞). Consequently, for
0 < p < ∞ and Ω ⊂ R

3 Lipschitz domain, we set hp(Ω) := F p,2
0 (Ω) and

hp
0(Ω) := F p,2

0,0 (Ω) (so that hp(Ω) = hp
0(Ω) = Lp(Ω) if 1 < p < ∞).

Corollary 1. Retain the notation and hypotheses made in Theorem 8 on
the indices involved and the domain Ω. Then

∇2GD : Bp,q
α (Ω) −→ Bp,q

α (Ω), ∇2GN : Bp,q
α,0(Ω) −→ Bp,q

α (Ω)

if 0 < q ≤ ∞, and

∇2GD : F p,q
α (Ω) −→ F p,q

α (Ω), ∇2GN : F p,q
α,0(Ω) −→ F p,q

α (Ω)

if (13.8) holds and p 
= ∞, are well-defined, bounded operators.
In particular, there exists ε = ε(Ω) ∈ (0, 1] such that the operators

∇2GD : hp(Ω) −→ hp(Ω), whenever 3
3+ε < p < 1, (13.45)

∇2GN : hp
0(Ω) −→ hp(Ω), whenever 3

3+ε < p < 1, (13.46)

are well defined and bounded. Once again, one can take ε = 1 whenever Ω
has a C1 boundary, in which case the range of p in (13.45)–(13.46) becomes
3
4 < p < 1.
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The second part of the corollary is related to a result proved by
D.-C. Chang, S.G. Krantz, and E.M. Stein in [3] regarding the Green po-
tentials associated with the Laplacian on C∞ domains. In [13] we have
successfully dealt with the Laplacian on arbitrary Lipschitz domains, thus
answering in the affirmative a conjecture made by Stein et al. in [3]. In
this paper, we take the first steps in the direction of further extending this
circle of ideas to elliptic systems.

To state our next result, let W p
k (Ω) denote the usual Lp-based Sobolev

space of order (of smoothness) k in Ω. Also, by W̊ p
k (Ω) we denote the

closure of the space of C∞, compactly supported functions in W p
k (Ω), and

by Lp,∞(Ω) the usual weak-Lp space over Ω. Finally, recall that δ(x)
denotes the distance from x to ∂Ω.

Corollary 2. Assume that Ω is a bounded Lipschitz domain in R
3, and

denote by GD(x, y) the integral kernel of the elastic Dirichlet Green poten-
tial operator GD associated with Ω. Then the following are true.

(i) ∇GD(x, ·) ∈ L3/2,∞(Ω), uniformly with respect to x ∈ Ω. In particu-
lar, GD(x, ·) ∈ W̊ p

1 (Ω), uniformly with respect to x ∈ Ω, for any 1 < p < 3
2 .

(ii) δ(·)−αGD(x, ·) ∈ L3/(1+α),∞(Ω) for each α ∈ [0, 1], uniformly with
respect to x ∈ Ω. In particular, δ(·)−1GD(x, ·) ∈ L3/2,∞(Ω) and GD(x, ·) ∈
L3,∞(Ω), uniformly with respect to x ∈ Ω.

Proof. For each k = 0, 1, 2, ... and 1 < p < ∞, introduce the weak Sobolev
space

W p,∞
k (Ω) := {f ∈ Lp,∞(Ω) : ∂αf ∈ Lp,∞(Ω), |α| ≤ k},

plus a similar definition for W p,∞
k (R3) with Ω replaced by R

3. We shall
proceed in several steps.

Step I. We claim that, with (·, ·)θ,q denoting the usual real-interpolation
bracket, (

W p0
k (R3), W p1

k (R3)
)

θ,∞
= W p,∞

k (R3),

for each k = 0, 1, 2, ..., 1 < p0, p1 < ∞, 0 < θ < 1, 1/p = (1− θ)/p0 + θ/p1.
To see this, bring in the Bessel potential of complex order z, acting on

a tempered distribution f according to

Ĵzf(ξ) := (1 + 4π2|ξ|2)−z/2f̂(ξ),

where “hat” denotes the Fourier transform. As is well known [2], Jk maps
Lp(R3) isomorphically onto W p

k (R3) for 1 < p < ∞ (with J−k as inverse).
On the one hand, this and real interpolation immediately yield that Jk :
Lp,∞(R3) −→

(
W p0

k (R3), W p1
k (R3)

)
θ,∞

= W p,∞
k (R3) is an isomorphism

whenever 1 < p0, p1 < ∞, 0 < θ < 1, and 1/p = (1 − θ)/p0 + θ/p1.
On the other hand, proceeding much as in the proof of Theorem 7 in [2]
we deduce that, under the same assumptions on the indices, the operator
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Jk : Lp,∞(R3) −→ W p,∞
k (R3) is an isomorphism as well. All in all, the

claim made at the beginning of Step I follows.

Step II. We shall now show that(
W p0

k (Ω), W p1
k (Ω)

)
θ,∞ = W p,∞

k (Ω),

for each k = 0, 1, 2, ..., 1 < p0, p1 < ∞, 0 < θ < 1, 1/p = (1− θ)/p0 + θ/p1.
The left-to-right inclusion is trivial and, granted the result in Step I,

the key step in proving the opposite one is the claim that Stein’s extension
operator E : W p

k (Ω) → W p
k (R3) (cf. [21]) also extends as a bounded

operator from W p,∞
k (Ω) into W p,∞

k (R3).
To see this, we note the commutator identity ∂α(Ef) = E(∂αf) +∑
|β|≤|α| Tαβ(∂βf) (cf. (26) on p. 185 of [21]) where the linear operators

Tαβ map Lp(Ω) boundedly into Lp(R3) for 1 < p < ∞. This latter claim
is seen as in p. 174 of [11] and p. 187 of [21]. By real interpolation we may
therefore conclude that E : W p,∞

k (Ω) → W p,∞
k (R3) boundedly, as desired.

This concludes the discussion in Step II.

Step III. Consider now the linear operator

T�u(x) := �u(x)−D
(( 1

2I + K
)−1(Tr �u

))
(x), x ∈ Ω,

which, we claim, maps W p,∞
1 (Ω) boundedly into itself for any 3

2 − ε < p <
3 + ε.

By Step II and real interpolation, it suffices to show that T : W p
1 (Ω) →

W p
1 (Ω) boundedly for 3

2 − ε < p < 3 + ε. This, in turn, follows from the
mapping properties of the operators involved. Indeed, Theorem 5 ensures
that Tr �u ∈ Bp,p

1− 1
p

(∂Ω) if �u ∈ W p
1 (Ω), Theorem 7 guarantees that the

operator 1
2I + K is invertible on Bp,p

1− 1
p

(∂Ω) for any 3
2 − ε < p < 3 + ε, and

Theorem 4 implies that D maps this latter space into F p,2
1 (Ω) = W p

1 (Ω).
This finishes the proof of the claim made in Step III.

Step IV. Recall the matrix Γ = (Γαβ)α,β with entries as in Section 13.2.
To prove the first claim made in the statement of the corollary, we make the
observation that, in the y variable, the functions |x− y|−1, (xα−yα)(xβ−yβ)

|x−y|3 ,

1 ≤ α, β ≤ 3, belong to W
3
2 ,∞
1 (Ω) uniformly in x ∈ Ω. Thus, Γ(x − ·) ∈

W
3
2 ,∞
1 (Ω), uniformly in x ∈ Ω and since GD(x, y) = T (Γ(x−·))(y) we may

conclude with the aid of Step III that ∇GD(x, ·) ∈ L3/2,∞(Ω), uniformly
in x ∈ Ω.

Step V. The proof of the fact that δ(·)−αGD(x, ·) ∈ L3/(1+α),∞(Ω) for each
α ∈ [0, 1], uniformly in x ∈ Ω, follows a similar pattern. The departure
point is the observation that T : W p

1 (Ω) → W̊ p
1 (Ω) is well defined and

bounded for 3
2 − ε < p < 3 + ε. The second observation is that δ−α,

viewed as a multiplication operator, maps W̊ p
1 (Ω) boundedly into Lpα(Ω)

for 1 < p < 3, α ∈ [0, 1], and 1/pα := 1/p − (1 − α)/3. Indeed, this
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follows from interpolating between α = 0 (Sobolev’s embedding theorem)
and α = 1 (Hardy’s inequality), via E. Stein’s interpolation theorem for
analytic families of operators.

Combining the two observations just made above and then relying on real
interpolation eventually yields that δ−αT maps W p,∞

1 (Ω) boundedly into
Lpα,∞(Ω) for 3

2−ε < p < 3, α ∈ [0, 1] and, as before, 1/pα = 1/p−(1−α)/3.
For p = 3/2, in which case pα becomes 3/(1 + α), this and the identity
GD(x, y) = T (Γ(x− ·))(y) justifies the conclusion in (ii). This finishes the
proof of the corollary.

Of course, there is a similar result for the (matrix-valued) function
GN (x, y), the integral kernel of the operator GN .

More can be said when extra geometrical information about the domain
Ω is available. For example, according to Theorems 5.4 and 5.5 in [16],
[10], and Theorem 6.1 in [19],

∇2GD : L2(Ω) −→ L2(Ω), (13.47)

whenever Ω is a convex polyhedron in R
3. By interpolation with (13.45) we

see that for a convex polyhedron Ω ⊂ R
3,

∇2GD : hp(Ω) −→ hp(Ω), 3
3+ε < p ≤ 2. (13.48)

In particular, ∇2GD maps Lp(Ω) boundedly to itself for 1 < p ≤ 2. A
similar set of conclusions applies to the operator ∇2GN . More specifically,
with Ω as before,

∇2GN : hp
0(Ω) −→ hp(Ω), 3

3+ε < p < 3
2 , (13.49)

where the endpoint 3/2 is as in [16].
If we denote by L1,∞(Ω) the standard weak-L1 space on Ω, then interpo-

lating between (13.47)–(13.49) and the results in Corollary 1 further yields
the following.

Theorem 9. Let Ω ⊂ R
3 be a convex polyhedron. Then the following

operators are bounded:

∇2GD : h1(Ω) −→ h1(Ω), ∇2GN : h1
0(Ω) −→ h1(Ω),

∇2GD : L1(Ω) −→ L1,∞(Ω), ∇2GN : L1(Ω) −→ L1,∞(Ω).

We conclude this section with a brief discussion of the mapping proper-
ties of the gradient of the elastic Green potentials. Recall that the classical
Lp − Lq estimates for the gradient of the Green potential associated with
the Laplacian in the half-space have been extended to Lipschitz domains by
B. Dahlberg in [4]. In [13] we gave new proofs to Dahlberg’s estimates and
extended his main results to other types of function spaces. The following
assertion, pertaining to the mapping properties of the Green potentials as-
sociated with the system of elastostatics, can be proved in a similar manner,
starting with Theorems 1 and 2.
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Theorem 10. Let Ω ⊂ R
3 be a bounded Lipschitz domain. There exists

ε = ε(Ω) ∈ (0, 1] such that for every 3
3+ε < p < 3

2−ε and 1
q = 1

p − 1
3 , the

operators

∇GD : hp(Ω) → Lq(Ω), ∇GN : hp
0(Ω) → Lq(Ω),

∇GD : L1(Ω) → L3/2,∞(Ω), ∇GN : L1(Ω) → L3/2,∞(Ω)

are well defined and bounded. In particular,

∇GD : h1(Ω) → L3/2(Ω), ∇GN : h1
0(Ω) → L3/2(Ω)

are bounded operators. The ranges of indices are optimal in the class of
Lipschitz domains. For ∂Ω ∈ C1 one may take ε = 1.

13.6 The Two-dimensional Setting

All our main results discussed so far continue to hold in the two-dimensional
setting, albeit with possibly different conditions imposed on the interven-
ing indices (p, q, s), when Ω is a Lipschitz domain in the two-dimensional
Euclidean space R

2.
Somewhat more specifically, the conditions (13.6) should be replaced

with the demand that the indices 1
2 < p ≤ ∞ and ( 1

p − 1)+ < s < 1 satisfy
any of the following three conditions:

(I ′) : 2
1+ε ≤ p ≤ 2

1−ε and 0 < s < 1;

(II ′) : 2
3+ε < p < 2

1+ε and 1
p − 1+ε

2 < s < 1;

(III ′) : 2
1−ε < p ≤ ∞ and 0 < s < 1

p + 1+ε
2 .

Also, the two-dimensional analog of (13.8) takes the form(
min

{ 1
2p + 1, s + 1

})−1
< q ≤ ∞.

With the aforementioned alterations, Theorems 1, 2, and 8 and Corollary 1
remain valid for bounded Lipschitz domains in R

2.
In closing, we want to point out that ∇2GD : L2(Ω) −→ L2(Ω) is a

bounded operator if either Ω ⊂ R
2 is a convex polygon (see p. 149 in [10],

and [1]), or the Lamé moduli satisfy |λ| <
√

3μ and Ω ⊂ R
2 is a bounded

convex domain ([9]; see also [15] for related matters). In particular, we
may state the following assertion.

Theorem 11. Suppose that the Lamé moduli satisfy |λ| <
√

3μ and that
Ω ⊂ R

2 is a bounded convex domain. Then

∇2GD : Lp(Ω) −→ Lp(Ω)
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is a bounded operator for each 1 < p ≤ 2. In this setting, the operator
∇2GD also maps h1(Ω) boundedly to itself. Thus, by embeddings, GD

maps h1(Ω) boundedly into C(Ω̄), the space of continuous functions on Ω̄.
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14 Analysis of
Boundary-domain Integral and
Integro-differential Equations
for a Dirichlet Problem with
a Variable Coefficient
Sergey E. Mikhailov

14.1 Introduction

The Dirichlet boundary value problem for the “Laplace” linear differential
equation with a variable coefficient is reduced to boundary-domain integral
or integro-differential equations (BDIEs or BDIDEs) based on a specially
constructed parametrix. The BDI(D)Es contain potential-type integral
operators defined on the domain under consideration and acting on the
unknown solution as well as integral operators defined on the boundary
and acting on the trace and/or conormal derivative of the unknown so-
lution or on an auxiliary function. Some of the considered BDIDEs are
to be supplemented by the original boundary conditions, thus constituting
boundary-domain integro-differential problems (BDIDPs). Solvability, so-
lution uniqueness, and equivalence of the BDIEs/BDIDEs/BDIDPs to the
original boundary value problem (BVP) are investigated in appropriate
Sobolev spaces.

Reduction of BVPs with arbitrarily variable coefficients to boundary
integral equations is usually not effective for numerical implementations,
since the fundamental solution necessary for such reduction is generally
not available in an analytical form (except some special dependence of the
coefficients on coordinates, see e.g. [1]). Using a parametrix (Levi function)
as a substitute of a fundamental solution, it is possible however to reduce
such a BVP to a BDIE (see, e.g., [2], [3], [4, Sect. 18], [5], and [6], where
the Dirichlet, Neumann, and Robin problems for some partial differential
equations (PDEs) were reduced to indirect BDIEs).

In [7], [8], and [10], the 3D mixed (Dirichlet–Neumann) BVP for the
variable-coefficient “Laplace” equation was considered. Such equations
appear, e.g., in electrostatics, stationary heat transfer and other diffu-
sion problems for inhomogeneous media. The BVP has been reduced to
either segregated or united direct BDI(D)Es or BDIDPs. Some of the
BDI(D)Es/BDIDPs are associated with the BDIDE and BDIE formulated
in [9]. Although several of the integral and integro-differential formulations
for the mixed problem in [7], [8], and [10] look like equations of the second
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kind, the spaces for the out-of-integral terms are different from the spaces
for the right-hand sides of the equations, thus the equations are of “almost”
second kind.

Analysis of the four different (systems of) BDI(D)Es/BDIDP, to which
the Dirichlet problem for the same PDE is reduced in the present paper,
requires special consideration. Equivalence of the considered BDI(D)Es/
BDIDP to the original BVP is proved along with their solvability, solu-
tion uniqueness, and the operator invertibility in corresponding Sobolev–
Slobodetski spaces. In particular, it is shown that the Dirichlet problem
can be reduced to a genuine second-kind integral or integro-differential
equation.

14.2 Formulation of the Boundary Value Problem

Let Ω be a bounded open three-dimensional region of R
3. For simplicity, we

assume that the boundary S := ∂Ω is a simply connected, closed, infinitely
smooth surface. Let a ∈ C∞(Ω̄), a(x) > 0 for x ∈ Ω̄. Let also ∂xj := ∂/∂xj

(j = 1, 2, 3), ∂x = (∂x1 , ∂x2 , ∂x3).
We consider the scalar elliptic differential equation

Lu(x) := L(x, ∂x) u(x)

:=
3∑

i=1

∂

∂xi

(
a(x)

∂u(x)
∂xi

)
= f(x), x ∈ Ω, (14.1)

where u is an unknown function and f is a given function in Ω.
In what follows, Hs(Ω) = Hs

2(Ω) and Hs(S) = Hs
2(S) are the Bessel

potential spaces, where s ∈ R is an arbitrary real number (see, e.g., [11]
and [12]). We recall that Hs coincide with the Sobolev–Slobodetski spaces
W s

2 for any nonnegative or integer s.
For a linear operator L∗, we introduce the subspace of H1(Ω) [13]

H1,0(Ω; L∗) := {g : g ∈ H1(Ω), L∗g ∈ L2(Ω)},

endowed with the norm

‖g‖H1,0(Ω;L∗) := ‖g‖H1(Ω) + ‖L∗g‖L2(Ω).

In this paper, we will particularly use the space H1,0(Ω; L∗) for L∗ being
either the operator L from (14.1) or the Laplace operator Δ. Since

Lu−Δu =
3∑

i=1

∂a

∂xi

∂u

∂xi
∈ L2(Ω)

for u ∈ H1(Ω), we have H1,0(Ω; L) = H1,0(Ω; Δ).
From the trace theorem (see, e.g., [11] and [13]–[15]) for u ∈ H1(Ω), it

follows that u+ := τ+
S u ∈ H1/2(S), where τ+

S is the trace operator on S
from Ω.
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For u ∈ H2(Ω) we can denote by T+ the corresponding conormal differ-
entiation operator on S in the sense of traces,

T+(x, n+(x), ∂x) u(x) : =
3∑

i=1

a(x) n+
i (x)

(
∂u(x)
∂xi

)+

= a(x)
(

∂u(x)
∂n+(x)

)+

,

where n+(x) is the exterior (to Ω) unit normal vectors at the point x ∈ S.
Let u ∈ H1,0(Ω; Δ). We can correctly define the generalized conormal

derivative T+u ∈ H−1/2(S) with the help of Green’s formula (see, for
example, [13] and [15], Lemma 4.3),

〈
T+u , v+〉

S
:=
∫
Ω

v(x)Lu(x) dx

+
∫
Ω

3∑
i=1

a(x)
∂u(x)
∂xi

∂v(x)
∂xi

dx ∀ v ∈ H1(Ω), (14.2)

where 〈 · , · 〉S denotes the duality brackets between the spaces H−1/2(S)
and H1/2(S), extending the usual L2 scalar product.

We will investigate the following Dirichlet boundary value problem.
Find a function u ∈ H1(Ω) satisfying the conditions

L u = f in Ω, (14.3)

u+ = ϕ0 on S, (14.4)

where ϕ0 ∈ H1/2(S) and f ∈ L2(Ω).
Equation (14.3) is understood in the distributional sense and condition

(14.4) in the trace sense.
We have the following uniqueness theorem.

Theorem 1. BVP (14.3)–(14.4) with ϕ0 ∈ H1/2(S) and f ∈ L2(Ω) has
at most one solution in H1(Ω).

Proof. The assertion follows immediately from Green’s formula (14.2)
with v = u as a solution of the homogeneous Dirichlet problem, i.e., with
f = 0 and ϕ0 = 0.

14.3 Parametrix and Potential-type Operators
We say that a function P (x, y) of two variables x, y ∈ Ω is a parametrix
(the Levi function) for the operator L(x, ∂x) in R

3 if (see, e.g., [2]–[6] and
[9])

L(x, ∂x) P (x, y) = δ(x− y) + R(x, y), (14.5)
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where δ(·) is the Dirac distribution and R(x, y) possesses a weak (inte-
grable) singularity at x = y, i.e.,

R(x, y) = O (|x− y|−κ) with κ < 3. (14.6)

It is easy to see that for the operator L(x, ∂x) given by the right-hand side
in (14.1), the function

P (x, y) =
−1

4π a(y) |x− y| , x, y ∈ R
3, (14.7)

is a parametrix; the corresponding remainder function is

R(x, y) =
3∑

i=1

xi − yi

4π a(y) |x− y|3
∂ a(x)
∂xi

, x, y ∈ R
3, (14.8)

and satisfies estimate (14.6) with κ = 2, due to the smoothness of the
function a(x).

Evidently, the parametrix P (x, y) given by (14.7) is a fundamental so-
lution to the operator L(y, ∂x) := a(y)Δ(∂x) with “frozen” coefficient
a(x) = a(y), i.e.,

L(y, ∂x) P (x, y) = δ(x− y).

Note that remainder (14.8) is not smooth enough for the parametrix (14.7)
and the corresponding potential operators to be treated as in [15].

For some scalar function g, let

V g(y) := −
∫
S

P (x, y) g(x) dSx, y 
∈ S, (14.9)

Wg(y) := −
∫
S

[
T (x, n(x), ∂x) P (x, y)

]
g(x) dSx, y 
∈ S, (14.10)

be the single-layer and the double-layer surface potential operators, where
the integrals are understood in the distributional sense if g is not integrable.

The corresponding boundary integral (pseudodifferential) operators of
direct surface values of the single-layer potential V and of the double-layer
potentialW, and the conormal derivatives of the single-layer potential,W ′,
and of the double-layer potential, L+, are, respectively,

V g(y) := −
∫
S

P (x, y) g(x) dSx, (14.11)

W g(y) := −
∫
S

[
T (x, n(x), ∂x) P (x, y)

]
g(x) dSx, (14.12)



14. Boundary-domain Integral and Integro-differential Equations 165

W ′ g(y) := −
∫
S

[
T (y, n(y), ∂y) P (x, y)

]
g(x) dSx, (14.13)

L+g(y) := [T (y, n(y), ∂y) Wg(y)]+, (14.14)

where y ∈ S.
The parametrix-based volume potential operator and the remainder

potential operator, corresponding to parametrix (14.7) and to remainder
(14.8) are

Pg(y) :=
∫
Ω

P (x, y) g(x) dx, (14.15)

Rg(y) :=
∫
Ω

R(x, y) g(x) dx. (14.16)

For g1 ∈ H−1/2(S) and g2 ∈ H1/2(S), there hold the jump relations
on S

[V g1(y)]+ = Vg1(y)

[Wg2(y)]+ = − 1
2 g2(y) +Wg2(y),

[T (y, n(y), ∂y)V g1(y)]+ = 1
2 g1(y) +W ′g1(y),

where y ∈ S.
The jump relations as well as mapping properties of potentials and op-

erators (14.9)–(14.16) are well known for the case a = const. They were
extended to the case of variable coefficient a(x) in [7] and [8].

14.4 Green Identities and Integral Relations

Let u ∈ H1,0(Ω; Δ), v ∈ H1,0(Ω; Δ) be some real functions. Then, sub-
tracting (14.2) from its counterpart with exchanged roles of u and v, we
obtain the so-called second Green identity for the operator L(x, ∂x),∫

Ω

[
v L(x, ∂x)u− u L(x, ∂x)v

]
dx =

〈
T+u , v+〉

S
−
〈
u+ , T+v

〉
S
. (14.17)

For u ∈ H1,0(Ω; Δ) and v(x) = P (x, y), where the parametrix P (x, y)
is given by (14.7), we obtain from (14.17), (14.5) by the standard limiting
procedures (cf. [4]) the third Green identity,

u(y) +Ru(y)− V T+u(y) + Wu+(y) = PLu(y), y ∈ Ω. (14.18)

If u ∈ H1,0(Ω; Δ) is a solution of equation (14.1), then (14.18) gives

Gu := u +Ru− V T+u + Wu+ = Pf in Ω, (14.19)
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Gu := 1
2u+ + [Ru]+ − VT+u +Wu+ = [Pf ]+ on S, (14.20)

T u := 1
2T+u + T+Ru−W ′T+u + L+u+ = T+Pf on S. (14.21)

For some functions f , Ψ, Φ, let us consider a more general “indirect”
integral relation, associated with (14.19), namely,

u(y) +Ru(y)− V Ψ(y) + WΦ(y) = Pf(y), y ∈ Ω. (14.22)

Lemma 1. Let Ψ ∈ H−1/2(S), Φ ∈ H1/2(S), and f ∈ L2(Ω). Suppose a
function u ∈ H1(Ω) satisfies (14.22). Then u ∈ H1,0(Ω; Δ), it is a solution
of PDE (14.3) in Ω, and

V (Ψ− T+u)(y)−W (Φ− u+)(y) = 0, y ∈ Ω.

Proof. First of all, equation (14.22) and mapping properties of the oper-
ators R, P, V and W imply u ∈ H1,0(Ω; Δ). The rest of the lemma claims
follow from its counterpart proved in [7], Lemma 4.1.

The following statement is well known (see, for example, [7], Lemma
4.2).

Lemma 2. (i) Let Ψ∗ ∈ H−1/2(S). If V Ψ∗(y) = 0, y ∈ Ω, then Ψ∗ = 0.
(ii) Let Φ∗ ∈ H1/2(S). If WΦ∗(y) = 0, y ∈ Ω, then Φ∗ = 0.

Theorem 2. Let f ∈ L2(Ω). A function u ∈ H1,0(Ω; Δ) is a solution of
PDE (14.3) in Ω if and only if it is a solution of BDIDE (14.19).

Proof. If u ∈ H1,0(Ω; Δ) solves PDE (14.3) in Ω, then it satisfies (14.19).
On the other hand, if u ∈ H1,0(Ω; Δ) solves BDIDE (14.19), then Lemma
1 with Ψ = T+u and Φ = u+ completes the proof.

14.5 Segregated Boundary-domain Integral
Equations

Let us consider a segregated purely integral boundary-domain formulation
for the Dirichlet problem, similar to the formulations introduced and an-
alyzed in [7], [8], and [10] for the mixed problem with u ∈ H1(Ω) and
u ∈ H1,0(Ω; Δ).

14.5.1 Integral Equation System (GG)

To reduce BVP (14.3)–(14.4) to a BDIE system in this section, we will use
equation (14.19) in Ω and equation (14.20) on S, where the known function
ϕ0 is substituted for u+ and an auxiliary unknown function ψ ∈ H−1/2(S)
for T+u. Then we arrive at the system

u(y) +Ru(y)− V ψ(y) = F0(y), y ∈ Ω, (14.23)
R+u(y)− Vψ(y) = F+

0 (y)− ϕ0(y), y ∈ S, (14.24)
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where
F0(y) := Pf(y)−Wϕ0(y), y ∈ Ω. (14.25)

Note that for f ∈ L2(Ω) and ϕ0 ∈ H1/2(S), we have the inclusion
F0 ∈ H1,0(Ω; Δ) due to the mapping properties of the Newtonian (volume)
and layer potentials.

Remark 1. F0 = 0 if and only if (f, ϕ0) = 0. Indeed, the latter equality
evidently implies the former. Inversely, let F0 = 0. Keeping in mind
equation (14.25), Lemma 1 with F0 = 0 for u implies f = 0 and Wϕ0 = 0
in Ω. Lemma 2(ii) then gives ϕ0 = 0 on S.

Let us prove that BVP (14.3)–(14.4) in Ω is equivalent to the system of
BDIEs (14.23)–(14.24).

Theorem 3. Let f ∈ L2(Ω) and ϕ0 ∈ H1/2(S).
(i) If some u ∈ H1(Ω) solves BVP (14.3)–(14.4) in Ω, then the solution

is unique and the couple (u, ψ) ∈ H1(Ω)×H−1/2(S), where

ψ = T+u on S, (14.26)

solves BDIE system (14.23)–(14.24);
(ii) If a couple (u, ψ) ∈ H1(Ω)×H−1/2(S) solves BDIE system (14.23)–

(14.24), then the solution is unique, u solves BVP (14.3)–(14.4), and ψ
satisfies (14.26).

Proof. Remark that if u ∈ H1(Ω) is a solution of the BVP (14.3)–(14.4)
with f ∈ L2(Ω), then u ∈ H1,0(Ω; Δ). On the other hand, if U = (u, ψ) ∈
H1(Ω)×H−1/2(S) is a solution of system (14.23)–(14.24) with f ∈ L2(Ω)
and ϕ0 ∈ H1/2(S), then u ∈ H1,0(Ω; Δ) due to mapping properties of
operators R, V , and W (see [10] and [8]).

Let u ∈ H1(Ω) be a solution to BVP (14.3)–(14.4). It is unique due to
Theorem 1. Set ψ by (14.26), evidently, ψ ∈ H−1/2(S). Then it imme-
diately follows from relations (14.19)–(14.20) that the couple (u, ψ) solves
system (14.23)–(14.24), which completes the proof of item (i).

Let now a couple (u, ψ) ∈ H1(Ω)×H−1/2(S) solve BDIE system (14.23)–
(14.24). Taking trace of equation (14.23) on S and subtracting equation
(14.24) from it, we obtain

u+(y) = ϕ0(y), y ∈ S, (14.27)

i.e., u satisfies the Dirichlet condition (14.4).
Equation (14.23) and Lemma 1 with Ψ = ψ and Φ = ϕ0 imply that u is

a solution of PDE (14.3) and

V Ψ∗(y)−WΦ∗(y) = 0, y ∈ Ω,

where Ψ∗ = ψ−T+u and Φ∗ = ϕ0− u+. Due to equation (14.27), Φ∗ = 0.
Lemma 2(i) implies that Ψ∗ = 0, which completes the proof of conditions
(14.26).
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Uniqueness of the solution to BDIE system (14.23)–(14.24) follows from
(14.26) along with Remark 1 and Theorem 1.

System (14.23)–(14.24) can be rewritten in the form

AGGU = FGG ,

where U� := (u, ψ) ∈ H1,0(Ω; Δ)×H−1/2(S),

AGG :=
[

I −R −V
R+ −V

]
, FGG :=

[
F0

F+
0 − ϕ0

]
.

Due to the mapping properties of operators V , V, W , W, P, R, and R+

(see [10] and [8]), we have FGG ∈ H1,0(Ω; Δ)×H1/2(S), and the operators

AGG : H1,0(Ω; Δ)×H−1/2(S) → H1,0(Ω; Δ)×H1/2(S) (14.28)

: H1(Ω)×H−1/2(S) → H1(Ω)×H1/2(S) (14.29)

are continuous. By Theorem 3 and the uniqueness Theorem 1, both oper-
ators (14.28) and (14.29) are injective.

Theorem 4. Operators (14.28) and (14.29) are continuous and invertible.

Proof. Let us consider the proof for the operator AGG given by (14.29)
first. The continuity and injectivity are proved above. To prove the invert-
ibility, let us consider the operator

AGG
0 :=

[
I −V
0 −V

]
.

As a result of compactness properties of the operators R and R+, the
operator AGG

0 is a compact perturbation of the operator AGG .
The operator AGG

0 is an upper triangular matrix operator with the scalar
diagonal invertible operators

I : H1(Ω) → H1(Ω),

V : H−1/2(S) → H1/2(S)

(see [14], Ch. XI, Part B, Sect. 2, Theorem 3 for V). This implies that

AGG
0 : H1(Ω)×H−1/2(S) → H1(Ω)×H1/2(S)

is an invertible operator. Hence, the operator AGG possesses the Fredholm
property and its index is zero. The injectivity of the operator AGG , already
proved, completes the theorem proof for this operator.

Let us now construct an inverse to operator (14.28). Let (AGG)−1 :
H1(Ω)×H1/2(S) → H1(Ω)×H−1/2(S) be the operator inverse to (14.29).
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Thus, for any FGG ∈ H1,0(Ω; Δ) × H1/2(S), the solution of the system
AGGU = FGG in H1(Ω) × H−1/2(S) is U = (AGG)−1FGG . Taking into
account that the operators V : H−1/2(S) → H1,0(Ω; Δ) and R : H1(Ω) →
H2,0(Ω; Δ) are continuous [9: Th. A.1, Remark B.2], the first equation of
this system then implies u = U1 ∈ H1,0(Ω; Δ) and the operator (AGG)−1

is continuous also from H1,0(Ω; Δ)×H1/2(S) to H1,0(Ω; Δ)×H−1/2(S).

The original BVP (14.3)–(14.4) can be written in the form

ADu = FD,

where

AD :=
[

L
τ+

]
, FD =

[
f
ϕ0

]
.

The operator AD : H1,0(Ω; L) → L2(Ω)×H1/2(S) is evidently continuous
and, due to the uniqueness theorem for the BVP, it is also injective.

The invertibility of the operator (14.28) and equivalence Theorem 3 lead
to the following assertion.

Corollary. The operator AD : H1,0(Ω; L) → L2(Ω)×H1/2(S) is contin-
uous and continuously invertible.

Note that the above statement and the uniqueness Theorem 1 evidently
imply the following existence theorem in H1(Ω).

Theorem 5. Let ϕ0 ∈ H1/2(S) and f ∈ L2(Ω). Then BVP (14.3)–(14.4)
is uniquely solvable in H1(Ω).

14.5.2 Integral Equation System (GT )

To obtain a segregated BDIE system of the second kind, we will use equation
(14.19) in Ω and equation (14.21) on S, where again the known function
ϕ0 is substituted for u+ and an auxiliary unknown function ψ ∈ H−1/2(S)
for T+u. Then we arrive at the following system (GT ):

u +Ru− V ψ = F0 in Ω, (14.30)
1
2 ψ + T+Ru−W ′ψ = T+F0 on S, (14.31)

where F0 is given by (14.25).
Let us prove that BVP (14.3)–(14.4) is equivalent to system (14.30)–

(14.31).

Theorem 6. Let f ∈ L2(Ω) and ϕ0 ∈ H1/2(S).
(i) If some u ∈ H1(Ω) solves BVP (14.3)–(14.4) in Ω, then the couple

(u, ψ)� ∈ H1(Ω)×H−1/2(S), where

ψ = T+u on S, (14.32)
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solves BDIE system (14.30)–(14.31).
(ii) If a couple (u, ψ)� ∈ H1(Ω)×H−1/2(S) solves BDIE system (14.30)–

(14.31), then the solution is unique, u solves BVP (14.3)–(14.4), and ψ
satisfies (14.32).

Proof. As in the proof of Theorem 3, u ∈ H1,0(Ω; Δ) if either hypothesis
(i) or (ii) is satisfied.

Let u ∈ H1(Ω) be a solution to BVP (14.3)–(14.4). Set ψ = T+u. Evi-
dently, ψ ∈ H−1/2(S). Then it immediately follows from relations (14.19)
and (14.21) that the couple (u, ψ) solves system (14.30)–(14.31), which
completes the proof of item (i).

Let now a couple (u, ψ) ∈ H1(Ω)×H−1/2(S) solve BDIE system (14.30)–
(14.31).

Take the conormal derivative of equation (14.30) on S and subtract it
from equation (14.31) to obtain

Ψ∗ := ψ − T+u = 0 on S,

that is, equation (14.32) is proved.
Equation (14.30) and Lemma 1 with Ψ = ψ and Φ = ϕ0 imply that u is

a solution of equation (14.1) and

V Ψ∗(y)−WΦ∗(y) = 0, y ∈ Ω, (14.33)

where Φ∗ = ϕ0 − u+. Since Ψ∗ = 0 on S, (14.33) reduces to

WΦ∗(y) = 0, y ∈ Ω,

and Lemma 2(ii) implies that Φ∗ = 0 on S. This means that u satisfies the
Dirichlet condition (14.4).

By Remark 1, the unique solvability of BDIE system (14.30)–(14.31)
then follows from (14.32) along with the unique solvability of (14.3)–(14.4).

System (14.30)–(14.31) can be rewritten in the form

AGT U = FGT ,

where U� := (u, ψ)� ∈ H1(Ω)×H−1/2(S),

AGT :=

[
I +R −V

T+R 1
2

I −W ′

]
, FGT :=

[
F0

T+F0

]
. (14.34)

Due to the mapping properties of the operators involved in (14.34) we
have FGT ∈ Hs,0(Ω+; Δ)×H−1/2(S), and the operators

AGT : H1,0(Ω; Δ)×H−1/2(S) → H1,0(Ω; Δ)×H−1/2(S) (14.35)

: H1(Ω)×H−1/2(S) → H1(Ω)×H−1/2(S) (14.36)

are continuous. By Theorem 6 and the uniqueness Theorem 1, both oper-
ators (14.35) and (14.36) are injective.
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Theorem 7. Operators (14.35) and (14.36) are continuous and invertible.

Proof. The operator

AGT
0 :=

[
I −V
0 1

2 I

]
is a compact perturbation of both operators (14.35) and (14.36), due to
compactness properties of the operators R and W (see [7], [8], and [10]).
The invertibility of operators (14.35) and (14.36) then follows by arguments
similar to those in the proof of Theorem 4.

14.6 United Boundary-domain Integro-differential
Equations and Problems

Instead of introducing an auxiliary function ψ, we will work in this section
with the original form of the equations containing the conormal derivative
operator T+ of the internal field.

14.6.1 Integro-differential Problem (GD)

The equivalence of the differential and boundary-domain integro-different-
ial equations proved in Theorem 2 allows us to supplement BDIDE (14.19)
with the original Dirichlet boundary conditions and arrive at BDIDP (GD)
constituted by (14.19), (14.4). The BDIDP is equivalent to the Dirichlet
boundary value problem (14.3)–(14.4) in Ω, in the following sense.

Theorem 8. Let f ∈ L2(Ω), ϕ0 ∈ H1/2(S). A function u ∈ H1,0(Ω; Δ)
solves BVP (14.3)–(14.4) in Ω if and only if u solves BDIDP (14.19), (14.4).
Such a solution does exist and is unique.

Proof. A solution of BVP (14.3)–(14.4) does exist and is unique, by
Theorem 5, and provides a solution to BDIDP (14.19), (14.4), by Theorem
2. On the other hand, any solution of BDIDP (14.19), (14.4) also satisfies
(14.3), due to the same Theorem 2.

BDIDP (14.19), (14.4) can be written in the form

AGDu = FGD, (14.37)

where

AGD :=
[

I +R− V T+ + Wτ+

τ+

]
, FGD =

[
Pf
ϕ0

]
.

Owing to the mapping properties of operators V , W , P, and R, we have
FGD ∈ H1,0(Ω; Δ) × H1/2(S), and the operator AGD : H1,0(Ω; Δ) →
H1,0(Ω; Δ) × H1/2(S) is continuous. By Theorem 8, it is also injective.
Let us now characterize the range of the operator AGD in the whole space
H1,0(Ω; Δ)×H1/2(S).
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Theorem 9. Let

FGD = (FGD
1 ,FGD

2 ) ∈ H1,0(Ω; Δ)×H1/2(S).

System (14.37) has a solution in H1,0(Ω; Δ) if and only if there exists
f∗ ∈ L2(Ω) such that

FGD
1 = Pf∗ in Ω. (14.38)

When the solution does exist, it is unique.

Proof. If condition (14.38) is satisfied, then, according to Theorem 7,
there exists a unique solution of system (14.37).

On the other hand, if u ∈ H1,0(Ω; Δ) is a solution of system (14.37),
then it satisfies the third Green identity (14.18). Comparing it with the first
equation of system (14.37) implies representation (14.38) with f∗ = Lu.

Let T+
Δ , VΔ, and WΔ denote the operators of the conormal deriva-

tive, single-layer potential, and double-layer potential associated with the
Laplace operator, that is, for the coefficient a = 1.

Remark 2. Condition (14.38) for an FGD
1 ∈ H1,0(Ω; Δ) is equivalent to

the condition

VΔT+
Δ (aFGD

1 )−WΔ(aFGD
1 )+ = 0 in Ω, (14.39)

or

V

[
T+FGD

1 + FGD+
1

∂a

∂n+

]
−W (FGD

1 )+ = 0 in Ω. (14.40)

Indeed, condition (14.38) can be rewritten as

aFGD
1 = PΔf∗ in Ω. (14.41)

The third Green identity (14.18) for u = aFGD
1 and for the potentials

associated with the operator Δ gives

aFGD
1 − VΔT+

Δ (aFGD
1 ) + W (aFGD

1 )+ = PΔΔ(aFGD
1 ) in Ω. (14.42)

Thus (14.39) implies (14.41) with f∗ = Δ(aFGD
1 ).

On the other hand, if (14.41) is satisfied, then application of the Laplace
operator to it gives Δ(aFGD

1 ) = f∗. Substituting this into (14.42) and
comparing with (14.41) implies (14.39).

Condition (14.40) follows from (14.39) and the definitions of V and W .

To realize how restrictive condition (14.38), or, equivalently, conditions
(14.39) and (14.40), are, we prove the following assertion.
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Lemma 3. For any function F1 ∈ H1,0(Ω; Δ), there exists a unique couple
(f∗, Φ∗) = CΦF1 ∈ L2(Ω)×H1/2(S) such that

F1(y) = Pf∗(y)−WΦ∗(y), y ∈ Ω, (14.43)

and CΦ : H1,0(Ω; Δ) → L2(Ω)×H1/2(S) is a linear bounded operator.

Proof. We adapt here the proof scheme from [8], Lemma 5.2.
Suppose first that there exist some functions f∗(y), Φ∗(y) satisfying

(14.43) and find their expressions in terms of F1(y). Taking into account
definitions (14.7) and (14.9) for the volume and double layer potentials,
ansatz (14.43) can be rewritten as

a(y)F1(y) = PΔf∗(y)−WΔ[aΦ∗](y), y ∈ Ω, (14.44)

where PΔ = P|a=1, WΔ = W |a=1 are the volume and double layer potential
operators associated with the Laplace operator Δ.

Applying the Laplace operator to (14.44) we obtain that

f∗ = Δ(aF1) in Ω. (14.45)

Then (14.44) can be rewritten as

WΔ[aΦ∗](y) = Q(y), y ∈ Ω, (14.46)

where
Q(y) := PΔ[Δ(aF1)](y)− a(y)F1(y), y ∈ Ω. (14.47)

The trace of (14.46) on the boundary gives[
− 1

2 I +WΔ
]
[aΦ∗](y) = Q+(y), y ∈ S, (14.48)

where WΔ := W|a=1 is the direct value on S of the double layer operator
associated with the Laplace operator.

Since [−(1/2)I +WΔ
]

is an isomorphism (see, e.g., [14], Ch. XI, Part
B, Sect. 2, Remark 8) and a(y) 
= 0, we obtain the following expression for
Φ∗:

Φ∗(y) =
1

a(y)
[
− 1

2 I +WΔ
]−1

Q+(y), y ∈ S, (14.49)

Now we have to prove that f∗(y), Φ∗(y) given by (14.45) and (14.49)
do satisfy (14.43). Indeed, the potential WΔ[aΦ∗](y) with Φ∗(y) given by
(14.49) is a harmonic function, and one can check that Q given by (14.47)
is also harmonic. Since (14.48) implies that they coincide on the boundary,
the two harmonic functions should also coincide in the domain, i.e., (14.46)
holds true, which implies (14.43).

Thus we constructed a bounded operator CΦ : H1,0(Ω; Δ) → L2(Ω) ×
H1/2(S) given by (14.45), (14.49), (14.47).

Lemma 3 implies that ansatz (14.38) does not cover the whole space
H1,0(Ω; Δ).
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14.6.2 Integro-differential Equation (G)

In this section, we eliminate the Dirichlet boundary condition to deal with
only one integro-differential equation. Substituting the Dirichlet bound-
ary condition (14.4) into (14.19) leads to the following BDIE (G) for u ∈
H1,0(Ω; Δ):

AGu := u +Ru− V T+u = FG in Ω, (14.50)

where
FG = F0 = Pf −Wϕ0. (14.51)

Let us prove the equivalence of the BDIDE to the BVP (14.3)–(14.4).

Theorem 10. Let f ∈ L2(Ω), ϕ0 ∈ H1/2(S). A function u ∈ H1,0(Ω; Δ)
solves the mixed BVP (14.3)–(14.4) in Ω if and only if u solves BDIDE
(14.50) with right-hand side (14.51). Such a solution exists and is unique.

Proof. Any solution of BVP (14.3)–(14.4) solves BDIDE (14.50) due to
the third Green formula (14.19).

On the other hand, if u is a solution of BDIDE (14.50), then Lemma 1
implies that u satisfies equation (14.3) and W (ϕ0 − u+) = 0 in Ω. Lemma
2(ii) then implies that the Dirichlet boundary condition (14.4) is satis-
fied. Thus any solution of BDIDE (14.50) satisfies BVP (14.3)–(14.4). The
unique solvability of the latter is implied by Theorem 5.

The mapping properties of operators V , W , P, and R imply the mem-
bership FG ∈ H1,0(Ω; Δ) and continuity of the operator AG in H1,0(Ω; Δ),
while Theorem 10 implies its injectivity.

Theorem 11. The operator AG is continuous and continuously invertible
in H1,0(Ω; Δ).

Proof. The continuity of AG is already proved, and we have to prove the
existence of a bounded inverse operator (AG)−1.

Let us consider equation (14.50) with an arbitrary function FG from
H1,0(Ω; Δ). By Lemma 3, FG can be presented as

FG(y) = Pf∗(y)−WΦ∗(y) y ∈ Ω,

where (f∗, Φ∗) = CΦFG and CΦ is a bounded operator from H1,0(Ω; Δ) to
L2(Ω)×H1/2(S). Then Theorem 10 and the Corollary imply that equation
(14.50) has a unique solution u = (AD)−1(f∗, Φ∗)�, where (AD)−1 is a
bounded operator.

14.7 Concluding Remarks
The Dirichlet problem for a variable-coefficient PDE with a right-hand side
function from L2(Ω), and with the Dirichlet data from the spaces H1/2(S),
has been considered in the paper. It was shown that the BVP can be
equivalently reduced to two direct segregated boundary-domain integral
equation systems, one of them of the second kind. On the other hand, the
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BVP can be equivalently reduced to a united boundary-domain integro-
differential problem, or to a united boundary-domain integro-differential
equation of the second kind. It was shown that the operators associated
with the left-hand sides of all the four systems/problems/equations are
continuous and three of them continuously invertible in the corresponding
Sobolev–Slobodetski spaces.

A further analysis of spectral properties of the two second kind equations
obtained in the paper is needed to decide whether the resolvent theory
and the Neumann series method (see [16], [17], and references therein) are
efficient for solving the equations.

By the same approach, the corresponding BDIDEs/BDIDPs for un-
bounded domains can be analyzed as well. The approach can also be
extended to more general PDEs and to systems of PDEs, while smoothness
of the variable coefficients and the boundary can be essentially relaxed.

This study can serve as a starting point for approaching BDIDEs/
BDIDPs based on the localized parametrices, leading after discretization
to sparsely populated systems of linear algebraic equations, attractive for
computations [9]. This can then be extended to analysis of localized
BDIDEs/BDIDPs of nonlinear problems [18].
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15 On the Regularity of the
Harmonic Green Potential
in Nonsmooth Domains
Dorina Mitrea

15.1 Introduction

As is well known, the free-space Green’s function for the Laplace operator
Δ =

∑n
j=1 ∂2

j in R
n is given by

Γ(x) :=

⎧⎪⎪⎨⎪⎪⎩
1
2π

ln |x| if n = 2,

cn

|x|n−2 if n ≥ 3,
(15.1)

where cn = [(2 − n)ωn]−1 and ωn denotes the area of the unit sphere in
R

n. This allows one to solve the Poisson problem for the Laplacian in the
whole space in integral form. More specifically, the Newtonian potential
operator

Πf(x) :=
∫

Rn

Γ(x− y)f(y) dy, x ∈ R
n, (15.2)

satisfies
u := Πf =⇒ Δu = f in R

n, (15.3)

at least if f is well behaved. The mapping properties of Π are well under-
stood. Essentially, this is a smoothing operator of order two on the scale
of Lp-based Sobolev spaces Hs,p and this readily translates into mapping
properties for the solution operator f �→ u = Πf of the partial differential
equation (PDE) in question.

Next, take the case when the Poisson problem is considered in a bounded
domain Ω ⊂ R

n. This time, boundary conditions must be imposed and we
consider the homogeneous Dirichlet boundary condition in which scenario
the PDE reads

Δu = f in Ω,

Tr u = 0 on ∂Ω,
(15.4)

where Tr stands for the operator of trace on ∂Ω. Paralleling the setup
(15.2)–(15.3) corresponding to the entire Euclidean space, the solution op-
erator for (15.4) may again be expressed in integral form, namely,

u(x) = Gf(x) :=
∫

Ω
G(x, y)f(y) dy, x ∈ Ω,
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where G(x, y) is the Green’s function on Ω, i.e., a version of (15.1) suitably
adapted to the domain Ω. For each fixed (pole) x ∈ Ω, it satisfies

ΔyG(x, y) = δx(y), y ∈ Ω,

Tr G(x, ·) = 0 on ∂Ω,

where δx is the Dirac distribution with mass at x. The Poisson problem
(15.4) is intimately connected with the Dirichlet problem for the Laplacian

Δu = 0 in Ω,

Tr u = g on ∂Ω.
(15.5)

In terms of the Green’s function, the solution operator of (15.5) is

u(x) =: PI(g) =
∫

∂Ω
∂νy

G(x, y)g(y) dσy, x ∈ Ω, (15.6)

the so-called Poisson integral, where ν and dσ are, respectively, the unit
normal and the surface measure on ∂Ω. In particular,

G(x, y) = Γ(x− y)− PI [Tr Γ(x− ·)](y), x, y ∈ Ω.

Let us also record an alternative expression for the Poisson integral opera-
tor, based on the so-called (harmonic) double-layer potential

Dψ(x) :=
∫

∂Ω
∂νy [Γ(x− y)]ψ(y) dσy, x ∈ Ω,

and its boundary trace

Tr ◦ D = 1
2I + K,

where I is the identity, and K is the principal-value operator

Kψ(x) := p.v.

∫
∂Ω

∂νy [Γ(x− y)]ψ(y) dσy, for a.a. x ∈ ∂Ω.

The identity referred to above then reads

PI = D ◦
(

1
2I + K

)−1
, (15.7)

assuming that the inverse operator exists. Returning to the mainstream
discussion, recall that the Green’s function satisfies

G(x, y) ≥ 0 and G(x, y) = G(y, x), x, y ∈ Ω, x 
= y.
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The mapping properties one can expect of the operator G are inexorably
linked to the nature of the singularity in G(x, y) (located on the diagonal).
In turn, the nature of this singularity is, to a large extent, dictated by the
smoothness of the boundary of the domain Ω. It is folklore that (if, say,
n ≥ 3) G(x, y) satisfies

G(x, y) ≤ C|x− y|2−n, x, y ∈ Ω,

and

∂Ω ∈ C∞ =⇒ |∇xG(x, y)| ≤ C|x− y|1−n, x, y ∈ Ω, (15.8)

though (15.8) may fail if ∂Ω contains irregularities.
Estimates such as (15.8) are important for establishing mapping prop-

erties for the first-order derivatives of the Green operator and its adjoint,
i.e.,

∇Gf(x) =
∫

Ω
∇xG(x, y)f(y) dy, x ∈ Ω, (15.9)

(∇G)∗f(x) =
∫

Ω
∇yG(x, y)f(y) dy, x ∈ Ω. (15.10)

One way to achieve this is by invoking the celebrated Hardy–Littlewood–
Sobolev fractional integration theorem (see, e.g., [1]). Recall that if

Iαf(x) =
∫

Rn

f(y)
|x− y|n−α

dy, x ∈ R
n, (15.11)

stands for the usual Riesz potential operator then, for 0 < α < n,

Iα : Lp(Rn) −→ Lq(Rn), 1 < p <
n

α
,

1
q

=
1
p
− α

n
. (15.12)

It follows from (15.9)–(15.12) that if ∂Ω is sufficiently smooth (for example,
∂Ω ∈ C1+γ for some γ > 0 will do), then

∇G : Lp(Ω) −→ Lq(Ω), 1 < p < n,
1
q

=
1
p
− 1

n
, (15.13)

Observe that, by duality, (15.13) also yields

(∇G)∗ : Lp(Ω) −→ Lq(Ω), 1 < p < n,
1
q

=
1
p
− 1

n
. (15.14)

It is perhaps worth noting that (15.13) translates into the estimate

‖∇u‖Lq(Ω) ≤ C‖f‖Lp(Ω) whenever u solves (15.4),
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whereas (15.14) corresponds to

‖u‖Lq(Ω) ≤ C‖�f‖Lp(Ω)

whenever u solves
Δu = div �f in Ω,

Tr u = 0 on ∂Ω.

The extent to which the classical estimate (15.13) continues to hold for
domains with Lipschitz boundaries has been studied by Dahlberg in [2].
Recall that a Lipschitz domain is a domain whose boundary is locally given
by graphs of Lipschitz functions. Dahlberg proved that for any bounded
Lipschitz domain Ω ⊂ R

n, there exists ε = ε(Ω) > 0 such that (15.13)
continues to hold if

1 < p < pn + ε, 1/q = 1/p− 1/n, pn =

{
4/3, n = 2,

3n(n + 3)−1, n ≥ 3.

Dahlberg also proved that the choice of pn is sharp in the class of Lipschitz
domains. The moral is that ∇G continues to behave like a fractional
integration operator of order 1 but only for a more restricted range of
indices than what the classical theory would warrant.

In this paper we provide a new proof of Dahlberg’s result as well as an
extension. Our approach is conceptually different from the one in [2] and
it has the advantage of being adaptable to Neumann boundary conditions
and even systems of PDEs. To state the more general problem we study
here we need one more piece of notation. Throughout the paper, Hs,p(Ω)
will stand for the usual scale of Sobolev spaces on Ω of smoothness s ∈ R

and integrability p ∈ (1,∞). The issue we have in mind is the boundedness
of the Green potential operator in the context of Sobolev spaces

G : H−s,p(Ω) → H1−s,q(Ω), 1 < p < n,
1
q

=
1
p
− 1

n
, (15.15)

for a bounded Lipschitz domain Ω in R
n. The question is to determine the

range of indices p, s for which the operator (15.15) is bounded. In this new
formulation, the problem solved by Dahlberg corresponds to taking s = 0
in (15.15).

Let us describe in greater detail the main idea behind our approach.
The departure point is an identity relating the operators G and PI to the
effect that

Gf = Π(f̃)
∣∣
Ω − PI

[
Tr Π(f̃)

]
, (15.16)

where f̃ is a compactly supported function in R
n such that f̃ |Ω= f . As

discussed in the first part of this section, the mapping properties of the
assignment f �→ Π(f̃) are well understood. Regarding the second operator
appearing in (15.16), we intend to employ the factorization implicit in the
diagram
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(Ω) H  ,qα (Ω) Β
q,q

α−1/q
(Ω)

H  ,qα (Ω)
(   )~Π ]Tr[PI

1−s,p*H (Ω)

(   )~Π

PI

TrH2−s,p(Ω)−s,pH

(15.17)

where the hook-arrows denote embeddings and 1
p∗ = 1

p − 1
n . In order to

be able to successfully carry out this program, we must identify all pairs
of indices s, p for which there exist α, q such that all operators in (15.17)
are well defined and bounded. The embedding results are, of course, well
understood. The trace operator (for Lipschitz domains) has been treated
in [3]. Finally, the mapping properties of the Poisson integral are handled
based on the identity (15.7). For this segment in our analysis we rely on the
results proved in [4] and [5] for layer potentials acting on Sobolev–Besov
spaces.

The plan of the paper is as follows. In Section 15.2 we state the main
result pertaining to the boundedness of (15.15) and in Section 15.3 we
review a number of preliminary results which are useful for us. Section 15.4
is devoted to the proof of our main result.

15.2 Statement of the Main Result

As mentioned before, we denote by Hs,p the usual scale of Sobolev spaces
of smoothness s ∈ R and integrability p ∈ (1,∞). These are defined in R

n

with the help of the Fourier transform and on Ω via restriction. Recall that
the Sobolev space with a negative smoothness index can also be defined
by duality. In particular, H−s,p(Ω) = (Hs,p′

0 (Ω))∗, where 1
p′ = 1 − 1

p and
Hs,p

0 (Ω) is the space of distributions in Hs,p(Rn) with support contained
in Ω̄ (see [6]). In order to state the main result of our paper we need to
define a family of regions Q(n, ε) in R

2, depending on n ∈ N, n ≥ 2, and a
parameter ε > 0. These are as follows.

The region Q(2, ε) consists of points of the form (s, 1
p ) in R

2 whose
coordinates satisfy the inequalities

− 1
2 < s ≤ −1

2 + ε, 1
2 − s < 1

p < 1,

− 1
2 + ε < s ≤ 1

2 − ε, − s
2 + 3

4 − ε
2 < 1

p < 1,

1
2 − ε < s ≤ 1

2 + ε, 1
2 < 1

p < 1,

1
2 + ε < s < 1, 1

2 < 1
p < − s

2 + 5
4 + ε

2 .
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The region Q(2, ε) is the shaded region in Fig. 1. The quadrilateral with
vertices (− 1

2 , 1), (0, 1
2 ), (1, 1

2 ), and (1, 1) corresponds to the case ε = 1/2.

1/p

ε

(1/2+  ,1)ε

(1,3/4+  /2)ε

(1/2−  ,1/2)ε

(−1/2+  ,1−  )εε

(0,3/4−  /2)

1

1−1/2 1/2

(−1/2,1)

1/2 (1,1/2)

s

Fig. 1. The region Q(2, ε).

When n ≥ 3, the region Q(n, ε) consists of points (s, 1
p ) in R

2 whose
coordinates satisfy the inequalities⎧⎪⎪⎪⎨⎪⎪⎪⎩

−1 + 1
n < s ≤ −1

2 + ε
2 , −s + 1

n < 1
p < 1,

− 1
2 + ε

2 < s ≤ 0, − s
3 + 1

n + 1
3 − ε

3 < 1
p < 1,

0 < s < ε, max
{ 1

n ,− s
n + 1

n + 1
3 − ε

3

}
< 1

p < 1,

ε < s < 1, max
{ 1

n ,− s
n + 1

n + 1
3 − ε

3

}
< 1

p < − s
3 + 1 + ε

3 .

The region Q(n, ε) is the shaded region in Fig. 2. The quadrilateral with
vertices (−1 + 1

n , 1), (0, 1
n ), (1, 1

n ), and (1, 1) corresponds to the case when
ε = 1.

(−1/2+  /2,1/n+1/2−  /2)εε

(0,1/n+1/3−  /3)ε

s

1

1−1

(ε,1)(−1+1/n,1)

(1,2/3+ε/3)

(1,1/3−ε/3)
1/n

1/p

Fig. 2. The region Q(n, ε).

We are now ready to state our main theorem.
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Theorem 1. For each Ω bounded Lipschitz domain in R
n, n ≥ 2, with

connected boundary, there exists ε = ε(Ω) > 0, ε ∈ (0, 1
2 ] if n = 2 and

ε ∈ (0, 1] if n = 3, such that the operator

G : H−s,p(Ω) → H1−s,p∗
(Ω) (15.18)

is well defined, linear, and bounded whenever(
s,

1
p

)
∈ Q(n, ε) and

1
p∗ =

1
p
− 1

n
.

Moreover, when ∂Ω ∈ C1 one can take ε = 1
2 if n = 2 and ε = 1 if n ≥ 3.

Remark 1. If we set s = 0 in (15.18) we recover the Lp − Lq estimates
proved by Dahlberg in [2] (see the discussion in the Introduction).

Remark 2. A result similar in concept is valid for the case of (homoge-
neous) Neumann boundary conditions.

The proof of Theorem 1 is carried out in Section 15.4.

15.3 Prerequisites

In this section we recall some basic definitions and summarize a number of
technical prerequisites which will be used in what follows. We shall retain
the notation and the conventions introduced so far.

Fix a bounded Lipschitz domain Ω ⊂ R
n and let Lp(∂Ω) stand for

the Lebesgue space of measurable, pth power integrable functions on ∂Ω.
Also, let Lp

1(∂Ω) denote the Sobolev space of functions from Lp(∂Ω) whose
tangential gradient has Lp components.

Next, for 0 < s < 1, 1 < p, q < ∞, denote by Bp,q
s (∂Ω) the usual scale

of Besov spaces over ∂Ω with smoothness s. By real interpolation,

(Lp(∂Ω), Lp
1(∂Ω))θ,q = Bp,q

θ (∂Ω), 0 < θ < 1, 1 < p, q < ∞.

Besov spaces on ∂Ω with a negative smoothness index can be introduced
via duality. Specifically, if 0 < s < 1, 1 < p, q < ∞, 1/p + 1/p′ = 1,
1/q + 1/q′ = 1, then we set

Bp,q
−s (∂Ω) :=

(
Bp′,q′

s (∂Ω)
)∗

.

It is well known that the trace operator

Tr : Hs,p(Ω) −→ Bp,p

s− 1
p

(∂Ω), 1 < p < ∞, 1
p < s < 1

p + 1,

is well defined and bounded. See, e.g., [6] and [7] for references and more
details.



184 D. Mitrea

For ε > 0, we define the following two regions in R
2:

R1
ε := the set of points inside the hexagon with vertices at

(0, 0), ( 1
2 + ε, 0), (1, 1

2 − ε), (1, 1), ( 1
2 − ε, 1), (0, 1

2 + ε),

R2
ε := the set of points inside the hexagon with vertices at

(0, 0), (ε, 0), (1, 1
2 − 1

2ε), (1, 1), (1− ε, 1), (0, 1
2 + 1

2ε).

Recall the Newtonian potential from (15.2) and the Poisson integral oper-
ator (15.6).

Theorem 2. For each bounded Lipschitz domain Ω in R
n, n ≥ 2, whose

boundary is connected, the following hold.
(1) The operator

Π : H−s,p
0 (Ω) → H2−s,p(Ω)

is bounded for each 1 < p <∞, 0 ≤ s ≤ 2.
(2) There exists ε = ε(∂Ω) ∈ (0, 1

2 ] for n = 2 and ε = ε(∂Ω) ∈ (0, 1] for
n ≥ 3 such that the operator

PI : Bp,p
s (∂Ω) −→ Hs+ 1

p ,p(Ω)

is well defined and bounded whenever (s, 1
p ) ∈ R1

ε for n = 2, and whenever
(s, 1

p ) ∈ R2
ε for n ≥ 3.

Proof. The fact that the Newtonian potential is a bounded operator in the
context of (15.1) follows from classical Calderón–Zygmund theory, duality
and interpolation. The fact that the operator in (15.2) is well defined and
bounded has been proved in [5] for n = 2 and in [4] for n ≥ 3, based on the
integral representation (15.7).

15.4 Proof of Theorem 1

We start with f ∈ H−s,p(Ω), for some −1 ≤ s ≤ 1, and 1 < p < n. Then,
the solution to (15.4) can be formally written as

u = Π(f̃) |Ω −PI
[
Tr Π(f̃)

]
, (15.19)

where f̃ ∈ H−s,p(Rn), has compact support, and satisfies f̃ |Ω = f .
The goal is to show that there exists ε > 0 such that the right-hand

side of (15.19) is well defined and contained in H1−s,p∗
(Ω) for all (s, 1

p ) ∈
Q(n, ε), where 1

p∗ = 1
p − 1

n . From Theorem 2 it follows that Π(f̃) |Ω∈
H2−s,p(Ω) for all indices s and p as above.

The task at hand is to inspect (15.17) and analyze each operator in this
diagram. The first horizontal arrow (essentially the Newtonian potential)
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has already been discussed. The second horizontal arrow in the diagram
(an inclusion) is well defined provided

2− s ≥ α and 1
q − α

n = 1
p − 2−s

n . (15.20)

The third arrow (a trace operator) is well defined whenever

1
q < α < 1 + 1

q . (15.21)

The first vertical arrow is the operator PI. By Theorem 2, there is ε > 0
such that this is well defined and bounded between the given spaces if(

α− 1
q , 1

q

)
∈ R1

ε for n = 2, (15.22)(
α− 1

q , 1
q

)
∈ R2

ε for n ≥ 3. (15.23)

Finally, the last vertical arrow (an inclusion) is well defined provided

α ≥ 1− s and 1
p∗ − 1−s

n = 1
q − α

n . (15.24)

Let us combine (15.20)–(15.24) above, for ε > 0 as in Theorem 2. For each
pair (s, 1

p ) with −1 ≤ s ≤ 1, 1 < p < n, we set t := 2− s > 0 (this is done
in order to simplify the exposition that follows). Then we should have

1 ≤ t ≤ 3, t− 1 ≤ α ≤ t, (15.25)

where the second set of inequalities in (15.25) is equivalent to the first
conditions in (15.20) and (15.24). The last condition in (15.24) is a conse-
quence of (15.20) and the definition of p∗.

The condition (15.21) is equivalent with (α, 1
q ) belonging to the region

between the lines y = x and y = x − 1, while based on Theorem 2, the
conditions (15.22)–(15.23) hold if and only if (α, 1

q ) belongs to the hexagon
H1

ε for n = 2 and to the hexagon H2
ε for n ≥ 3 (see Fig. 3 and 4).

0

(3/2−ε,1/2−ε)

1 2 x

(2,1)(3/2−ε,1)

(1/2+ε,1/2+ε )

(1/2+ε,0)

1

y

Fig. 3. The region H1
ε.
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(2,1)1

1 2 x

(1/2+ε/2,1/2+ε/2)

(2−ε,1)

(3/2−ε/2,1/2−ε/2)

(ε,0)

y

Fig. 4. The region H2
ε.

The last condition in (15.20) is equivalent to the requirement that(
α, 1

q

)
belongs to the line through the point

(
t, 1

p

)
and of slope 1

n .

In particular, if for a fixed (t, 1
p ), we select a point (α, 1

q ) on the line of
slope 1

n and passing through the point (t, 1
p ), which lies to the left of (t, 1

p ),
then the conditions in (15.20) are satisfied.

Case 1: n = 2.

y=x/2+1/4+   /2ε

y=x

y=x/2−1/4−   /2

α

x

ε

1 2

(3/2−ε,1)

(1/2+ε,1/2+ε )

(1/2+ε,0) 3

1/2

1
(2,1)

y

(3/2−ε,1/2−ε)

y=1/2

0

y=x−1

y=x−3/2(t,1/p)(   ,1/q)

Fig. 5.

If we take a point (t, 1
p ) inside the region bounded by the lines y = 1,

y = x− 1, y = 1
2 , y = 1

2x− 1
4 − ε

2 , and y = x− 3
2 (see Fig. 5), then clearly

1 < p < 2, 1 ≤ t ≤ 3. Also, there exists a point (α, 1
q ) on the line of slope 1

2

through (t, 1
p ) such that t−1 ≤ α ≤ t and (α, 1

q ) ∈ H1
ε. The same is true for

the points (t, 1
p ) on the line y = x−1 having 1

2 < 1
p < 1. Hence, for all these
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points (t, 1
p ) we can find (α, 1

q ) satisfying (15.20)–(15.24) with s = 2 − t.
On the other hand, if (t, 1

p ) is taken inside the region bounded by the lines
y = 1, y = 1

2x + 1
4 + ε

2 , x = 1, y = 1
2 , and y = x − 1, we can take α = t

and q = p and again (15.20)–(15.24) are verified when s = 2− t, and hence
the solution (15.19) is in H1−s,p∗

(Ω). Now if we apply the transformation
(x, y) �→ (2−x, y) to the region bounded by the lines y = 1, y = 1

2x+ 1
4 + ε

2 ,
x = 1, y = 1

2 , y = 1
2x− 1

4− ε
2 , and y = x− 3

2 , the resulting region is Q(2, ε).
What we have proved is that for (s, 1

p ) ∈ Q(2, ε), the operator (15.18) is
bounded.

Case 2: n ≥ 3.

The main ideas of the proof are similar to those in the case n = 2. This
time we have to analyze the region shown in Fig. 6.

y=x/3+1/n−1/3−  /3

y=x

x

y=x/3+1/3+  /3

(  ,1/q)α

εy=x/3−  /3

ε
y=x/n−1/n+1/3−  /3ε

ε1

(ε,0)
1 2 3

(2−ε,1)

y=x−1

y=1/n

(1/2+ε/2,1/2+ε/2)

y=x−2+1/n(t,1/p)

y

Fig. 6.

Whereas the lines y = 1
n and y = 1

nx − 1
n + 1

3 − ε
3 do not intersect in

our Fig. 6, that might change depending on the values of n and ε. If we
take a point (t, 1

p ) inside the region bounded by the lines y = 1, y = x− 1,
y = 1

3x− ε
3 , y = 1

nx− 1
n + 1

3 − ε
3 , y = 1

3x + 1
n − 1

3 − ε
3 , and y = x− 2 + 1

n ,
with 1 < p < n then clearly 1 ≤ t ≤ 3. Also, there exists a point (α, 1

q )
on the line of slope 1

n passing through (t, 1
p ) such that t − 1 ≤ α ≤ t and

(α, 1
q ) ∈ H2

ε. The same is true for the points (t, 1
p ) on the line y = x − 1

having 1
2− ε

2 < 1
p < 1 and for the points (t, 1

p ) on the line y = 1
3x− ε

3 having
1
3 − ε

3 < 1
p ≤ 1

2 − ε
2 . Hence, for all these points (t, 1

p ) we can find (α, 1
q )

satisfying (15.20)–(15.24) with s = 2 − t. On the other hand, if (t, 1
p ) is

taken inside the region bounded by the lines y = 1, y = 1
3x + 1

3 + ε
3 , x = 1,

y = 1
3x− ε

3 , and y = x−1, we can take α = t and q = p and again (15.20)–
(15.24) are verified when s = 2 − t and, hence, the solution (15.19) is in
H1−s,p∗

(Ω). Applying the transformation (x, y) �→ (2− x, y) to the region
bounded by the lines y = 1, y = 1

3x + 1
3 + ε

3 , x = 1, y = 1
nx− 1

n + 1
3 − ε

3 ,
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y = 1
3x + 1

n − 1
3 − ε

3 , and y = x − 2 + 1
n , the resulting region is Q(n, ε).

What we have proved is that for (s, 1
p ) ∈ Q(n, ε), the operator (15.18) is

bounded.
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16 Applications of Wavelets
and Kernel Methods
in Inverse Problems
Zuhair Nashed

16.1 Introduction and Perspectives

In many areas of applied sciences, engineering, and technology there are
three problems dealing with data and signals: (i) data compression, (ii) sig-
nal representations, and (iii) recovery of signals from partial or indirect in-
formation about the signals, often contaminated by noise. Major advances
in these problems have been achieved in recent years where wavelets, mul-
tiresolution analysis, and kernel methods have played key roles. We con-
sider problem (iii) and provide glimpses of specific contributions to inverse
and ill-posed problems.

Inverse problems deal with determining, for a given input-output sys-
tem, an input that produces an observed output, or determining an in-
put that produces a desired output. In terms of an operator T acting
between, say, two normed spaces X and Y , the problem of solving the
equation T (x) = y for given data y ∈ Y is a canonical example of an
inverse problem. Typically, inverse problems are ill posed. Important ex-
amples of ill-posed inverse problems include integral equations of the first
kind, tomography, and inverse scattering. Signal analysis/processing deals
with digital representations of signals and their analog reconstructions from
digital representations. Its principal tools are sampling expansions, filters,
transforms, and, more recently, wavelets. Image analysis deals with prob-
lems such as image recovery, enhancement, feature extraction, and motion
detection. Medical imaging is an important branch of image science and
deals with image analysis in medical applications.

Two or three decades ago, the common thread between inverse problems,
signal processing, and imaging problems was rather tenuous; these fields
appeared dissimilar in their point of view, scope, and intent. Researchers
in one of these fields were often unfamiliar with the other two areas. This
situation has changed drastically in recent years, and there is now signif-
icant interaction among these fields. This is partly due to some of the
unifying common concepts and tools that are used in these fields (such as
expansion theorems, wavelets, certain function spaces, etc.) and the impact
of functional analysis, harmonic analysis, and computational mathematics
on recent developments. Some perspectives on these interactions can be
found, for example, in [12], [18], and related references cited therein, which
also contain some papers on applications of wavelets in these areas.
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The common thread among the areas of inverse problems, signal anal-
ysis, and image analysis is a canonical problem: recovery of an object
(function, signal, picture) from partial or indirect information about the
object (often contaminated by noise). Both inverse problems and imag-
ing science have emerged in recent years as interdisciplinary research fields
with profound applications in many areas of science, engineering, technol-
ogy, and medicine. Research in inverse problems and image processing
has rich interactions with several areas of mathematics, and strong links
to signal processing, variational problems, applied harmonic analysis, and
computational mathematics.

Series expansions and integral representations of functions and opera-
tors play a fundamental role in the analysis of direct problems of applied
mathematics—witness the role of Fourier series, power series, and eigen-
function expansions associated with self-adjoint linear operators, and the
role of integral representations in potential theory, boundary value prob-
lems, complex analysis, and other areas.

Expansion methods also play a useful role in certain inverse problems
(see, for example, [17], on which this exposition is partly based). Two
important problems are (i) the recovery of a function from inner products
(moments), and (ii) the recovery of a function from its values on a subset of
its domain. We consider as examples wavelet sampling solutions of ill-posed
problems, and wavelet solutions of moment problems. For perspectives and
applications on (i), see [15], [30], [33], [35], and [36]. For perspectives and
various results on (ii), see [4], [5], [10], [13], [22], [28], [29], and [34].

To motivate our presentation, we first consider two simple recovery prob-
lems for a function f belonging to a function space V of dimension n. Let
{u1, u2, . . . , un} be a basis for V . Then f has the unique representation
f(x) =

∑n
i=1 ciui(x). The form of the coefficients ci and the ease of their

computation depend on the type of recovery problem considered, and the
choice of a basis that would be most convenient for computation.

(i) Recovery of a function from inner products (moments). If
we know αj := 〈f, uj〉, then the ci are the solutions of the system

n∑
i=1

ci 〈ui, uj〉 = αj , j = 1, . . . , n.

In particular, if {u1, . . . , un} is an orthonormal basis, then cj = 〈f, uj〉,
and so we have the Fourier expansion

f(x) =
n∑

j=1

〈f, uj〉uj(x). (16.1)

(ii) Recovery of a function from its values on a subset of its do-
main. If we know f(tj), j = 1, . . . , n, then the ci are uniquely determined
from the system

n∑
i=1

ciui(tj) = f(tj), j = 1, . . . , n.
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Then we obtain the expansion

f(t) =
n∑

i=1

f(ti)ui(t), (16.2)

which may be viewed as a Fourier-type expansion in terms of the discrete
orthonormal sequence {ui(tj)}n

i,j=1. This is a finite-dimensional version of
a sampling expansion in signal processing.

Both forms, (16.1) and (16.2), are special cases of the expansion

f(t) =
n∑

i=1

li(f)ui(t),

where the li are (continuous) linear functionals. The extensions to infinite-
dimensional problems lead to Fourier series and Shannon’s sampling theo-
rem, as examples.

The problem of reconstruction (recovery) of a function in an infinite-
dimensional space (such as a finite-energy signal) from partial or indirect
information about the function arises in many areas of applied mathe-
matics, and can be viewed as an inverse problem. Examples of recovery
problems from partial information include
(a) the sampling problem: given f(tn), n ∈ N , construct f ;
(b) the extrapolation problem: given f(t) for t ∈ T , extrapolate f to a

larger domain;
(c) given f(tn) and f ′(tn) for a set of points {tn}, construct f .
Clearly, these problems do not have a solution in general. They are

classical problems in signal analysis and approximation theory.
We consider the role of a reproducing kernel Hilbert space (RKHS) in

such problems. We recall that a Hilbert space H of functions f on an
interval T is said to be an RKHS if all the evaluation functionals Et(f) :=
f(t), f ∈ H, for each fixed t ∈ T , are continuous. Then, by the Riesz
representation theorem, for each t ∈ T there exists a unique element kt ∈ H
such that

f(t) = 〈f, kt〉 , f ∈ H. (16.3)

Let k(t, s) := 〈ks, kt〉 for s, t ∈ T . Then ks(t) = k(t, s), which is called the
reproducing kernel of H. It is clear that every finite-dimensional function
space V is an RKHS with reproducing kernel k(s, t) =

∑n
i=1 ui(s)ui(t),

where {ui}n
i=1 is any orthonormal basis for V .

If H is a separable Hilbert space with reproducing kernel k(t, s) and
orthonormal basis {un}∞

n=1, then

k(t, s) =
n∑

i=1

ui(t)ui(s),

the series converging absolutely. Note that L2(T ) is not an RKHS, while
the subspace of all functions in L2(T ) which are absolutely continuous and
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whose derivatives are in L2(T ) is an RKHS under the appropriate inner
product. L2(T ) contains many interesting subspaces that are RKHS. Basic
properties of RKHS related to applications in this presentation can be
found in [1], [11], [19], and [24].

16.2 Sampling Solutions of Integral Equations of the
First Kind

Fredholm integral equations of the first kind

(Kx)(t) =
∫ b

a

K(t, s)x(s)ds = y(t) (16.4)

are notoriously difficult to solve. The reason is that in most cases, solving
the equation is an ill-posed problem. It may not have a solution, and even
if it does, the solution does not depend continuously on the data.

The difficulty is compounded if the data y(t) are not known exactly but
only approximately for a discrete set of t, and, moreover, are contaminated
by noise. That is, instead of (16.4) we have to solve

yi =
∫ b

a

K(ti, s)x(s)ds + εi, i = 1, 2, . . . , n, (16.5)

where εi is a random variable of noise.
A number of approaches are available (see, for example, [3], [8], [9], [14],

[16], and [19]), the most popular of which is regularization (see [8], [9], [20],
and [27]). However, most of them seem to suffer from either slow conver-
gence or a tedious asymptotic analysis to determine an optimal value for
a regularization (or related) parameter. There is a technique, due princi-
pally to Stenger (see [25] and [26]), which is used to solve certain integral
equations numerically and whose rate of convergence is exponential. This
technique uses cardinal series and has been applied to a number of different
integral operators, most of which, however, are not compact.

Fortunately, a number of new results have appeared recently (such as [2],
[22], [30], and [34]) which will enable us to use signal analysis techniques for
a wider class of problems. These may be coupled with an older approach
involving problems such as (16.4) and (16.5) in a reproducing kernel Hilbert
space setting (see [19], [20], [21], and [31]).

In this section we describe an approach to the solutions of inverse and ill-
posed problems considered by G.G. Walter and the author. The approach
uses general sampling theorems in RKHS developed in [22].

Rather than attempting to solve (16.5), we use the standard engineering
approach and replace the discrete values {yi} by the impulse train

y∗(t) =
n∑

i=1

yiδ(t− i), (16.6)
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where δ(t − i) is the Dirac delta “function” (impulse) at t = i. Both the
domain and range of the integral operator in (16.4) are assumed to be
RKHSs with reproducing kernels P and Q, respectively, which we denote
by HP and HQ. (This assumption is satisfied in many problems of interest.)
We also suppose that HQ is a closed subspace of the Sobolev space H−1

(so we can relate y to y∗ as in [22]).
Our proposed procedure is as follows:
(i) project the data y∗ into the range space HQ;
(ii) approximate the projected function Qy∗ by a sampling series;
(iii) solve the problem for the partial sums of the sampling series with a

sampling series in HP ;
(iv) find the resulting error and establish its order.
That (i) and (ii) are possible is shown in [22]. Step (iii) is feasible if the

reproducing kernel has isolated zeros. Then, as shown in [22], {Q(tn, t)}
and {P (sn, s)} are orthogonal sequences.

The integral operator K in (16.4) maps P (sn, s) into K(t, sn). If we
expand x with respect to {P (sn, s)}, we obtain

x(s) =
∑

n

x(sn)
P (sn, s)
P (sn, sn)

and, similarly,

y(t) =
∑

n

y(tn)
Q(tn, t)
Q(tn, tn)

.

Hence, we must solve

∑
n

y(tn)
Q(tn, t)
Q(tn, tn)

= (Kx)(t) =
∑

n

x(sn)
K(t, sn)
K(sn, sn)

.

But at t = tm we have

y(tm) =
∑

n

x(sn)
K(tm, sn)
P (sn, sn)

,

so x(sn) may be obtained by solving a linear system whose matrix is[
K(tm, sn)
P (sn, sn)

]
.

The error calculations may be quite complex. However, some types of
errors have been considered in [22]. The procedure can also be extended to
treat (more abstract) operator equations acting between two RKHSs, and
to determine numerically least-squares solutions when y is not in the range
of the operator, using the general framework of [14], [19], [20], and [21].



194 Z. Nashed

In summary, the proposed procedure is to attach a semi-discrete (or mo-
ment discretization) version (16.5) of (16.4) by using the associated impulse
train (16.6). This is projected onto the RKHS HQ, and is then approx-
imated by the partial sums of a sampling series. The problem is finally
solved for these partial sums and the error found and compared to other
methods.

16.3 Wavelet Sampling Solutions of Integral
Equations of the First Kind

We conclude our presentation by considering wavelet sampling solutions of
(16.4)–(16.5). Associated with each RKHS V0 ⊂ L2(R) there is a sequence
{Vn} of dilation spaces

Vi+1 = {f ∈ L2(R) : f(x/2) ∈ Vi}, i = 0, 1, . . . .

Clearly, each Vi is an RKHS. If Vi+1 ⊃ Vi, we obtain a multiresolution
ladder

V0 ⊂ V1 ⊂ . . . ⊂ Vi ⊂ Vi+1 ⊂ . . . ⊂ L2(R).

This is the setting for wavelet analysis [6]. The initial space V0 is chosen
as the closure of the span of translates of the scaling function φ(x). The
reproducing kernel for this space is

k(x, y) =
∞∑

n=−∞
φ(x− n)φ(y − n),

where {φ(·−n)} is an orthonormal system. These scaling functions satisfy
a scaling equation

φ(x) =
∑

ckφ(2x− k), {ck} ∈ �2.

The “mother wavelet” associated with φ is given by

ψ(x) =
∑

(−1)k−1ckφ(2x + k − 1).

Its translates form an orthonormal basis of the orthogonal complement W1
of V0 in V1; that is, V1 = V0 ⊕W1 and

ψjk(x) = 2j/2ψ(2jx− k)

form an orthogonal basis of L2(R). For the classical Paley–Wiener case, the
space V0 is the space of π-bandlimited functions and φ(x) = sincπx. Then
V1 is the space of 2π-bandlimited functions and W1 is the set of functions
whose Fourier transforms have support in [−2π,−π) ∪ [π, 2π).

We now apply the sampling solution procedure to (16.4) or (16.5) but
restrict consideration to HQ, which are wavelet subspaces. These subspaces
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are usually associated with a multiresolution analysis, a nested sequence
{Vm} of RKHSs contained in L2(R) such that

. . . ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ . . . ⊂ Vm ⊂ . . . ⊂ L2(R).

Each of these subspaces has an associated sampling theorem under very
broad hypotheses (see [30] and [22]) and fits the theory developed in our
previous work. A similar approach in a wavelet context has been considered
by Donoho and Johnstone, who in a series of papers (see, for example, [7])
have attacked the problem (16.5) by first projecting (16.6) onto Vm, but
then using a “shrinking” procedure to change the wavelet coefficients. Their
method is based on a statistical optimization technique and works best if
{εi} is white noise. It uses the sample values {yi} as an approximation to
the wavelet coefficients. Our method, because it uses the sampling series
rather than the wavelet series, is exact when the noise is zero and y ∈ Vm.
It also works when the {ti} are not uniformly distributed since nonuniform
sampling exists in some wavelet subspaces (see [2], [30], and [32]).

RKHS methods have been effectively developed for the simultaneous reg-
ularization and approximation of ill-posed integral and operator equations
(see, for example, [20]). RKHS methods can also be coupled with other
approaches to improperly posed problems, as described in the classification
given by Payne [23]. The proposed approach should increase the effective-
ness of the RKHS approach since sampling expansions (with derived error
bounds) in wavelet and reproducing kernel subspaces will replace the in-
tegral representations. The interlocking in the areas of inverse/ill-posed
problems, signal analysis, and moment problems will advance all these ar-
eas.
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17 Zonal, Spectral Solutions
for the Navier–Stokes Layer
and Their Aerodynamical
Applications
Adriana Nastase

17.1 Introduction

The starting point for this paper is the partial differential equations (PDEs)
of the three-dimensional stationary, compressible Navier–Stokes layer
(NSL), without any simplifications, as given in [1] and [2]. The new zonal,
spectral solutions proposed here for the NSL’s PDEs are useful for the
computation of the flow over flattened, flying configurations (FCs). Let us
introduce a new spectral coordinate, namely:

η = (x3 − Z(x1, x2))/δ(x1, x2).

Here Z(x1, x2) is the equation operator of the FC, δ(x1, x2) is the thick-
ness of the NSL, and the coordinate x3 is measured perpendicular to the
planform of the FC. The spectral forms of the axial, lateral, and vertical
components uδ, vδ, and wδ of velocity, the density function R = ln ρ, and
the absolute temperature T are, as in [3]–[5],

uδ = ue

N∑
i=1

uiη
i, vδ = ve

N∑
i=1

viη
i, wδ = we

N∑
i=1

wiη
i, (17.1a–c)

R = Rw + (Re −Rw)
N∑

i=1

riη
i, T = Tw + (Te − Tw)

N∑
i=1

tiη
i. (17.2a,b)

The exponential law of the viscosity μ versus the absolute temperature
T and the physical equation of an ideal gas for the pressure p used here are

μ = μ∞

[
T

T∞

]n1

, p ≡ Rg ρ T = Rg eR T. (17.3a,b)

Here, Rg is the universal gas constant, T∞ and μ∞ are the values of T
and μ of the undisturbed flow, n1 is the viscosity exponent, Rw and Tw

are the given values of R and T at the wall, ue, ve, we, Re, and Te are
the values of u, v, w, R, and T at the NSL’s edge, and ui, vi, wi, ri,
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and ti are free spectral coefficients, which are determined by satisfying the
NSL’s PDE and the boundary conditions at the NSL’s edge. The inviscid
potential flow over the FC, obtained after the solidification of the NSL, is
used here as outer flow (instead of the parallel undisturbed flow used by
Prandtl in his boundary layer theory). The boundary conditions on the
FC (at η = 0) are automatically satisfied. The boundary conditions for the
velocity components at the NSL’s edge (at η = 1) are written in a special
explicit form, as in [3]–[5], and those of the absolute temperature T and of
the density function R are written in implicit form:

uN−2 = α0,N−2 +
N−3∑
i=1

αi,N−2 ui, vN−2 = α0,N−2 +
N−3∑
i=1

αi,N−2 vi,

uN−1 = α0,N−1 +
N−3∑
i=1

αi,N−1 ui, vN−1 = α0,N−1 +
N−3∑
i=1

αi,N−1 vi,

uN = α0,N +
N−3∑
i=1

αi,N ui, vN = α0,N +
N−3∑
i=1

αi,N vi,

wN = γ0,N +
N−1∑
i=1

γi,N wi,

N∑
i=1

ri = 1,

N∑
i=1

ti = 1.

(17.4a–i)

If the spectral forms of the velocity’s components are introduced in the
NSL’s PDE of impulse, the boundary conditions at the NSL’s edge are
eliminated and the collocation method is used; the spectral coefficients are
obtained by iteration from the equivalent quadratic algebraic system

N−3∑
i=1

ui

[N−3∑
j=1

(
Ā

(1)
ijk uj + B̄

(1)
ijk vj

)
+

N−1∑
j=1

C̄
(1)
ijk wj

]

= D̄
(1)
k +

N−3∑
i=1

(
Ā

(1)
ik ui + B̄

(1)
ik vi

)
+

N−1∑
i=1

C̄
(1)
ik wi,

N−3∑
i=1

vi

[N−3∑
j=1

(
Ā

(2)
ijk uj + B̄

(2)
ijk vj

)
+

N−1∑
j=1

C̄
(2)
ijk wj

]

= D̄
(2)
k +

N−3∑
i=1

(
Ā

(2)
ik ui + B̄

(2)
ik vi

)
+

N−1∑
i=1

C̄
(2)
ik wi,

N−3∑
i=1

wi

[N−3∑
j=1

(
Ā

(3)
ijk1

uj + B̄
(3)
ijk1

vj

)
+

N−1∑
j=1

C̄
(3)
ijk1

wj

]

= D̄
(3)
k1

+
N−3∑
i=1

(
Ā

(3)
ik1

ui + B̄
(3)
ik1

vi

)
+

N−1∑
i=1

C̄
(3)
ik1

wi,
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with slightly variable coefficients. These NSL solutions are reinforced be-
cause they have correct asymptotic behavior along singular lines such as
subsonic leading edges, wing/fuselage junction lines, and wing/leading edge
flaps junction lines, a correct last behavior at infinity, and, for the super-
sonic flow, they also satisfy the boundary condition on a characteristic
surface. These zonal, spectral solutions are useful for the qualitative anal-
ysis of the asymptotic behavior of the NSL’s PDE in the vicinity of their
singular points, for the determination of the friction drag coefficient of FC,
and for the global optimal design of the FC shape.

17.2 Qualitative Analysis of the Asymptotic
Behavior of the NSL’s PDE

The NSL’s impulse equations are quadratic algebraic equations (QAEs)
with variable coefficients, namely:

M∑
i=1

[ M∑
j=1

a
(k)
ij XiXj + 2a

(k)
i,M+1Xi

]
+ a

(k)
M+1,M+1 = 0. (17.5a)

In each QAE, only the free term ak = a
(k)
M+1,M+1 depends on the pres-

sure at the edge of the NSL and, therefore, has a greater variation. In
addition, the free term of a kth QAE is systematically varied and all the
other coefficients are maintained constant. The canonical form of the kth
QAE is

M∑
i=1

λ
(k)
i X ′′

ik
2 + a′′

k = 0. (17.5b)

In the QAE (17.5), the free term is a′′
k = Δk/δk, where δk is the dis-

criminant and Δk the great determinant of this QAE, given by

δk =

∣∣∣∣∣∣∣∣∣∣
a
(k)
11

a
(k)
21
...

a
(k)
M,1

a
(k)
12

a
(k)
22
...

a
(k)
M,2

. . .

. . .

. . .

a
(k)
1M

a
(k)
2M
...

a
(k)
M,M

∣∣∣∣∣∣∣∣∣∣
,

Δk =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a
(k)
11

a
(k)
21
...

a
(k)
M,1

a
(k)
M+1,1

a
(k)
12

a
(k)
22
...

a
(k)
M,2

a
(k)
M+1,2

. . .

. . .

. . .

. . .

a
(k)
1,M

a
(k)
2,M

...

a
(k)
M,M

a
(k)
M+1,M

a
(k)
1,M+1

a
(k)
2,M+1

...

a
(k)
M,M+1

a
(k)
M+1,M+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
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λ
(k)
i are the eigenvalues of the QAE, obtained as solutions of its character-

istic equation

Δc ≡

∣∣∣∣∣∣∣∣∣∣∣

a
(k)
11 − λ

a
(k)
21
...

a
(k)
M,1

a
(k)
12

a
(k)
22 − λ

...

a
(k)
M,2

. . .

. . .

. . .

a
(k)
1,M

a
(k)
2,M

...

a
(k)
M,M − λ

∣∣∣∣∣∣∣∣∣∣∣
= 0,

and X ′′
i is the canonical system of coordinates of this QAE, obtained from

the initial system Xi of coordinates after successive translation and rota-
tion. The canonical form of the kth QAE (17.5) is used for the qualitative
analysis and the visualization of the asymptotic behavior of the initial kth
QAE, in the vicinity of its critical point. The geometric visualization in the
M -dimensional space of the independent spectral coefficients ui, vi, wi is
presented in the form of hyperellipsoids if all the eigenvalues λi are of the
same sign, and hyperhyperboloids if one or more eigenvalues are of different
sign. The character of each QAE remains unchanged during the variation
of its free term (because they do not enter in the discriminant δ) and the el-
liptic and hyperbolic equations reach their critical points, located at their
centers. The critical value ak = ac is obtained from the linear equation
Δk ≡ δac + d = 0 which, for elliptic and hyperbolic QAEs, has a unique
solution (because δ 
= 0). The asymptotic behavior of the elliptic and hy-
perbolic QAEs in the vicinity of their singular points is very different and,
therefore, the qualitative analysis and the visualization of this behavior in
the vicinity of singular points will be treated separately in what follows.

If the free term of the elliptic QAE is systematically varied, the QAE is
visualized in the form of coaxial hyperellipsoids of decreasing sizes if the
free term a = ak increases; for the critical value a = ac, they degenerate
into one point. For a > ac, the coaxial hyperellipsoids collapse. The
visualization is made in sections for a space of dimension M = 2. The
elliptic QAE chosen as an example for M = 2 is

F1 ≡ 3x2 + 5y2 + 4xy − 6x− 3y + a = 0. (17.6)

The canonical form of the equation (17.6), after translation and rotation,
is

F1 ≡ λ1x
′′2 + λ2y

′′2 + a′′ = 0, a′′ = Δ1/δ1. (17.7)

The determinants δ1 and Δ1 of this QAE are

δ1 = 11, Δ1 = 1
4 (44a− 135),

and the eigenvalues λi are of the same sign:

λ1 = 1.764, λ2 = 6.236;
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consequently, equation (17.6) is elliptic. The critical value of the free term
of equation (17.6) (a ≡ ac = 3.068) is obtained by cancelling the great
determinant Δ1 = 0.

Fig. 1. The collapse of the coaxial ellipses F1 for M = 2.

If the free term a in the equation (17.7) is systematically varied from
−∞ to +∞, then for a < ac, the canonical equations F1 = 0 are visualized
in the form of coaxial ellipses (Fig. 1) centered at C(x

′′
= y

′′
= 0), which

shrink to their common center C; for a ≡ ac = 3.068, the corresponding
ellipse degenerates into one point; and for a > ac, the ellipses collapse. A
black point occurs for a = ac.

If the free term b = ak of the hyperbolic QAE is systematically varied,
then the QAE is visualized in the form of coaxial hyperboloids. For b = bc,
these hyperhyperboloids have a saddle point, i.e., they degenerate into
their common asymptotic hypersurface and, as b varies from b < bc to
b > bc, the coaxial hyperhyperboloids are jumping from one side of their
asymptotic hypersurface to the other. Below, the qualitative analysis and
the visualization are made in sections for a space of dimension M = 2.

The hyperbolic QAE chosen as an example for M = 2 is

F2 ≡ 4x2 + 7y2 + 12xy − 4x− 5y + b = 0. (17.8)

The canonical form of this equation, after translation and rotation, is

F2 = λ1x
′′2 + λ2y

′′2 + b′′ = 0, b′′ = Δ2/δ2).

The determinants δ2 and Δ2 of this QAE are

δ2 = −8, Δ2 = −8b + 7,

and the eigenvalues λi are of opposite sign: λ1 = −0.685, λ2 = 11.685;
therefore, equation (17.8) is hyperbolic. The critical value (b ≡ bc = 0.875)
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of the free term of this equation is obtained by cancelling the great deter-
minant Δ2 = 0.

Fig. 2. The jump of the coaxial hyperbolas F2 for M = 2.

If the free term b in equation (17.8) is systematically varied from −∞
to +∞, then for b < bc, the canonical equation F2 = 0 is represented
in the form of coaxial hyperbolas with two sheets (Fig. 2), centered at
C(x′′ = 0, y′′ = 0), which approach their common, intersecting asymptotic
lines; for b ≡ bc = 0.875, the corresponding hyperbola degenerates into its
asymptotic lines; and for b > bc, the coaxial hyperbolas jump in the other
pair of opposite angles of their intersecting asymptotic lines and move away
from them. A saddle point occurs for b = bc.

17.3 Determination of the Spectral Coefficients of
the Density Function and Temperature

The continuity equation is written in a special form by using the density
function R = ln ρ. This equation, which is nonlinear in ρ, is linear in
R. If the relations (17.1a–c) and (17.2a) are substituted in the continuity
equation and (17.4h) and the collocation method are used, then the spectral
coefficients ri of R are obtained only as functions of the velocity’s spectral
coefficients ui, vi, and wi, by solving the linear algebraic system

N∑
i=1

gipri = γp, p = 1, 2, . . . , N.

The coefficients gip and γp depend only on the velocity’s spectral coeffi-
cients. Similarly, if the relations (17.1a–c) and (17.2b) are used and the
viscosity μ, computed from the exponential law (17.3a), and the pressure
p, computed from the physical equation of gas (17.3b), are substituted in
the temperature’s PDE, and if (17.4i) and the collocation method are also
used, then the spectral coefficients ti of the absolute temperature T are
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expressed only as functions of the spectral coefficients of the velocity by
solving the transcendental algebraic system

N∑
i=1

hip ti + h0p (Tn1)p = θp, p = 1, 2, . . . , N.

The coefficients hip, h0p, and θp depend only on the velocity’s spectral
coefficients.

17.4 Computation of the Friction Drag Coefficient
of the Wedged Delta Wing

The shear stress τw at the wall and the global friction drag coefficient C
(f)
d

of the delta wing are

τw = μ
∂uδ

∂η

∣∣∣∣
η=0

= μu1ue, C
(f)
d = 8νfu1

∫
ÕÃ1C̃

uex̃1 dx̃1 dỹ.

The total drag coefficient C
(t)
d is obtained by adding the friction coefficient

C
(f)
d to the inviscid drag C

(i)
d , given in [4]. Fig. 3 shows the wedged

delta wing model of LAF (Lehr- und Forschungsgebiet Aerodynamik des
Fluges). In Fig. 4 are visualized the variations of its inviscid and total drag
coefficients C

(i)
d and C

(t)
d , including the friction effect, versus the angle of

attack α, for supersonic cruising Mach number M∞ = 2.0. Fig. 5 illustrates
the inviscid and total polars of the wedged delta wing. From Fig. 4 and 5
it can be seen that the influence of the viscosity in the total drag coefficient
cannot be neglected. The computation of the total drag is possible only
by using a viscous solver, like the NSL’s zonal, spectral solutions proposed
here.

Fig. 3. The wedged delta wing model of LAF.



206 A. Nastase

Fig. 4. The influence of the angle of attack α on the inviscid (C(i)
d ) and the total

(C(t)
d ) drag coefficients of the LAF wedged delta wing model.

Fig. 5. The inviscid (C(i)
d ) and the total (C(t)

d ) polars of the LAF wedged delta
wing model.
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17.5 Conclusions

This hybrid analytic-numerical method is more accurate and needs less
computer time than full-numerical methods because it needs no grid gen-
eration, the derivatives of all parameters can be easily and exactly com-
puted, and the NSL’s PDEs are satisfied exactly (at an arbitrary number
N of chosen points).
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18 Hybrid Laplace and
Poisson Solvers.
Part III: Neumann BCs
Fred R. Payne

18.1 Introduction

A new hybrid DE solver, “DFI” (direct, formal integration) [1], has many
analytic and numeric advantages (IMSE93 volume [2] lists 44). Most of
these improve CPU numerics and permit multiple analytic forms for anal-
ysis and coding; some major ones inherent in this optimum DE solver are
as follows:

1. PDEs yield D(N +1) distinct, equivalent algorithms for DEs of order
N and dimension D; ODEs yield (N + 1) equivalent algorithms for
analysis and/or coding.

2. This solver eliminates all derivatives at the user’s choice, avoiding
large FDM or FEM matrices and their consequent computing error
and time penalties.

3. Digital computers treat integrals (quadrature sums) numerically bet-
ter than derivatives (divided differences).

4. No iteration of consequent Volterra IDEs/IEs is needed for any order
2 or higher system which has no (n− 1)-order derivative.

5. There is easy extension from 2D to 3D (add a DO-loop) and to 4D
(add 2 DO-loops); only one more DO-loop is needed per each new
dimension.

The author’s series of IMSE papers, 1985–2002, on various systems serve
as inducements to apply DFI to any linear or nonlinear ODE/PDE system.
The 1980 DFI discovery was a major impetus for authors founding, 1985,
and chairing IMSE, 1985, 1990. Fredholm IE applications in turbulence,
1965–85, was another. The author’s 40 years’ experience with IEs, trape-
zoidal quadratures, and FORTRAN are dominant factors in this work.

18.2 Solution Techniques
The 2D Poisson equation, where f(x, y) = 0 yields Laplace, is

Gxx + Gyy = f(x, y).

Two successive integrations on [0, y] with yε[Δy, 1], yield the pair of Volter-
ra IDEs
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Gy(x, y) = Gy(x, 0)−
∫ y

0
[Gxx(x, s)− f(x, s)] ds, (18.1)

G(x, y) = G(x, 0) + yGy(x, 0)−
∫ y

0
(y − s)[Gxx(x, s)− f(x, s)] ds, (18.2)

where the “lag factor” [y − s], unique to DFI-type solvers, is due to the
Lovitt [3] form for repeated integrals. Either (18.1) or (18.2) can be used
as the algorithm. (18.2) has the massive advantage of bypassing the usual
Volterra iterations for any 2-point quadrature; cost and time savings are
huge. Elliptic DFI still requires sweeping but relaxation is automatic. Full
DFI (add two x-integrations here) eliminates all derivatives as the (N −1)-
order derivative is missing in these systems; a few full DFI cases such
as Euler (elliptic in subsonic flows) [4] obtained the solution in a single
sweep. Both (18.1) and (18.2) are IDE and thus mixed quadratures and
finite differences are required for numerics. Results for ten analytic trial
G(x, y) for Laplace and Poisson Neumann BC serve as accuracy checks
using form (18.3) below. Neumann BCs imply the iterative and undesirable
computational form (18.1); however, the simple identity

G(x, y) = G(x, 0) +
∫ y

0
Gs(x, s) ds

converts (18.1) to (18.3) below with a massive computational advantage
since no iteration for any 2-point quadrature is needed or possible:

Gy(x, y) = Gy(x, 0)− yGxx(x, 0)

−
∫ y

0
[(y − s)Gyxx(x, s) + f(x, s)] ds. (18.3)

In (18.3), the “shooter” parameter for Gy(x, 1), where y = 1 is the upper
boundary, is

Gxx(x, 0),

and Volterra iteration is again bypassed due to a structure almost identical
to (18.2) since f(x, y) is known and iteration in (18.3) is impossible for any
2-point quadrature; the Dirichlet BC shooter for G(x, 1) in (18.2) is

Gy(x, 0),

as described in [5]; Robin BCs [6] allow either equation (18.2) or (18.3)
to be used, depending upon BCs and user choice. G(0, 0) is always set to
zero, the Laplace arbitrary constant. The algorithm has four parts:

1. Establish a [0, 1]× [0, 1] grid and insert the BCs.

2. Sweep x ∈ [Δx, 1 − Δx] over the field, using a DFI y-trajectory at
each fixed x. The first and last internal points require extrapolation
if 5-point CDs are used. Hence, 3-point central differences (Δx2) and
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simple trapezoidal quadratures are used. Alternatively, an x trajec-
tory can be used with y-sweeping. Any coordinate can be chosen as
the integration trajectory.

3. Compute the global DE, !G − f , RMS errors which continually di-
minish roughly as 1/e as the Laplace operator on the computed so-
lution aproaches f(x, y); thus, the numeric solution is obtained.

4. Repeat steps 2–3 until the desired RMS accuracy is attained.

18.3 Results for Five of Each of Laplace and Poisson
Neumann BC Problems

There was a twofold rationale for the ten test cases.

1. Laplace: progressively high-order solutions.

2. Poisson: increasingly complex forcing functions (f = ΔG residuals)
from constants to y-linear, xy-bilinear to biquartic.

The ten cases computed are listed in Table 1.

Table 1. Chosen Laplace and Poisson test cases for DFI.

Case G Gy(x, y) Laplace residual f(x, y)

0 x + y 1 0
1 xy x 0
2 x2 − y2 −2y 0
3 x2y − y3/3 x2 − y2 0
4 x3y − xy3 x3 − 3xy2 0
5 x2 + y 1 2
6 x2 + y2 2y 4
7 x2y x2 2y

8 x3 + y3 3y2 6(x + y)
9 x4y2 − x2y4 2x4y − 4x2y3 2(x4 − y4)

A curious result first noted for the Laplace equation in 1985 and recurring
in IMSE work (see [5]–[7]) is the sharp dependence of DFI on the grid
“aspect ratio” AR, defined by

AR = NY \NX,

where NY is the number of y-grid points and NX is the number of x-
points. For a range of the number of y-points from 1K to 8K (binary) a
good AR value is 128 (or nearby in binary: 256, 512).

Conjectured is that the “hammerhead” stencil of DFI (see below) may
exhibit (at least under secant shooter) Euler-like “column instability” for
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small values of AR which translate to excessively large y-steps over a too-
narrow x-base. This AR behavior may be special to the Laplace operator
and its averaging property. This question is left to numerical analysts. (“A
good piece of research leaves work for others.” (FP, ca. 1970))

Consider the DFI “hammerhead” stencil; let k be the known BC values,
or values already computed at previous y-steps on the expanding trajectory
starting at the boundary. Let u be the unknown value to be computed at
the current y-step (under Lovitt). DFI/Lovitt decouples the implicit, stan-
dard Volterra IE dependence of the solution on itself to explicit dependence
on already available values. The “hammerhead” stencil for the first three
y-steps is shown in Table 2.

Table 2. DFI “hammerhead” stencil (3-point central differences).

u

u k k k

u k k k k k k

k k k k k k k k k

1st step off wall 2nd step off wall 3rd step off wall

Picture the 128th step, a tall, narrow stencil. This may become unstable
near the top of the long trajectory for a poor choice of grid sizes (aspect
ratio AR and the number of y-steps, NY ).

Unused 5-point CD, O(Δx4) complexity [6] are the first (x = 2Δx) and
last (x = 1 − 2Δx) y-trajectories. At the first DFI x-step, Gy values for
x = Δx are extrapolated from BCs at x = 0; at the last step, x = 1−2Δx,
Gy values for x = 1 − Δx are backward extrapolated from x = 1. DFI
fills in these values on subsequent sweeps. 5-point CD accuracy gains were
small in [6].

Yet another DFI serendipity simulates the unsteady problem of zeroed
initial internal field (at time t = 0) under given BCs and develops the
“solution wave” as it approaches a “steady” state of small or zero error.
This facet will be valuable for unsteady problems.

Results for the ten G(x, y) test cases are given in Table 3. Errors are
RMS order of magnitudes over the field in powers of 10. Unless noted
otherwise, NY/AR = 1K (binary y-steps)/128 and 32 global sweeps were
made for each case.

Unless noted otherwise, runs used 1K(1024) digital y-steps (each y-step
was 0.00098) and AR = 128 (x-step was 0.125). No CPU timing is listed
for runs on an earlier machine (Intel PRO 200); F77 timer code was used
in the later stages of work on Pentium III 733 MHz, which increased RAM
from 128MB for the PRO 200 to 512MB for the faster machine, used in
Part IV [7] for 3D and 4D Laplace equations.

18.4 Discussion

The usual grid of 1024 y-steps and AR = 128 suggests that y-accuracy is
about O(10−6) and x-accuracy is O(10−2). The accuracy of runs, gener-
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ally not exceeding O(10−6), is better than expected; this may be due to
smoothing by the Laplace operator combined with similar quadrature ef-
fects. Rather large x-steps and x-finite differences may add to this. DFI
has shown good success with a broad range of test functions. Global errors
are dominated by the size of the y-step since 128–512 times as many y-steps
as x-steps are taken.

Table 3. Numerical results and global RMS errors (missing entries are lost).

Case PDE G Gy NY/AR Sweeps CPUsec

0 x + y −12 −16 −29 1261 0.14
1 xy −13 −14 −13
2 x2 − y2 −6 −6 −15 2K/128
3 x2y − y3/3 −6 −6 −10
4 x3y − xy3 −6 −6 −5
5 x2 + y −6 −6 −9
6 x2 + y2 −6 −6 −9
7 x2y −6 −6 −9 8K/512
8 x3 + y3 −6 −7 −15 8K/512
9 x4y2 − x2y4 −7 −7 −3 8K/256 172

1 Tests a maximum possible accuracy on this machine.
2 The toughest problem in this set. Finer grids are usually needed for more
complex G(x, y) cases.

First tries at a new problem can fail due to exceeding the number of
allowed secant “shoots” at a particular x or due to “real overflow”. The
latter occurs because of explosive (exponential?) growth of the spurious
solution. The fix for either is simply to increase the number of y-steps or
decrease the number of x-steps; either fix increases the aspect ratio AR
and continues the dominance of the number of y-steps over the number of
x-steps.

DFI code is interactive. The best “tracker” is to view interactively the
approach of the shooter parameter to a limit; so long as it is approaching
a limit, the code is succeeding. Here, four significant figures were used for
this. In parallel with this technique, one needs to follow global PDE RMS
errors for approach to a limit, say, to within O(10−6) to O(10−30), as has
occurred in this work.

Sensible coding considerations, for any serious scientific worker, will in-
clude at least the items in the following list.

1. 64-bit minimum word size (DOUBLE PRECISION or REAL∗8 in
FORTRAN). Most 32-bit PCs have an 80-bit FPU (floating-point
unit), which, in double precision, exceeds the accuracy of 64-bit main
frames in single precision. Smaller word sizes are not adequate for
serious scientific work.
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2. Use binary grids; this can save orders of magnitude accuracy due
to conversion errors of decimal to binary digits. AR = 1K/128, . . . ,
8K/512 was the typical range of the number NY of y-intervals versus
the aspect ratio AR = NY/NX, where NX is the number of x-
intervals. Thus, grid sizes varied from 10K to 139K points. See Part
IV [7] in this volume for grids up to 281 million grid points for 3D
and 4D Dirichlet BCs.

3. Group terms to minimize machine operations and, hence, errors.

4. Avoid division if possible; this saves accuracy and CPU time.

5. In the code development stage, as here, copious outputs are useful,
even essential.

For work reported in depth at the IMSE 2000/2002/2004 conferences
(see [5]–[7]), RMS error measures included the following four items.

1. Validation of the PDE operator; one always has the PDE so one can
always do this.

2. For exact solutions, as here, calculate the global RMS difference of
exact values from actual computed values of ΔG− f . For Neumann,
both the derivative and the function (underlying the BC derivatives)
fields were checked.

3. Maximum errors and their locations can be useful.

4. Copious comments, especially for large or complex codes, prevent
confusion. The FORTRAN “!” in-line comment command can save
many (about 100) code lines.

18.5 Closure

The theoretical bases for DFI are not complex. First, sophomore-level in-
tegration, partially along trajectories fixed in one (as here for 2D) or more
(in dimensions N ≥ 3) trajectories converts any DE to a Volterra IE or
IDE. Such equations are usually implicit and require iteration. However,
Lovitt application converts the IE/IDE to explicit form (under any 2-point
quadrature such as trapezoid or Romberg) and removes the iteration re-
quirement for all DEs of order n ≥ 2 if they have no (n−1)-order derivative.
The same massive numerical simplification occurs for any ODE.

Secondly, the questions of DFI existence and uniqueness are almost triv-
ial for technological applications. For a linear Volterra IE/IDE, the only ne-
cessity is Tricomi’s theorem [8], requiring Lebesque square-integrable func-
tions. Nonlinear Volterra IE/IDE existence and uniqueness additionally
require a pair of Lipschitz conditions [8], which are also easily satisfied for
applications.

Another DFI facet, a serendipity, provides new physical and mathemat-
ical insights into any problem due to multiple but equivalent mathematical
formulations. Consider Laplace and Poisson BVPs. From the three equiv-
alent governing equations (18.1)–(18.3), the leading solution terms (the
algebraic, nonintegral ones) are shown in Table 4.
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Table 4. Leading terms of DFI solutions for the three BC classes.

1 Gy(x, y) = Gy(x, 0)− · · · Robin, Neumann (1R)
2 G(x, y) = G(x, 0) + yGy(x, 0)− · · · Dirichlet (2R)
3 Gy(x, y) = Gy(x, 0)− yGxx(x, 0)− · · · Robin, Neumann (3R)

This follows from formal y-integrations here; initial x-integrations over
fixed y yield three similar forms with x interchanged with y in the G-
derivatives. For any numericist this is ideal: eight (6 IDE, PDE, pure IE)
mathematical descriptions of the same problem. Analysts also will benefit
from having eight forms to analyze. Forms (18.2) and (18.3) appear best
since the first two terms of the solution series are algebraic and are either
known BC or “shooter” parameters. To change integration paths, switch
two “DO-loop” indices by modifying 17 line pairs in a total of 290–370
code lines. Dirichlet [5] requires the fewest lines, Neumann the most lines
of code.

DFI FORTRAN coding is rather easy; most of the work is in “DO-
loops.” The four code segments (main and three subroutines) are listed in
Table 5. The main program also calculated errors beyond the three listed
in Table 3, namely: 1) along an x = y trajectory; 2) shooter “misses” of
ΔG− f = 0? at the top boundary y = 1; and 3) “misses” at the first and
last x-values off the boundary. Code interaction is mostly governed by the
main program; this includes tracking sweep number and an option to stop
or continue the sweeps.

Table 5. F77 routines, purposes, and number of lines of 2D code.

Code segment DO-loops and work load ∼ lines of code

Main (DFI) 2 DFI (2D) and 5 error loops 200
Grid/BC 12 loops (set grid and BC) 90
PDE errors 2 loops (compute PDE operator) 40
Exact solution 3 loops (final errors; outputs) 40

The program totals to 24 “DO-loops” and ∼370 code lines. If the exact
solution is unavailable (as in new applications), the last segment vanishes.
The two DFI solver loops require 7 lines plus 33 lines of BC input. The
secant shooter requires about 20 lines; the remaining 140 lines in the main
program are error checking and I/O. Hence, the basic DFI solver is a tiny
40 lines. See Part IV for 3D/4D Dirichlet problems, which require only
some 10–20 additional code lines.

This is the third in a series of four papers on the Laplace and Poisson
equations treating three classes of boundary conditions: Part I, Dirich-
let BCs, IMSE 2000 [5], Part II, Robin BCs, IMSE 2002 [6], Part III,
Neumann BCs, IMSE 2004 (this paper), and Part IV, extensions to nonlin-
ear Helmholtz equations and 3D/4D Laplace equation with Dirichlet BCs,
IMSE 2004 [7].
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The Numericists’ Credo is

We compute numbers,
Not for their sake,
But to gain insights.

(John von Neumann)

Other DFI work can be found in [2] and [4]–[6]. The reader is invited to
contact the author (frpdfi@airmail.net) for sample code (.FOR extension)
and output (.TXT extension) files.

Added in proof: DFI onto Newtonian gravitation, that is,

Fα = mαr̈α = −Gmα
n∑

k=1

Sα
k ; k 
= α; α = 1, 2, . . . , n (not summed)

Sα
k = mkeα

k /||Rα
k ||2; Rα

k = (rα − rk); eα
k = Rα

k /‖Rα
k‖

yields 6n IEs; the 3n vα IEs are analogous to those for rα, that is,

rα(t) = rα(0) + tvα(0)−G

n∑
k=1

∫ t

0
[t− s]Sα

k (s)ds; k 
= α; (18.4)

v equations are r-coupled so r is solved first, or r,v in an alternating
sequence: [r(Δt), v(Δt)], repeat for 2Δt, . . . , 4 DO-loops and 10 code lines
solve 9n + 1 equations; the number of passes is n(9n − 8)×(number of
t-steps).

1. Input 9n + 1 ICs (initial positions, momenta, angular momenta, and
total energy of the system). F77 “DATA” statement is useful.

2. Solve rα in (18.4) for t = Δt, . . . ; Lovitt decouples t from itself.
Solve the similar velocity equations (or, much quicker, finite difference
known r(t)s). Get angular velocites, α = 1, . . . , n.

3. CHECKS for the entire system: (i) Do forces sum to 0? (ii), (iii),
(iv) Conservation of linear and angular momenta and total energy?
(v) Others, such as rotational energy for non-point masses?

DFI solves, in principle (numerically), the n-body problem limited only
by computing machinery capacities. Note the universal DFI trademark of
(n− 1) polynomial leading terms for all DE applications of order n.
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19 Hybrid Laplace and
Poisson Solvers.
Part IV: Extensions
Fred R. Payne

19.1 Introduction

A new hybrid DE solver, “DFI” (direct, formal integration) [1], offers many
analytic and numeric advantages; IMSE93 volume [2] lists 44. Improved
CPU numerics and multiple analytic forms for analysis and coding are
major ones inherent in this optimum DE solver. A series of IMSE papers
between 1985–2004 (see [2]–[9]), suggest DFI applicability to any linear or
nonlinear DE system. Prior work treated 2D Laplace and Poisson PDEs
with Dirichlet BCs [7], Robin BCs [8], and Neumann BCs [9]; this extends
the Dirichlet problem to 3D and 4D. Extension to n dimensions is almost
trivial in regard to FORTRAN code modifications. This is yet another DFI
advantage over conventional numeric solvers.

The author’s 1980 discovery of DFI and its development was a major
factor in his founding, in 1985, and chairing, in 1985 and 1990, of the first
IMSE conferences.

DFI has two modes: “Simplex” integrates along one coordinate and
“Multiplex” over two or more. In principle, one can formally integrate over
all independent variables (“Full DFI”) and eliminate all derivatives, but
complexity may task a human. Simplex DFI, used here, has four stages.

1. Formally integrate DEs along a chosen trajectory (coordinate); Vol-
terra IEs/IDEs result.

2. Study the new forms for insights; some will arise.

3. Analytically compute the solution near the initial point; one can usu-
ally do this, possibly approximately. This provides guidance for ma-
chine coding the full solution.

4. Compute error measures to validate results and for possible iteration
or sweeping a global field. Such calculations are simple; e.g., differ-
ence current and prior run values and form global RMS values, etc.
Convergence of errors denotes program success.

Results for several test analytic G(x, y, z) for 3D and G(x, y, z, t) for 4D
Dirichlet BVPs serve as DFI accuracy checks. Other extensions herein are
linear and nonlinear Helmholtz BVPs. DFI demonstrates ease of applica-
tion to any system. 1980–2002 successes, with no failure, include (PDEs
unless otherwise stated): Laplace and Poisson Dirichlet [7], Robin [8], and
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Neumann BCs [9]; 2D Euler [10]; Bénard convection (sixth-order ODE)
[11]; a Riccati equation (NLODE) and a turbulence NLODE model [11];
turbulent channel flow [12]; Lorenz “chaos” (three NLODEs) [13]; super-
sonic Prandtl boundary layer [14]; economics, and heat conduction (lin-
ear and nonlinear) [15]; stability of Burger’s model [13]; flight mechanics,
Maxwell and solid state physics [15]; Falkner–Skan NLODE [3]; Volterra
predator-prey NLODE [16]; and others. DFI has succeeded, without fail-
ure, in many distinct DE systems.

19.2 Solution Methodologies

The 3D Poisson equation, where f(x, y, z) = 0 yields Laplace’s equation, is

Gxx + Gyy + Gzz = f(x, y, z).

Two successive integrations on [0, y], y ∈ [Δy, 1], yield the pair of Volterra
IDEs

Gy(x, y, z) = Gy(x, 0, z)−
∫ y

0
[Gxx(x, s, z)

+ Gzz(x, s, z)− f(x, s, z)]ds, (19.1)

G(x, y, z) = G(x, 0, z) + yGy(x, 0, z)−
∫ y

0
(y − s)[Gxx(x, s)

+ Gzz(x, s, z)− f(x, s, z)]ds. (19.2)

The “lag factor” [y − s], unique to DFI, is due to Lovitt’s “well-known”
form for repeated integrals [17], easily proved through integration by parts
and induction for (k + 1)-repeated integrals with the same limits (k = 1
above): ∫ y

0
ds...

∫ s

0
f(t)dt =

∫ y

0
[y − s]kf(s)ds/k!

Either (19.1) or (19.2) can be used as the algorithm. (19.2) has the massive
numerical advantage of bypassing the usual Volterra iterations for any 2-
point quadrature; cost and time savings are huge. Elliptic DFI still requires
sweeping but relaxation is automatic.

DFI easily extends to both higher dimensions and higher-order deriva-
tives. A dimension increase adds another lagged integral and a new FOR-
TRAN DO-loop in that variable. Unit increase in the DE order requires
a new y-integration loop; a serendipity is increased dominance by the
Lovitt “lag factor” effect, i.e., sequentially from [y− s] for second-order, to
[y − s]2/2, ...[y − s)3/3!...[y − s]n/n! for (n + 1)-order DEs. This yields an
ever-increasing dominance by the ICs/BCs as the DE order increases [13].
If the n-system contains a nonzero (n−1)-derivative, full Lovitt decoupling
does not apply and some Volterra iteration is necessary for such implicit
terms.
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“Full” DFI adds two x- and two z-integrations and eliminates all deriva-
tives as the (n−1)-derivative is missing in these systems. Full DFI applied
to Euler (elliptic in subsonic flows) [10] obtained the solution in a single
sweep. Both (19.1) and (19.2) are IDE and thus mixed quadratures and
finite differences are required for numerics. Results for eight analytic trial
G(x, y, z) and G(x, y, z, t) for 3D and 4D Laplace Dirchlet BCs serve as
accuracy and CPU timing checks using form (19.2). The “shooter” param-
eters for 3D BVPs, G(x, 1, z), and 4D BVPs, G(x, 1, z, t), at the y = 1 upper
boundary, are, respectively, Gy(x, 0, z), which initiates dual “semi-sweeps”
sequentially in x and z, whereas in 4D Gy(x, 0, z, t) needs 3 “semi-sweeps”
in x, z, t unless “full” DFI is employed.

The “lag factor” [y − s] in (19.2) is Lovitt’s form [10] for repeated inte-
grals. Either (19.1) or (19.2) serves as the algorithm. (19.2) has the mas-
sive advantage of bypassing the usual Volterra iterations for any 2-point
quadrature.

4D simply adds t as an argument in each term of (19.1), (19.2), and Gtt.
DFI adds a lagged integral Gtt(x, y, z, t) to (19.2) for 4D, namely,

G(x, y, z, t) = RHS(19.2)−
∫ y

0
[y − s]Gtt(x, s, z, t) ds. (19.3)

19.3 3D and 4D Laplace Dirichlet BVPs

3D test cases (2D BVPs are in [7]–[9]) including RMS errors in powers of
10 are listed in Table 1. PDE denotes RMS deviation of the Laplacian of
the computed values from the exact solution. RMS denotes RMS deviation
of the computed and exact solutions. MaxDG is the global maximum value
of the difference of computed and exact values at a single point. NY/AR
is the number NY of y-intervals; AR is the “aspect ratio” (the number
of y-intervals divided by the number of x- or z-intervals). Sweeps denotes
the number of sweeps over the entire computational field; CPU timing in
seconds is calculated by a FORTRAN intrinsic. An Intel Pentium PRO,
200 MHz clock and 128MB RAM, was used for 3D problems but its RAM
is too small for 4D problems. Results for 3D Laplace Dirchlet with zeroed
initial interior fields (for Δx = Δz and = Δt in 4D) are given in Table 1.

Table 1. 3D Laplace errors (more sweeps needed for case 3).

Case PDE RMS MaxDG NY/AR Sweeps sec

1. xyz −12 −11 −7 1K/128 98 60.7
2. (x2 + z2)/2− y2 −21 −17 −7 1K/128 96 58.3
3. 2x2 − y2 − z2 −7 −5 −2 1K/128 6 7.5

4D cases were tested and their errors, in powers of 10, are cited in
Table 2. An Intel Pentium III, 733 MHz clock and 512MB RAM, was used.
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Table 2. 4D Laplace results and errors.

Case PDE RMS MaxDG NY/AR Sweeps sec
41. xyzt −9 −14 −11 1K/128 77 84.7
42. x2 + z2 − y2 − t2 −5 −9 −10 1K/128 74 89.4
43. x2 + y2 − z2 − t2 −15 −15 −11 1K/128 87 75.8
44. y2 + z2 − x2 − t2 −5 −9 −10 1K/128 71 61.8
45. 3y2 − x2 − z2 − t2 −7 −14 −10 1K/128 94 100.2
46. Case 45 rerun −9 −15 −11 1K/128 111 126.3

Every case set all initial interior G-field values to zero. There are two
considerations: 1) accuracy as demonstrated by Table 2 results and 2)
stability of the algorithm on that machine as discussed next.

In all cases (Parts I–IV in [7]–[9] and here), initial (“debugging”) runs
for a new case input the exact solution (and y-derivative for Neumann and
Robin BCs) at all interior points; in nearly all cases, a single sweep yielded
zero error (or a trivial one, such as 10−32). Even so, usual practice was
to perform more, usually 8, sweeps to validate stability; this procedure
guarantees accuracy and stability. We note that an absurd number of
sweeps O(≥ 1000) may accumulate sufficient machine error to cause a drift
in the results. If so, this is inconsequential. This is not a mathematical
proof of algorithm stability but rather an engineering one.

In all cases, after the initial “debugging” run with exact field inputs,
the initial fields were all zeroed; this worked well in all cases (an example
of a best unbiased first estimator?). In a few cases, linear interpolation
from the BCs was tried; those results were generally inferior, both in CPU
timing and accuracy, to those with zeroed initial fields. We conjecture that
Laplace operators “like to write on a blank page”. That is, poor initial
estimates force the operator to “work harder” for the solution.

Note the nonuniformity in errors from case to case. Generally, this
increases as the functional complexity increases; compare cases 41, 42, and
45 with exact interior fields as inputs (“debugging” runs). This caution was
universal when attacking any new problem or varying BCs; typical results
are given in Table 3. Usually, such converged to minuscule or zero error
in a single sweep (or trajectory for ODE), indicating that DFI faithfully
reproduced the solution (Δx = Δz = Δt).

Table 3. Error variation for exact input G-fields (note the single sweeps).

Case PDE G MaxDG NY/AR Sweeps sec

41. xyzt −22 −22 −15 1K/128 1 2.5
42. x2 + z2 − y2 − z2 0 0 0 1K/128 1 0.9
45. 3y2 − x2 − z2 − t2 0 0 0 1K/128 1 1.1

Cases 42 and 45 are quadratic; case 41 is essentially quartic. All cases
except 41 yield zero error (CPU likely set a tiny number to zero). In
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case 41, the maximum error of 10−15 is essentially zero on the computer;
a computer zero output merely means that it cannot resolve the small
number from a true zero value; this mostly depends upon machine “word
size” and its builder. Other causes of nonuniform errors may include the
rather primitive secant shooter. DFI expedites a Newton shooter since the
derivative of the unknown function always appears in one DFI equation,
namely, prior to the final IE in the DFI hierarchy which explicitly displays
the solution.

For decades, the DFI procedure has been twofold: 1) insert (if known;
otherwise bypass this) the exact solution into all interior domain grid points
as code validation (“debugging”); 2) “record runs” estimate initial interior
field values. The best estimate is a zeroed global field, less BCs. Linear
extrapolation from the BCs was tried on occasion but was inferior to zeroed
initial input fields in accuracy and execution times. Error checks included:
1) global RMS deviations of pertinent quantities; 2) absolute values of
global maximum deviations at a field point.

19.4 Linear and Nonlinear Helmholtz Dirichlet
BVPs

A generalized 2D Helmholtz equation, linear or nonlinear, is

ΔH(x, y) = h(H(x, y), x, y).

Two successive y-integrations yield a form optimum for Dirichlet BVPs,
namely,

H(x, y) = H(x, 0) + yHy(x, 0)

−
∫ y

0
[y − s][Hxx(x, s)ds− h(H(x, s))] ds, (19.4)

where Hy(x, 0) is the “shooting” parameter for the y-sweep at each fixed
x. Note that (19.4) is the same form as (19.2) and (19.3) except 1) the
dropping of z and 2) the forcing term is now dependent upon H. Results for
both linear and nonlinear cases (denoted by L and N) are given in Table 4.
NY , the number of y-intervals, and AR, the aspect ratio (the ratio of
the number of y-steps to the number of x-steps), vary for the Helmholtz
equation as shown in Table 4.

Table 4. Linear/nonlinear Helmholtz equation results and errors.

H(x, y) h(H) DE HRMS MaxDH NY/AR Sweeps

L1 “cosh” 25H −10 − 6 −5 1K/128 66
L2 ex − e−y H −10 − 7 −6 2K/512 6
N1 1/(xy) 2(x2 + y2)H3 −7 − 6 −4 2K/128 28
N2 x/y 2H3/x2 −3 −11 −8 8K/128 14

Case L1 is from Cheney and Kincaid, Numerical Mathematics and Com-
puting, 3rd ed., Booke/Cole, 1994, p. 481, who give the exact solution of
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ΔH = h(H) = 25H as [cosh(5x) + cosh(5y)]/
(
2 cosh(5)

)
. Note the few

sweeps for L2; the y-grid is very fine.
The accuracy here is inferior to that for Laplace/Poisson BVPs (see

[7]–[9]). Barring coding error (always possible), the reflexive nature of the
Helmholtz nonlinear forcing function is likely a primary cause. Romberg
iteration will greatly improve results. A 1985 unpublished result applied
seven Romberg levels and resulted in O(10−16) error with basic 0.01 steps.
Modifying codes from trapezoid to Romberg is straightforward; simply add
an “inner” loop at each y-value of the solver loop (∼ 10 lines).

The search for the optimum grid pattern is an analog to the search for
the optimum relaxation factor for elliptic problems. A “domain study” was
run on the N2 case, H = 1/xy. Some results for varying domains (from
[1, 2]× [1, 2] above to [5, 6]× [5, 6]) with zero initial input H-fields are given
in Table 5.

Table 5. Behavior of H = 1/(xy) near its singularity at (0, 0).

Domain PDE HRMS MaxDH NY/AR

[1, 2]2 −2 −3 −4 1K/128
[2, 3]2 −3 −4 −4 1K/128
[5, 6]2 −7 −6 −4 2K/128

Note the improvement in PDE and HRMS errors as the computational
domain moves farther from the singularity at (0, 0). These results indicate
that beginning near x = y = 0 will likely fail to yield acceptable values.

Compare ∼ 5 sweeps for the [5, 6] domain here versus the large number
(28) for the domain [1, 2]2 above. This is due to rapid functional growth
near the origin for the Helmholtz case, H = 1/(xy). All work used RMS
error convergence of the DE to manually terminate the run.

On occasion, new optimizations were discovered. Time dictated that
earlier codes not be retrofitted. A major improvement was the reduction of
24 accumulators (4D) to only one, with some reductions in run-times and
RAM storage requirements but negligible improvement in accuracy.

19.5 Coding Considerations

All cases herein started at one wall BC and “shot” for the BC at the op-
posite wall. Since y-integration was used (x-integration may be preferable
for some BVPs whose DE operator is not symmetric in x and y) and finite
differences in the other directions, the y-loop must be the innermost one.
Shooting for unknown BCs was quite successful, even though AR varied
from 128 to 512 and NY from 1K to 8K for difficult problems.

In some earlier cases [8], experiment was required to continue the cal-
culation; Neumann BCs were among such cases. An example: difference
the BC on opposite walls and interpolate along adjacent walls. Subsequent
passes correct these adjustments towards accurate values.

Virtually identical code structures were used for all problems since IMSE
1998. The four routines (with the number of code lines in parentheses) are:
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Main: inputs, DFI solver, shooter, accuracy checks (field traverses com-
pared to exact values), final outputs (140).

Grid: generated grids, BCs, a first estimate of the solution (60).

PDE: central differences validated the computed pointwise DE operator;
RMS and maximum errors were also computed (35).

Exact: output final computed field, RMS, maximum deviations of the
computed solution from the exact H (40).

The code totaled ∼ 275 lines; this varied about 10 percent for Dirichlet,
Neumann, and Robin BCs, and 3D/4D elliptics. Five input FORTRAN
parameters were used to begin all calculations:

NY : the number of y-intervals.

JSKIP: a print sampler of x and y outputs to reduce output (even
so, some runs generated 200+ pages of output).

AR: (the number of y-intervals)/(the number of x-intervals).

EPS: shooter tolerance, usually 10−8; some increased to 10−14;
64-bit machine noise level is O(10−15).

EXACT= 1: exact input field (debugging and accuracy).

EXACT= 2: zeroed initial fields (all “record” runs).

EXACT= 3: linearily interpolated input fields (seldom used).

“Base” values were NY = 1024 (1K binary); JSKIP = NY/4 (yields 5
y-point output across the computational domain); AR = 128, though this
varied from 16 to 512 for large grids; NY/AR = 1024/128 was optimum
for many problems; this choice has 9225 field points.

19.6 Some Remarks on DFI Methodology

The Helmholtz algorithm is identical to other 2D cases; 3D and higher
dimensions have identical structures excepting one more array and an extra
sweep for each addition. FORTRAN77 DO-loops accommodate this easily.

1. Establish a [0, 1] grid for each variable and insert the BCs; this re-
quires a 2D array for 2D problems; 3D problems require cubic arrays;
4D need hypercubic arrays; nD problems use n-dimensional arrays.

2. Sweep x ∈ [Δx, 1−Δx] over the field, using a DFI y-trajectory at each
fixed x. For nD problems, one can choose any for the DFI trajectory
and cycle (“sweep” for elliptic) sequentially over the remaining vari-
ables, one at a time. Each such is termed a “semi-sweep”. Thus, 4D
requires a “nest” of 4 DO-loops for the three “semi-sweeps”. Simple
trapezoidal quadratures and 3-point central differences O(Δx2) were
used; Romberg iteration (not needed here) can be incorporated by
adding 10–20 lines of code.



226 F.R. Payne

3. Compute the global DE RMS error, which continually diminishes
∼ 1/e as the DE operator on the computed solution converges.

4. Repeat steps 2–3 until the desired accuracy is attained.

A curious result first noted for the Laplace equation in 1985 and re-
curring in IMSE work (see [7]–[9]) is the dependency of DFI on the grid
“aspect ratio” (AR),

AR = NY/NX,

which is the ratio of the number of y-grid points to those of x. For a
range of 1K to 4K (binary) y-points, a good AR value is 128 or nearby (in
binary).

The “hammerhead” DFI stencil (see below) may exhibit Euler-like “col-
umn instability” for small values of AR. Why this is so is left to numerical
analysts. (“A good piece of research leaves work for others.” F.P., ca.
1970)

Consider the DFI “hammerhead” stencil. In Table 6, k is the known
BCs or values already computed at previous y-steps starting at Δy off the
wall. Let u be the unknown value to be computed at the current y-step.
DFI/Lovitt decoupling to explicit dependency on already available values
generates the “hammerhead” stencil, which for the first four y-steps is

Table 6. DFI “hammerhead” stencil for the first four steps off the boundary.

u

u k k k

u k k k k k k

u k k k k k k k k k

k k k k k k k k k k k k

y = Δy 2Δy 3Δy 4Δy

This pattern is repeated for each value of x, z, . . . “semi-sweeps” in those
variables; nD requires (n− 1) semi-sweeps per global sweep.

As y traverses [0, 1], a narrow stencil develops. This may become un-
stable near the top of the trajectory for poor choices of grid sizes (AR
and NY ). Some experiment is required to find “good” AR, NY values
(“relaxation”?).

Another DFI serendipity simulates the unsteady problem of zeroed ini-
tial internal field (at time t = 0) under given BCs and develops an “error
wave” which is swept ever nearer a “steady” state of small or zero error.
This facet will be valuable for unsteady problems. Each global sweep sim-
ulates a time step of some characteristic value.

19.7 Discussion
The usual grid of 1024 y-steps and AR = 128 implies that y-accuracy is
about O(10−6) and x-accuracy is O(10−2). Accuracy of runs, generally
less than, or equal to, O(10−6), is better than expected; this may be due
to smoothing by the Laplace operator combined with similar quadrature
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effects. DFI has shown good success with a broad range of test functions.
Global errors are dominated here by y step-size since 128–512 times as
many y-steps as x-steps were taken for the ARs reported here.

First tries at a new problem can fail due to exceeding the number of
allowed secant “shoots” at a particular x or “real overflow”. The latter
occurs because of explosive (exponential?) growth of spurious solutions.
The fix for either is simply to increase the number of y-steps or decrease the
number of x-steps; either fix increases AR, the aspect ratio, and continues
dominance of the number of y-steps over those in x (and z, t for 3D/4D).

DFI code is interactive. The best “tracker” is to view interactively the
approach of the shooter parameter to a limit; such behavior means the code
is succeeding. Four significant figures were used for this. In parallel with
this technique, one needs to follow global PDE RMS errors for approach
to a limit, say O(10−6)–O(10−30), as has occurred in this work.

Sensible coding considerations, for any serious scientific worker, will in-
clude the items in the following list.

1. 64-bit minimum word size. Smaller word sizes are not adequate for
serious scientific work.

2. Use binary grids to preserve accuracy due to conversion errors of
decimal to binary digits.

3. Group terms to minimize machine operations and, hence, errors.

4. Avoid division if possible to save much accuracy and CPU time.

5. Large outputs during code development are useful and essential.

For work reported in depth at the IMSE 2000/2002/2004 conferences
(see [7]–[9]), RMS error measures included the following items.

1. Validation of the PDE operator; one always has the PDE.

2. For exact solutions, as here, calculate global RMS differences of exact
from actual computed values of the DE.

3. Global maximum errors and their locations can be useful.

The theoretical bases for DFI are not complex. First, simply integrate by
parts along trajectories fixed in one coordinate, or more in 3D or higher,
and convert any DE to a Volterra IE or IDE. Such are usually implicit
and require iteration. However, Lovitt application converts the IE/IDE to
explicit form and removes all iteration requirements for DEs of order n ≥ 2
with no (n− 1)-order derivative. Similar simplification occurs for ODEs.

Second, the questions of DFI existence and uniqueness are almost trivial
in technological application. For a linear Volterra IE/IDE, Tricomi’s the-
orem [19] requires L2-functions. Nonlinear Volterra IE/IDE existence and
uniqueness additionally require a pair of Lipschitz conditions [19], which
are also easily satisfied for applications.

Another DFI serendipity provides new insights into any problem due
to multiple but equivalent mathematical formulations. Consider Laplace
and Poisson BCs. From (19.1) and (19.2) above and (3) in [9], the leading
solution terms (the nonintegral ones) are those listed in Table 7.
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Table 7. Leading terms of DFI solutions for three BC classes.

1 Gy(x, y) = Gy(x, 0)− · · · (Robin, Neumann) (1R)
2 G(x, y) = G(x, 0) + yGy(x, 0)− · · · (Dirichlet) (2R)
3 Gy(x, y) = Gy(x, 0)− yGxx(x, 0)− · · · (Robin, Neumann) [9].

This follows from y-integrations; initial x-integrations over fixed y yield
three similar forms with x interchanged with y in the G-derivatives. For nu-
mericists, this is ideal: eight (6 IDE, PDE, pure IE) mathematical descrip-
tions of the problem. To change integration paths, switch two FORTRAN
“DO-loop” indices by modifying a few of the 290–390 code lines.

DFI FORTRAN coding is rather easy; most of the work is in “DO-
loops”. The four code segments (main and three subroutines) are listed in
Table 8. The main program also calculated errors beyond the three listed
in Tables 1–5, namely 1) along an x = y trajectory (= z = t also in 3D/4D)
and 2) shooter “misses” of ΔG− f = 0? at y = 1, the top boundary. Code
interaction is governed by the main program; this includes tracking sweep
number and errors and an option to stop or continue the sweeps.

Table 8. F77 routines, purposes, and number of code lines.

Code segment DO-loops and workload ∼ lines of code

Main (DFI) 4 DFI (4D) and 9 error loops 210
Grid/BC 14 loops (set grid and BC) 100
PDE errors 4 loops (compute PDE operator) 40
Exact solution 4 loops (final errors; outputs) 40

If an exact solution is unknown, the last segment is null. The program
totaled 35 “DO-loops” and ∼390 code lines. The two DFI solver loops
require 9 lines plus 37 lines for BCs. The secant shooter requires ∼ 40 lines;
125 lines in the main program are error checkers and I/O. Hence, the basic
DFI solver is a tiny 46 lines. This finalizes a series of four IMSE papers on
elliptic BVPs covering three classes of boundary conditions. These are Part
I, Dirichlet BCs, IMSE 2000 [7], Part II, Robin BCs, IMSE 2002 [8], Part
III, Neumann BCs, IMSE 2004 [9], and Part IV, Extensions to Dirichlet
3D and 4D BVPs, this paper.

19.8 Some DFI Advantages
This section expands part of an IMSE93 paper [2], which was based on 12
years’ work, four Ph.D. theses, and five MSAE theses.

19.8.1 DFI Conceptual Features

1. Nonlinear DEs are solved directly without linearization. All ICs and
BCs are included explicitly in the Volterra formulation.

2. Imbeds arbitrary order predictor-correctors if G ∈ C∞.
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3. New mathematical and physical insights from multiple formalisms.

4. Even nonlinear DE terms can integrate analytically to algebraic ones
(e.g., udu/dx to u2/2).

5. Any DE can usually be hand-integrated (approximately, perhaps)
near the IP to provide insights for coding and analysis.

6. DFI embeds easily into other methods (FDM/FEM, spectral, etc.)
or stands alone.

7. Symbolic manipulators can generate codes, useful for “full DFI”,
eliminating all derivatives. Such by hand can be a chore for high-order
DEs. The author failed [12] in a system of 8 PDEs, 28 derivatives,
and 21 formal integrations required by “full DFI”, 1989.

8. PDEs allow multiple trajectories and sweeps via simple “DO-loop”
changes.

9. All PDEs and any ODE of order ≥ 2 offer alternate algorithms.

10. Trapezoid quadratures are easily upgraded, by Romberg, to any de-
sired accuracy, limited only by machine word size and arithmetic.

11. DFI solves IVPs as a sequence of smaller IVPs, and BVPs as the
limit of a sequence of IVPs with “shooting”. ABVPs are solved as
the limit of a sequence of BVPs with ever-increasing upper limits
until the solution changes by small, but acceptable, amounts.

12. Implicit, “organic shooter” for BVP/ABVP is available.

13. The infinite set of viscous fluid “wall compatibilities” (“no slip”, etc.)
is automatically satisfied; no other method does this.

19.8.2 Physical Features

1. DFI is a virtually error-free simulator. The only approximation is
the quadrature rule (and difference formula if used). Computer error
is not avoidable unless a more powerful machine is used.

2. A “cluster” property exhibits explicit causal relationships.

3. Modelling, especially of nonlinear processes, is simplified.

4. Three sets of physical mechanisms explicitly appear in all problems:
the function and its slope values at the IP and diffusion normal to
the trajectory (already explicit along the trajectory).

5. GLOBAL and LOCAL results are immediate, and “control volume”
checks require only nominal effort.

6. The solution is displayed explicitly in the governing IEs.

7. Error calculation is virtually trivial; simply difference values at hand,
square, and average for RMS errors.

8. Smoothes empiric and/or numeric data; these quadratures do best.
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19.8.3 Mathematical Features

1. Only sophomore calculus and the concept of iteration are used.

2. Quadrature stability conditions are inverse to those of differencing
methods. “With two arrows in the quiver, use the best one.”

3. Volterra IEs/IDEs have unique solutions under rather weak physical
conditions (L2 and Lipschitz if nonlinear).

4. “Lovitt form” for repeated integrals decouples implicit Volterra forms
for any 2-point quadrature and permits Romberg quadrature as
needed. This produces massive CPU time savings.

5. Many little-used techniques fit naturally into DFI. “Lovitt” is the
earliest and most important yet discovered.

6. “Micro-Picard” accelerator [16] is about nine times faster than classic
Picard iteration (not needed here).

7. Does not, as FDM/FEM can, force the problem into linear molds.

8. “Full DFI” (natural anti-derivative (NAD)) eliminates all derivatives
by sequential integration over all arguments. NAD implementation to
incompressible Euler’s flow equations (elliptic) required but a single
global sweep [10].

19.8.4 Numerical Features

1. Uniquely compatible with computing machinery via minimal sub-
tractions and divisions (none for ODEs). Digital computers “like” to
integrate (sum, multiply) rather than differentiate, due to the “bad”
operations of subtraction and division. The “bad” operations waste
CPU time, 4 to 20+ times that of “good” operations.

2. Controls error propagation since global errors are the same order as
pointwise errors.

3. Easy post-run checks confirm the DE solution.

4. DFI yields a simple rationale for “finding infinity” for ABVPs for that
machine, grid, etc. Falkner–Skan, a nonlinear, third-order ODE, is
the “similar” solution to incompressible Prandtl 2D boundary layer
flows. For zero pressure gradient, “infinity” is order 15–20. One
begins by integrating out to 1. Rerun to 2 or 3 and note results.
Increase by stages to 20 and one nears the asymptotic BC of u = 1,
e.g., u = 0.9999. Continue this empiric process until sufficiently close
to “infinity”. This is termed the “FAN” procedure [18].

5. The “FAN” procedure is quite powerful for ABVPs.

6. Any reasonable initial guess begins a convergent sequence of itera-
tions.

7. “Lovitt decoupling” of Volterra IE/IDE for DEs of order two or
greater is likely the largest CPU time and accuracy saver of all.
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19.8.5 Coding and Execution Features

1. DFI is easy to code; solvers are often only 10–20 lines of FORTRAN.

2. Ideal for interactive computing upon microcomputers.

3. Minimal storage requirements allow update by overwriting data along
the trajectory. To error check use a single “old” array.

4. “Bootstrap” recursion mimics the first step in all others.

5. Predictor-corrector (usually ODE): Taylor series predict values at
the next grid point; iterate the Volterra system (“corrector”) and
repeat at subsequent grid points. An nth-order predictor (where n
is the order of the DE) usually requires 2–3 iterations via trapezoid.
Corrector iterates until |fn − fo| ≤ ε, preset; thus the solution is
uniformly convergent, so beloved by mathematicians.

6. Dirichlet, Neumann, and Robin BVPs yield identical IDEs and need
only minor code changes to solve quite dissimilar problems.

7. Multiple integration trajectories are available for all PDEs and any
ODE of order 2 or higher.

8. NO APPROXIMATION is made to this point. The only approxima-
tion is the quadrature formula (and difference formula if in “mixed
mode”, for IDEs).

The largest DFI numerical loads, prior to the work in [6]–[9], are listed
below.

1. 1986, Blasius NLODE with 12,000,000 grid points (step-size of 10−6),
used 120 minutes on DEC20 (1 MFLOP, 72-bit word) [16].

2. 1989, turbulent channel flow large-scale structure predictions for 8
coupled NLPDEs with 28 distinct derivatives. DFI had a speed-up
factor of ∼ 1000 over “psuedotime” CFD. It replaced 25,000 time
iterations by∼ 20 elliptic sweeps. This was “mixed mode” integration
across the flow and FDM down- and cross-stream [12].

3. 1991, Lorenz’s “chaos” (3 nonlinear and coupled ODEs) was solved
with a range of time steps (0.1, 0.01, . . . , 10−7). Three integrations
yielded three pure IEs; these were integrated to various times ranging
from 100 to 10,000 (2.1 to 210 billion steps) [l3]. Lorenz, 1963, used
a 0.1 time step on a now obsolete computer.

19.9 Closure

DFI rests upon two of Tricomi’s theorems [19]. Existence and uniqueness
for linear Volterra IEs merely require functions to be L2, that is, square
integrable. Nonlinear IEs add two Lipschitz growth conditions; these are
easily met for any technological application. DFI offers a sound alternative
to classic DE solvers. For many problems, DFI is likely the optimum solver,
especially if full Lovitt-decoupling prevails; then DFI’s obviation of the
usual Volterra iterations is massively advantageous.
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The reader is invited to e-mail (frpdfi@airmail.net) for sample code and
output files used herein.

DFI is the NATURAL THING TO DO and is EASY!
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20 A Contact Problem for a
Convection-diffusion Equation
Shirley Pomeranz, Gilbert Lewis,
and Christian Constanda

20.1 Introduction

In this paper we consider a convection-diffusion equation with a piecewise
constant coefficient, and indicate an iterative solution method for it. The
usual numerical solution techniques are inadequate in this case because
of the presence of a small coefficient and of a boundary layer. Here we
propose a domain decomposition method that extends results published in
[1] and [2]. After splitting the problem domain into two disjoint subdomains
with an internal interface, we prove that the boundary value problem has a
unique solution and then compute the solution numerically, using the finite
element method in one subdomain and the method of matched asymptotic
expansions in the other. These “local” solutions are related at the internal
interface through continuity requirements.

20.2 The Boundary Value Problem

Consider the equilibrium distribution of temperature in heat conduction
across the interface between two homogeneous plates with insulated faces,
where convection is dominant in one and diffusion in the other. The model
that best describes this problem mathematically is

−∇ ·
(
a(x, y)(∇u)(x, y)

)
+ b(∂yu)(x, y)

+ cu(x, y) = f(x, y), (x, y) ∈ Ω, (20.1)

u(x, y) = g(x, y), (x, y) ∈ ∂Ω, (20.2)

where Ω =
{
(x, y) : 0 < x < L, −H1 < y < H2

}
, L, H1, H2, b, and c are

positive constants,

a(x, y) =
{

1, 0 < x < L, 0 ≤ y ≤ H2,
ε, 0 < x < L, −H1 ≤ y < 0,

∂y(. . .) = ∂(. . .)/∂y, and f and g are sufficiently smooth functions pre-
scribed on Ω and ∂Ω, respectively. The parameter ε, 0 < ε < 1, is the
relatively small diffusion coefficient.
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We split Ω into two disjoint upper and lower subregions

Ω1 =
{
(x, y) : 0 < x < L, 0 < y < H2

}
,

Ωε =
{
(x, y) : 0 < x < L, −H1 < y < 0

}
and make the notation

∂Ω0 =
{
(x, 0) : 0 < x < L

}
,

∂Ω1 =
{
(0, y) : 0 < y < H2

}
∪
{
(x, H2) : 0 ≤ x ≤ L

}
∪
{
(L, y) : 0 < y < H2

}
,

∂Ωε =
{
(0, y) : −H1 < y < 0

}
∪
{
(x,−H1) : 0 ≤ x ≤ L

}
∪
{
(L, y) : −H1 < y < 0

}
,

Ω = Ω1 ∪ Ωε ∪ ∂Ω0, ∂Ω = ∂Ω1 ∪ ∂Ωε.

If we also write
u1 = u

∣∣
Ω1

, uε = u
∣∣
Ωε

, u = {u1, uε},
f1 = f

∣∣
Ω1

, fε = f
∣∣
Ωε

, f = {f1, fε},
g1 = g

∣∣
∂Ω1

, gε = g
∣∣
∂Ωε

, g = {g1, gε},

then problem (20.1), (20.2) splits into two separate boundary value prob-
lems, one in Ω1 and one in Ωε; specifically,

−∇ · (∇u1) + b(∂yu1) + cu1 = f1 in Ω1,

u1 = g1 on ∂Ω1,
(20.3)

and
−ε∇ · (∇uε) + b(∂yuε) + cuε = fε in Ωε,

uε = gε on ∂Ωε.
(20.4)

The boundary conditions in (20.3) and (20.4) are augmented with the nat-
ural conditions of continuity of the solution and of the normal component
of its flux across the internal interface ∂Ω0:

u1 = uε, ∂yu1 = ε(∂yuε) on ∂Ω0. (20.5)

For an arbitrary function v ∈ C∞
0 (Ω), we write v = {v1, vε}. Multiplying

the equations in (20.3) and (20.4) by v1 and vε, integrating over Ω1 and
Ωε, respectively, adding the results, and using Gauss’s formula and the
transmission conditions (20.5), we find that

A(u, v) = (f, v),
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where

A(u, v) =
∫
Ω1

[
(∇u1) · (∇v1)− bu1(∂yv1) + cu1v1

]
dσ

+
∫
Ωε

[
ε(∇uε) · (∇vε)− buε(∂yvε) + cuεvε

]
dσ

is a bilinear form associated with the internal energy of the system and

(f, v) =
∫
Ω1

f1v1 dσ +
∫
Ωε

fεvε dσ

is the L2(Ω)-inner product of f and v. Hence, in a Sobolev space (distribu-
tional) setting [3], the variational problem corresponding to (20.3)–(20.5)
consists in finding u ∈ H1(Ω), u = {u1, uε}, satisfying

A(u, v) = (f, v) ∀v ∈ H̊1(Ω),

γu = g, γ10u1 = γε0uε,
(20.6)

where f ∈ H−1(Ω) and g ∈ H1/2(∂Ω) are prescribed, γu = {γ1u1, γεuε},
γ1 and γε are the continuous trace operators from H1(Ω1) and H1(Ωε) to
H1/2(∂Ω1) and H1/2(∂Ωε), respectively, and γ10 and γε0 are the continuous
trace operators from H1(Ω1) and H1(Ωε) to H1/2(∂Ω0). The continuity of
the normal component of the flux across the internal interface is accounted
for by the fact that the variational equation in (20.6) has no term defined
on ∂Ω0.

Theorem 1. The variational problem (20.6) has a unique solution, which
satisfies the estimate

‖u‖H1(Ω) ≤ c(‖f‖H−1(Ω) + ‖g‖H1/2(∂Ω)), c = const > 0.

20.3 Numerical Method

We denote by u
(k)
1 the kth iterate approximating u in Ω1, and by u

(k)
ε the

kth iterate approximating u in Ωε, k = 1, 2, . . . , and write

u(k)(x, y) =

{
u

(k)
1 (x, y), (x, y) ∈ Ω1,

u
(k)
ε (x, y), (x, y) ∈ Ωε.

We are using a version of the Dirichlet/Neumann (DN) and Adaptive
Dirichlet/Neumann (ADN) methods (see [1] and [2]). The difference is
that here, the interface condition of continuity of the normal derivative
[1] is replaced by the continuity of the normal component of the flux. In
addition, our method is applied to a domain where the decomposition into
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subregions arises from the discontinuity of the diffusion coefficient. Our
technique is described below to O(ε).

Let
u

(1)
1 (x, 0+) = λ(0)(x)

be an initial guess for u(x, 0+), 0 ≤ x ≤ L. For k = 1, 2, . . . , we use the
Dirichlet boundary condition on ∂Ω0 (y = 0+) to solve

−∇2u
(k)
1 + b(∂yu

(k)
1 ) + cu

(k)
1 = f(x, y), (x, y) ∈ Ω1, (20.7)

u
(k)
1 (0, y) = g(0, y), u

(k)
1 (L, y) = g(L, y), 0 ≤ y ≤ H2,

u
(k)
1 (x, H2) = g(x, H2), u

(k)
1 (x, 0+) = λ(k−1)(x), 0 ≤ x ≤ L,

(20.8)

then the Neumann boundary condition on ∂Ω0 (y = 0−) to solve

−ε∇2u(k)
ε + b(∂yu(k)

ε ) + cu(k)
ε = f(x, y), (x, y) ∈ Ωε, (20.9)

u(k)
ε (0, y) = g(0, y), u(k)

ε (L, y) = g(L, y), −H1 ≤ y ≤ 0,

u(k)
ε (x,−H1) = g(x,−H1), (20.10)

ε(∂yu(k)
ε )(x, 0−) = (∂yu

(k)
1 )(x, 0+), 0 ≤ x ≤ L.

In Ω1 we now update the Dirichlet boundary condition at the interface
(y = 0+) by setting, for k = 1, 2, . . . ,

λ(k)(x) = (1− θ)λ(k−1)(x) + θu(k)
ε (x, 0−), 0 ≤ x ≤ L. (20.11)

The continuity across the interface of the normal flux component of each
iterate is imposed by the Neumann boundary condition at y = 0−. But
the iterates u(k)(x, y), k = 1, 2, . . . , are generally not continuous across
∂Ω0. However, if the method converges, then the limit as k →∞ of these
iterates is continuous across the interface.

The problem in Ω1 is solved numerically, for example, by means of finite
elements. Our method has the advantage that, at each iteration, the prob-
lem in Ωε does not need to be solved explicitly for u

(k)
ε (x, y), k = 1, 2, . . . .

This needs to be done only at the final iteration.
The problem on Ωε is a singular perturbation problem whose solution

can be approximated by means of the boundary layer method with matched
asymptotic expansions [4]. The main boundary layer is at y = 0−. For
the kth iteration, the input Neumann boundary data on Ωε at y = 0− are
obtained by approximating ∂yu

(k)
1 at y = 0+ using the output from the

problem on Ω1 and invoking the continuity of the normal flux iterates at
the interface; that is,

ε(∂yu(k)
ε )(x, 0−) = (∂yu

(k)
1 )(x, 0+), 0 ≤ x ≤ L, k = 1, 2, . . . .
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Matched asymptotic expansions to O(ε) then lead to

u(k)
ε (x, y) = b−1(∂yu

(k)
1 )(x, 0+)eby/ε

+ b−1

y∫
−H1

e(c/b)(s−y)f(x, s) ds + e−(c/b)(y+H1)g(x,−H1)

+ O(ε), 0 ≤ x ≤ L, −H1 ≤ y ≤ 0, k = 1, 2, . . . ,

so

u(k)
ε (x, 0−) = b−1(∂yu

(k)
1 )(x, 0+)

+ b−1

0∫
−H1

e(c/b)(s)f(x, s) ds + e−(c/b)(H1)g(x,−H1)

+ O(ε), 0 ≤ x ≤ L, k = 1, 2, . . . . (20.12)

The boundary layer solutions at x = 0+ and/or x = L− can be obtained
by means of the Laplace transformation and can be added at the end of
the computations in order to obtain the complete solution.

The first term on the right-hand side in (20.12) is known from the previ-
ous step in Ω1. The second and third terms are independent of the iteration
process and depend only on the data, so they need to be computed only
once. Hence, when (∂yu

(k)
1 )(x, 0+) has been computed in Ω1, we substitute

it into (20.12) to obtain u
(k)
ε (x, 0−), use this in (20.11) to obtain λ(k)(x),

and so on.

20.4 Convergence

The error iterates in Ω1 and Ωε, defined by

e
(k)
1 (x, y) = u(x, y)− u

(k)
1 (x, y),

e(k)
ε (x, y) = u(x, y)− u(k)

ε (x, y),
k = 1, 2, . . . ,

are found by separation of variables in the associated homogeneous prob-
lems. We write

β(k−1)(x) = e
(k)
1 (x, 0+) = u(x, 0+)− λ(k−1)(x), 0 ≤ x ≤ L, k = 1, . . . .

For k = 1, 2, . . . , in Ω1 we have

−∇2e
(k)
1 + b(∂ye

(k)
1 ) + ce

(k)
1 = 0, (x, y) ∈ Ω1,

e
(k)
1 (0, y) = 0, e

(k)
1 (L, y) = 0, 0 ≤ y ≤ H2,

e
(k)
1 (x, H2) = 0, e

(k)
1 (x, 0+) = β(k−1)(x), 0 ≤ x ≤ L;
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the error is

e
(k)
1 (x, y)

=
∞∑

n=1

C
(k)
1,neb(y−H2)/2 sinh

{[(
b

2

)2

+ c +
(

nπ

L

)2]1/2

(−H2 + y)
}

× sin
(

nπx

L

)
, k = 1, 2, . . . , (20.13)

where

C
(k)
1,n =

ebH2/2

sinh
{[(

b

2

)2

+ c +
(

nπ

L

)2]1/2

(−H2)
}

× 2
L

L∫
0

β(k−1)(x) sin
(

nπx

L

)
dx, n = 1, 2, . . . , k = 1, 2, . . . .

For k = 1, 2, . . . , in Ωε we have

−ε∇2e(k)
ε + b(∂ye(k)

ε ) + ce(k)
ε = 0, (x, y) ∈ Ωε,

e(k)
ε (0, y) = 0, e(k)

ε (L, y) = 0, −H1 ≤ y ≤ 0,

e(k)
ε (x,−H1) = 0, ε(∂ye(k)

ε )(x, 0−) = (∂ye
(k)
1 )(x, 0+), 0 ≤ x ≤ L,

and the error is

e(k)
ε (x, y)

=
∞∑

n=1

C(k)
ε,neb(y+H1)/(2ε) sinh

{[(
b

2ε

)2

+
c

ε
+
(

nπ

L

)2]1/2

(H1 + y)
}

× sin
(

nπx

L

)
, k = 1, 2, . . . , (20.14)

where

C(k)
ε,n = C

(k)
1,n e−b(H1+εH2)/(2ε) 2rn cosh(rnH2)− b sinh(rnH2)

2εsn cosh(snH1) + b sinh(snH1)
,

n = 1, 2, . . . , k = 1, 2, . . . . (20.15)

Here

rn =
[(

b

2

)2

+ c +
(

nπ

L

)2]1/2

,

sn =
[(

b

2ε

)2

+
c

ε
+
(

nπ

L

)2]1/2

,

n = 1, 2, . . . .
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Applying the update formula (20.11), we find that

β(k)(x) = (1− θ)β(k−1)(x) + θe(k)
ε (x, 0−), 0 ≤ x ≤ L, k = 1, 2, . . . .

Using (20.13) and (20.14) and replacing β(k−1)(x) = e
(k)
1 (x, 0+) and

e
(k)
ε (x, 0−), k = 1, 2, . . . , by their Fourier sine series representations on

[0, L], we see that the kth error iterate β(k)(x) at y = 0+ is given by

β(k)(x) = (1− θ)β(k−1)(x) + θe(k)
ε (x, 0−)

= (1− θ)
∞∑

n=1

C
(k)
1,ne−bH2/2 sinh(−rnH2) sin

(
nπx

L

)

+ θ

∞∑
n=1

C(k)
ε,nebH1/(2ε) sinh(snH1) sin

(
nπx

L

)
,

0 ≤ x ≤ L, k = 1, 2, . . . . (20.16)

Expressing β(k) on the left-hand side in (20.16) as a Fourier sine series,
we have ∞∑

n=1

C
(k+1)
1,n e−bH2/2 sinh(−rnH2) sin

(
nπx

L

)

= (1− θ)
∞∑

n=1

C
(k)
1,ne−bH2/2 sinh(−rnH2) sin

(
nπx

L

)
,

+ θ

∞∑
n=1

C(k)
ε,nebH1/(2ε) sinh(snH1) sin

(
nπx

L

)
,

0 ≤ x ≤ L, k = 1, 2, . . . . (20.17)

We now make use of the orthogonality of the functions sin(nπx/L),
n = 1, 2, . . . , on [0, L] in (20.17) to determine a connection between the
nth Fourier sine series coefficients of β(k) and those of β(k−1) of the form

C
(k+1)
1,n e−bH2/2 sinh(−rnH2)

= (1− θ)C(k)
1,ne−bH2/2 sinh(−rnH2) + θ C(k)

ε,nebH1/(2ε) sinh(snH1)

n = 1, 2, . . . , k = 1, 2, . . . . (20.18)

From (20.15) and (20.18) it follows that

C
(k+1)
1,n = (1− θ)C(k)

1,n

+ θ C
(k)
1,n

2rn cosh(rnH2)− b sinh(rnH2)
2εsn cosh(snH1) + b sinh(snH1)

sinh(snH1)
sinh(−rnH2)

=
[
1− θ

(
1− γ(ε, b, c, L, H1, H2, n)

)]
C

(k)
1,n,

n = 1, 2, . . . , k = 1, 2, . . . , (20.19)
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where

γ(ε, b, c, L, H1, H2, n) =
1
ε

(
(b/2)− rn coth(rnH2)

(b/(2ε)) + sn coth(snH1)

)
, n = 1, 2, . . . .

(20.20)
From (20.19) and (20.20) we obtain

C
(k+1)
1,n = α(θ, ε, b, c, L, H1, H2, n)C(k)

1,n, n = 1, 2, . . . , k = 1, 2, . . . ,

where the reduction factors α are given by

α(θ, ε, b, c, L, H1, H2, n) = 1− θ
(
1− γ(ε, b, c, L, H1, H2, n)

)
, n = 1, 2, . . . .

Theorem 2. (i) The iterative method (20.7)–(20.11) converges in L2(0, L)
to the unique continuous solution of (20.1), (20.2) if and only if

|α(θ, ε, b, c, L, H1, H2, n)| < 1, n = 1, 2, . . . .

(ii) If convergence occurs for a specific value of θ, then it also does for
all smaller positive values of θ.

(iii) If there are positive proper fractions θ̄ and ᾱ such that

|α(θ̄, ε, b, c, L, H1, H2, n)| ≤ ᾱ, n = 1, 2, . . . ,

then the method converges pointwise on [0, L] for θ̄, with convergence rate
at least ᾱ.

For example, in the test problem (20.1), (20.2) with b = c = L = H1 =
H2 = 1 and ε = 0.1, if we choose θ = 0.15, then we can take ᾱ = 0.65; in
this case,

‖β(k)‖L2(0,L) = (0.65)k‖β(0)‖L2(0,L) → 0 as k →∞.

20.5 Computational Results

The numerical solution in Ω1 was computed by means of the finite ele-
ment method with piecewise linear triangular elements. The uniform finite
element grid had 11 nodes in both the x and y directions.

The method of matched asymptotic expansions to O(ε2) was used in
Ωε. Numerically, this modified the expression of the Dirichlet boundary
condition for the next iteration in Ω1 (at y = 0+) from that given by
(20.11) to

λ(k)(x) = (1− θ)λ(k−1)(x) + θ(1− ε)u(k)
ε (x, 0−), 0 ≤ x ≤ L, k = 1, 2, . . . .
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The numerical results were obtained with Mathematica Version 4 for
the test problem (20.1), (20.2) with H1 = H2 = L = b = c = 1, θ = 0.25,
ε = 0.01, and data functions

f1(x, y) = 2(1 + y) + x(1− x)(2 + y),

fε =
1
ε2 ey/ε

[
2ε2 + (ε2 + ε− 1)x(1− x)

]
,

g1(x, y) =

⎧⎨⎩
2x(1− x), 0 ≤ x ≤ 1, y = 1,
0, x = 0, 0 < y < 1,
0, x = 1, 0 < y < 1,

gε(x, y) =

⎧⎪⎨⎪⎩
x(1− x)e−1/ε, 0 ≤ x ≤ 1, y = −1,
0, x = 0, −1 < y < 0,
0, x = 1, −1 < y < 0,

The exact solution is
u1(x, y) = x(1− x)(1 + y),

uε(x, y) = x(1− x)ey/ε.

Both the exact solution and its normal flux are continuous across y = 0,
0 ≤ x ≤ 1. The iterations were started using the linear interpolant of the
given boundary values at (x, y) = (0, 0) and (x, y) = (1, 0) as an initial
guess for λ(0); in other words, λ(0)(x) = 0, 0 ≤ x ≤ 1.

The values of the interface error

e(10)(x, 0+) = x(1− x)− u(10)(x, 0+)

after 10 iterations can be found in Table 1.

Table 1. The error at y = 0+ after 10 iterations.

x e(10)(x, 0+)

0.0 0.0
0.1 0.00768254
0.2 −0.00533406
0.3 0.000561597
0.4 0.00116317
0.5 0.00075847
0.6 0.00106993
0.7 0.000327891
0.8 −0.00486947
0.9 0.00744013
1.0 0.0
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20.6 Conclusions

We have proposed an efficient iterative domain decomposition method that
solves general convection-diffusion singular perturbation problems. Our
specific application involves a piecewise constant diffusion coefficient. We
have established sufficient conditions for the convergence of the method,
identified suitable values of the relaxation parameter θ, and started inves-
tigations into the rate of convergence. The method was implemented to
O(ε2) to solve test problems.

Full details of the proofs of these assertions will appear in a future pub-
lication.
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21 Integral Representation
of the Solution of Torsion
of an Elliptic Beam with
Microstructure
Stanislav Potapenko

21.1 Introduction

The theory of micropolar elasticity [1] was developed to account for dis-
crepancies between the classical theory and experiments when the effects
of material microstructure were known to significantly affect a body’s over-
all deformation. The problem of torsion of micropolar elastic beams has
been considered in [2] and [3]. However, the results in [2] are confined
to the simple case of a beam with circular cross section while the analy-
sis in [3] overlooks certain differentiability requirements that are essential
to establish the rigorous solution of the problem (see, for example, [4]).
In neither case is there any attempt to quantify the influence of material
microstructure on the beam’s deformation.

The treatment of the torsion problem in micropolar elasticity requires
the rigorous analysis of a Neumann-type boundary value problem in which
the governing equations are a set of three second-order coupled partial dif-
ferential equations for three unknown antiplane displacement and microro-
tation fields. This is in contrast to the relatively simple torsion problem
arising in classical linear elasticity, in which a single antiplane displacement
is found from the solution of a Neumann problem for Laplace’s equation [5].
This means that in the case of a micropolar beam with noncircular cross
section it is extremely difficult (if not impossible) to find a closed-form
analytic solution to the torsion problem.

In this paper, we use a simple, yet effective, numerical scheme based on
an extension of Kupradze’s method of generalized Fourier series [6] to ap-
proximate the solution of the problem of torsion of an elliptic micropolar
beam. Our numerical results demonstrate that the material microstruc-
ture does indeed have a significant effect on the torsional function and the
subsequent warping of a typical cross section.

21.2 Torsion of Micropolar Beams

Let V be a domain in the real three-dimensional space R
3, occupied by a

homogeneous and isotropic linearly elastic micropolar material with elastic
constants λ, μ, α, β, γ, and κ, whose boundary is denoted by ∂V . The
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deformation of a micropolar elastic solid can be characterized by a dis-
placement field of the form

U(x) = (u1(x), u2(x), u3(x))T

and a microrotation field of the form

Φ(x) = (ϕ1(x), ϕ2(x), ϕ3(x))T ,

where x = (x1, x2, x3) is a generic point in R
3 and a superscript T indicates

matrix transposition. We consider an isotropic, homogeneous, prismatic
micropolar beam bounded by plane ends perpendicular to the generators. A
typical cross section S is assumed to be a simply connected region bounded
by a closed C2-curve ∂S with outward unit normal n = (n1, n2)T . Taking
into account the basic relations describing the deformations of a homoge-
neous and isotropic, linearly elastic micropolar solid [7], we can formulate
the problem of torsion of a cylindrical micropolar beam (see, for exam-
ple, [2] and [3]) as an interior Neumann problem of antiplane micropolar
elasticity [8]:

Find u ∈ C2(S) ∩ C1(S ∪ ∂S) satisfying

L(∂x)u(x) = 0, x ∈ S, (21.1)

such that
T (∂x)u(x) = f(x), x ∈ ∂S. (21.2)

Here, L(∂x) is the (3×3)-matrix partial differential operator corresponding
to the governing equations of torsion of a micropolar beam [3], u(x1, x2) =
(ϕ1(x1, x2), ϕ2(x1, x2), u3(x1, x2))T , T (∂x) is the boundary stress operator
[3], and f = (γn1, γn2, μ(x2n1 − x1n2))T .

In [8], the boundary integral equation method is used to prove existence
and uniqueness results in the appropriate function spaces for the boundary
value problem (21.1), (21.2). As part of this analysis, it is shown that
the solution of (21.1), (21.2) can be expressed in the form of an integral
potential.

21.3 Generalized Fourier Series

Let ∂S∗ be a simple closed Liapunov curve such that ∂S lies strictly inside
the domain S∗ enclosed by ∂S∗, and let {x(k) ∈ ∂S∗, k = 1, 2, . . .} be a
countable set of points densely distributed on ∂S∗. We set S−

∗ = R
2\S̄∗,

denote by D(i) the columns of the fundamental matrix D [8] and by F (i) the
columns (of matrix F ) that form the basis of the set of rigid displacement
and microrotations associated with (21.1) and (21.2); that is,

F =

⎡⎣ 0 0 0

0 0 0

0 0 1

⎤⎦ . (21.3)
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The following result is fundamental to the numerical scheme used to
approximate the solution of the micropolar torsion problem. Its proof
proceeds as in [6].

Theorem 1. The set

{F (3), θ(jk), j = 1, 2, 3, k = 1, 2, . . .}, (21.4)

where F (3) is the third column of matrix (21.3) and

θ(jk)(x) = T (∂x)D(j)(x, x(k)),

is linearly independent on ∂S and fundamental in L2(∂S).

If we now introduce the new sequence {η(n)}∞
n=1 obtained from (21.4)

by means of a Gram–Schmidt orthonormalization process, and use the in-
tegral representation formula for the solution of a boundary value problem
(Somigliana formula) [8], then, as in [9], we can derive the approximate
solution for the torsion problem in the form of a generalized Fourier series,
that is,

u(n)(x) = q̃3F̃
(3) −

n∑
r=1

qr

∫
∂S

P (x, y)η(r)(y)ds(y) + G(x), x ∈ S. (21.5)

Here, the first term on the right-hand side is a rigid displacement inde-
pendent of n, the Fourier coefficients qr are computed by means of the
procedure discussed in [6] and [9], P (x, y) is a matrix of singular solutions
[8], and G(x) is given by

G(x) =
∫

∂S

D(x, y)f(y)ds(y), x ∈ R
2\∂S.

Since q̃3 cannot be determined in terms of the boundary data of the prob-
lem, we can conclude that the solution is unique up to an arbitrary rigid
displacement/microrotation, which is consistent with the results obtained
in [8].

This numerical method is extremely attractive in that it inherits all
the advantages of the boundary integral equation method and, as in the
following example, can be shown to produce accurate, fast-converging, and
effective results.

21.4 Example: Torsion of an Elliptic Beam
To verify the numerical method, it is a relatively simple matter to show
that for the problem of a circular micropolar beam, the numerical scheme
produces results that converge rapidly to the exact solution established in
[2] (that the cross section does not warp, i.e., that the material microstruc-
ture is insignificant in the torsion of a circular micropolar bar). Of more
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interest, however, is the case of an elliptic micropolar bar [5], which, to the
author’s knowledge, remains absent from the literature.

As an example, consider the torsion of a micropolar beam of elliptic
cross section in which the elastic constants take the values α = 3, β = 6,
γ = 2, κ = 1, and μ = 1. The domain S is bounded by the ellipse

x1 = cos t, x2 = 1.5 sin t.

As the auxiliary contour ∂S∗ we take the confocal ellipse

x1 = 1.1 cos t, x2 = 1.6 sin t.

Using the Gauss quadrature formula with 16 ordinates to evaluate the
integrals over ∂S and following the computational procedure discussed in
[6] and [9], the approximate solution (21.5) is found to converge to eight
decimal places for n = 62 terms of the series. Numerical values are pre-
sented in Table 1 for representative points (0, 0), (0.25, 0.25), (0.5, 0.5), and
(0.5, 0.75) inside the elliptic cross section.

Table 1. Approximate solution of micropolar beam with elliptic cross section for
n = 62 in (21.5).

Point in cross section (0, 0) (0.25, 0.25) (0.5, 0.5) (0.5, 0.75)

ϕ1 0.74431942 1.17355112 1.24343810 1.82784247

ϕ2 0.48152259 0.97222035 1.11246544 1.36181203

u3 0.00006160 0.02139392 0.08461420 0.12380739

Here ϕ1 is the microrotation about the x1-axis, ϕ2 the microrotation
about the x2-axis, and u3 the antiplane displacement.

Note that if we compare the values of the out-of-plane displacement or
torsional function u3 with those obtained in the case of a classical elastic
elliptic beam (which are 0, 0.02403812, 0.09615251, and 0.14422874 at the
same points, based on the exact solution for the warping function [5]), we
conclude that there is a difference of up to 15% between them at certain
points. (In addition to the results in Table 1, we considered several other
interior points of the ellipse and arrived at a similar conclusion).

In contrast to the case of a circular micropolar beam, for which the cross
section remains flat [2] (as in the classical case [5]), there is a significant
difference in the torsional function for an elliptic beam made of micropolar
material when compared to the same beam in which the microstructure is
ignored (i.e., the classical case [5]).

The method used here is easily extended, with only minor changes of
detail, to the analysis of the torsion of micropolar beams of any (smooth)
cross section, where we again expect a significant contribution from the
material microstructure.
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22 A Coupled Second-order
Boundary Value Problem
at Resonance
Seppo Seikkala and Markku Hihnala

22.1 Introduction

We continue the study started in [1] of the boundary value problem (BVP)

(
x1

′′

x2
′′

)
+ A

(
x1
x2

)
=
(

f1(ax1 + bx2)
f2(cx1 + dx2)

)
+
(

b1(t)
b2(t)

)
,

x1(0) = x2(0) = x1(π) = x2(π) = 0,

(22.1)

now considering the case where the null space of the differential operator on
the left-hand side in (22.1), with the given Dirichlet boundary conditions,
is two dimensional.

Fig. 1. A coupled spring-mass system.

Problems of this type arise, for example, in mechanics (coupled oscilla-
tors) or in coupled circuits theory [2]. Thus, for the spring-mass system in
Fig. 1 (m1 and m2 are the masses and s1, s2, and S the stiffnesses) we
have

A =
(

a1 −α
−β a2

)
, (22.2)

where a1 = s1/m1+S/m1, a2 = s2/m2+S/m2, α = S/m1, and β = S/m2.
The special case where s1/m1 = s2/m2 = 1 and, hence, where

A =
(

α + 1 −α
−β β + 1

)
,
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was studied in [3]. The case s1 = s2 = m1 = m2,

A =
(

α + 1 −α
−α α + 1

)
,

was studied in [4]. In [1], we considered more general problems (22.1) but
still having a one-dimensional null space for the differential operator with
the given Dirichlet boundary conditions. If, for example,

m1 =
64
81

, m2 = 1, s1 =
32
81

, s2 =
13
9

, S =
32
9

,

that is,

A =
(

5 − 9
2

− 32
9 5

)
,

then the null space is two dimensional.
The change of variables z = T−1x, where T is a matrix that diagonalizes

A and has the eigenvectors of A as columns, transforms problem (22.1) into
a system(

z1
′′ + d1z1

z2
′′ + d2z2

)
= T−1

(
f1(ax1 + bx2)
f2(cx1 + dx2)

)
+ T−1

(
b1(t)
b2(t)

)
,

z1(0) = z2(0) = z1(π) = z2(π) = 0,

(22.3)

where x =
(

x1
x2

)
= Tz and d1 and d2 are the eigenvalues of A. For the

matrix A in (22.2) we may choose

T =
(

α γ
γ −β

)
, T−1 =

1
αβ + γ2

(
β γ
γ −α

)
,

where either γ = 1
2 (a1− a2) + 1

2

[
(a1− a2)2 + 4αβ

]1/2 or γ = 1
2 (a1− a2)−

1
2

[
(a1 − a2)2 + 4αβ

]1/2
.

If d1 = l1
2 and d2 = l2

2, where l1 and l2 are positive integers, then we
have a resonance case, and the null space of the differential operator E in
the coupled system (22.1), defined by

Ex =
(

x1
′′

x2
′′

)
+ A

(
x1
x2

)
,

with the given Dirichlet boundary conditions, is spanned by the functions

Φ(t) = T

(
1
0

)
sin(l1t) and η(t) = T

(
0
1

)
sin(l2t).
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We study the existence of the solutions of (22.1) in terms of the parameters
b̄1 and b̄2 in the decomposition

b(t) =
(

b1(t)
b2(t)

)
= b̄1Φ(t) + b̄2η(t) + T

(
b̃1(t)
b̃2(t)

)
, (22.4)

where b̃1 is orthogonal to ψ1(t) = (2/π)1/2 sin(l1t) and b̃2 is orthogonal to
ψ2(t) = (2/π)1/2 sin(l2t). The motivation for decomposition (22.4) is that
the BVP

Ex = b, x(0) = x(π) = 0

has a solution if and only if b̄1 = b̄2 = 0.

22.2 Results

Let X be the set of all continuous functions x : [0, T ] → R
2, and suppose

that f1 and f2 are continuous and bounded. For a fixed λ = (λ1, λ2) ∈ R
2,

consider the integral equation system

z = λψ + KNz, (22.5)

where

Nz = N

(
z1
z2

)
= T−1

(
f1(ax1 + bx2) + b1
f2(cx1 + dx2) + b2

)
,

x = Tz, ψ = (ψ1, ψ2)T , λψ = (λ1ψ1, λ2ψ2)T , and the linear operator
K : X → X is defined by

Kz =

⎛⎜⎜⎝
π∫
0

k1(t, s)z1(s) ds

π∫
0

k2(t, s)z2(s) ds

⎞⎟⎟⎠ ;

here the ki are the solutions of the problems

Liki(t, s) = δ(t− s)− ψi(t)ψi(s),
ki(0, s) = ki(π, s) = 0,

π∫
0

ki(t, s)ψi(t) dt = 0, i = 1, 2,

L1u = u′′ + l1
2u and L2u = u′′ + l2

2u. Since f1 and f2 are continuous
and bounded, it follows that for a fixed λ ∈ R

2, system (22.5) has at
least one solution. For any such solution zλ, we write xλ = Tzλ, δ(λ) =
(δ1(λ), δ2(λ)),

δi(λ) =

π∫
0

(Nz)i(t)ψi(t) dt,
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and
δ̃i(λ) = δi(λ)− b̄i, i = 1, 2.

We now easily deduce that the BVP (22.3) is equivalent to the pair of
equations

z = λψ + KNz,

δ(λ) = 0,

from which it follows that the BVP (22.1) is equivalent to the pair

x = λΨ + Fx,

δ(λ) = 0,

where Ψ = Tψ and F = TKNT−1.
For simplicity, assume that the limits fi(∞) and fi(−∞) exist and that

fi(−∞) < 0 < fi(∞), i = 1, 2. We make the notation Di
+ = {t ∈ [0, π] :

ψi(t) > 0} and Di
− = {t ∈ [0, π] : ψi(t) < 0}, i = 1, 2.

Theorem. Suppose that ad− bc 
= 0 and that for i = 1, 2,

fi(−∞)
∫

Di
+

ψi(t) dt + fi(∞)
∫

Di
−

ψi(t) dt

<

π∫
0

bi(t)ψi(t) dt

< fi(∞)
∫

Di
+

ψi(t) dt + fi(−∞)
∫

Di
−

ψi(t) dt. (22.6)

Then the BVP (22.1) has at least one solution.

Proof. The change of variables(
z1
z2

)
= BT−1

(
x1
x2

)
,

where B is the matrix

B =
(

a b
c d

)
,

transforms problem (22.1) into the equivalent problem(
z1

′′ + d1z1
z2

′′ + d2z2

)
= BT−1

(
f1(z1)
f2(z2)

)
+ BT−1

(
b1(t)
b2(t)

)
,

z1(0) = z2(0) = z1(π) = z2(π) = 0.
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This, in turn, is equivalent to the system of equations

z = Pz + KNz,

PNz = 0,
(22.7)

where the projection operator P : C2[0, π]×C2[0, π] → C[0, π]×C[0, π] is
defined by

Pz =
(

λ1ψ1
λ2ψ2

)
, λi =

π∫
0

zi(t)ψi(t) dt, i = 1, 2,

and N is defined by

Nz = BT−1
(

f1(z1) + b1(t)
f2(z2) + b2(t)

)
.

Let Q : C2[0, π]× C2[0, π] → C[0, π]× C[0, π] be defined by

Qz = Pz + KNz −B−1PNz.

If Q has a fixed point, then system (22.7) has a solution since PNz = 0
if and only if PB−1PNz = A−1PNz = 0. On the other hand, if z is
a solution of (22.7), then z is a fixed point of Q. By the Leray–Schauder
theory, to show that Q has a fixed point, it suffices to show that (I−τQ)z 
=
0 for all z ∈ ∂Ω and τ ∈ (0, 1), where

Ω = {z | z = z� + z̃, ||z�|| < R, ||z̃|| < M}, z� = Pz,

for some chosen R > 0 and M > 0. Now, (I− τQ)z 
= 0 if P (I− τQ)z 
= 0,
that is, if

(1− τ)
(

λ1ψ1
λ2ψ2

)
+ τB−1BT−1

(
δ1ψ1
δ2ψ2

)

=
(

0
0

)
, (22.8)

where

δi =

π∫
0

fi[λiψi(t) + z̃i(t)]ψi(t) dt +

π∫
0

bi(t)ψi(t) dt, i = 1, 2.

Let z ∈ ∂Ω. Then either 1) ||z�|| = R and ||z̃|| ≤ M , or 2) ||z�|| ≤ R
and ||z̃|| = M. In the case 1), we have max{|λ1|, |λ2|} = R. By condition
(22.6), we can choose R so that δ1 > 0 if λ1 = R, δ1 < 0 if λ1 = −R, δ2 > 0
if λ2 = R, and δ2 < 0 if λ2 = R; hence, (22.8) holds, so (I − τQ)z 
= 0.

In the case 2), we choose M > ||K|| ||Nz||. Then (I − τQ)z = 0 is
equivalent to z = τ(Pz−B−1PNz)+τKNz, which implies that z̃ = τKNz
and, hence, that ||z̃|| < M : a contradiction. Thus, (I − τQ)z 
= 0, and the
proof is complete.
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23 Multiple Impact Dynamics
of a Falling Rod and
Its Numerical Solution
Hua Shan, Jianzhong Su, Florin Badiu, Jiansen Zhu,
and Leon Xu

23.1 Introduction

When an electronic device drops to the floor, it usually comes down at an
inclination angle. After an initial impact at an uneven level, a clattering
sequence occurs in rapid succession. There has been growing recognition
that the entire impact sequence, rather than just the initial impact, is im-
portant for the shock response of circuits, displays, and disk drives. In a
pioneering study by Goyal et al. (see [1] and [2]), it was found that when a
two-dimensional rod was dropped at a small angle to the ground, the sec-
ond impact might be as large as twice the initial impact. This raised the
issue of how adequate the current testing procedure and simulation anal-
ysis are. Standard fragility tests, which typically involve a single impact
with no rotation, are not adequate for that type of drop. Angled dropping
tests have been seen in the literature, but they are apparently more com-
plicated in nature. Similarly, including subsequent impacts in numerical
simulations increases computational costs. So there is a need for further
study of multiple impacts from both analytic and numerical analysis and
experimental points of view.

Problems of a single impact or first impact are discussed in many arti-
cles in mechanics and mathematical literature, (see, for example, [3]–[5] for
rigid-body collisions). Even in single-impact cases, the topic remains the
focus of much discussion (see [6] and [7]) as many theoretical issues of con-
tact dynamics with friction have started to be resolved. Recent attention
has been paid to detecting and calculating the micro-collisions that occur
in a short time interval, when the bodies are allowed to be flexible (see [8]
and [9]). A whole range of commercial software (ANSYS, etc.) is available
to study the single-impact problem, with a rather detailed approach, such
as finite element analysis, implemented (see [10] and [11]).

The study of multiple impacts, however, is an emerging area. Goyal et
al. used in [1] and [2] a transition matrix method to calculate the clattering
sequence and its impacts. There, the contact times of impacts are assumed
to be instantaneous and time intervals between the impacts are also brief, as

The authors are indebted to Nokia for the support of this work.
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a two-dimensional rod is dropped to the ground at a very small angle. We
note here that these impacts are still relatively far apart in times of collision,
by comparison to the micro-collision situation [8]. These collisions occur in
different parts of the body according to their movement after the collisions,
and are not a consequence of elastic oscillations. Rather, the dynamics
between the impacts play a very significant role in determining the velocity
and location of the next impact, particularly when the inclination angle of
the initial dropping is moderate.

In this study, we provide a comprehensive analysis of the clattering dy-
namics. The work is therefore a continuation of the study by Goyal et
al. in [1] and [2]. Our results in the multiple impact of a uniform rod
are consistent with that of Goyal’s. We further explore the scenario where
a larger initial dropping angle leads to a different impact sequence. Our
methodology and numerical tools allow us to consider the problem of a
three-dimensional body with nonuniform density. Substantial new knowl-
edge of the multiple impacts is gained with numerical experiments. Such
research is the first step towards a simulation tool for the design and opti-
mization of electronic components.

We outline our article as follows. In Section 23.2, we state the basic
rigid-body dynamics equation. Section 23.3 introduces the continuous con-
tact model that will be used in numerical simulation. Section 23.4 contains
theoretical results for a two-dimensional uniform rod based on the dis-
crete contact model. We present the numerical simulation of the multiple
impacts of a three-dimensional rod in Section 23.5. The discussion and
conclusion are presented in Section 23.6.

23.2 Rigid-Body Dynamics Model

Two sets of coordinate systems are used to describe the displacement and
rotation of a rigid body. The global coordinate system (x, y, z) is fixed to
the ground, as shown in Fig. 1. The local coordinate system (x′, y′, z′),
or rigid-body coordinate system, is a body-fixed frame with its origin lo-
cated at the mass center of the rigid body. In the present work, only the
gravitational force Fg and the impact contact force Fc are considered.

Fig. 1. Rigid body and coordinate systems.

The equation of unconstrained motion for the rigid body can be written
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as a set of ordinary differential equations in the matrix form [12]

Mq̈ = Qv + Qe , (23.1)

where q =
{
RT, βT

}
denotes the vector of generalized coordinates, R =

{xc, yc, zc}T is the coordinate of the mass center, and β = {β0, β1, β2, β3}T
represents the vector of Euler parameters. The inertia matrix M is given
by

M =
∫

Ω
ρ

[
I

G′T ũ′T AT

]
[I−Aũ′ G′] dΩ ,

where the integration is over the entire rigid body, ρ is the density, I is the
identity (3×3)-matrix, A is the transformation (4×4)-matrix, and ũ′ is the
skew-symmetric matrix obtained from the local coordinates vector u′. The
matrix G′ is a (3× 4)-matrix expressed in terms of the Euler parameters.

Qv, the first term on the right-hand side of (23.1), represents the vector
that absorbs the quadratic velocity terms, that is,

Qv = −
∫

Ω
ρ

[
I

G′T ũ′T AT

]
αv dΩ,

where αv = A ω̃′ ω̃′ u′ − Aũ′ Ġ′ β̇, ω̃′ is the skew-symmetric matrix cor-
responding to the angular velocity vector ω′ of the rigid body in the local
coordinate system. The superposed dot denotes the derivative with respect
to time. The second term on the right-hand side of (23.1) is the vector of
generalized forces

Qe =
[
(Qe)R
(Qe)β

]
=
[
Fg + Fc

GT Mc

]
,

where G = AG′. The general force includes the gravitational force Fg and
the impact contact force Fc, and Mc is the vector of the moment of the
contact force with respect to the mass center. The modeling of the impact
contact force will be given in Section 23.3.

The matrix M is assumed to be positive definite, and (23.1) can be
written as

q̈ = M−1 (Qv + Qe). (23.2)

We introduce the state vector

U =
[
q̇
q

]
and the load vector

R =
[
M−1 (Qv + Qe)

q̇

]
.

Then (23.2) can be written as

U̇ = R,
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that is, a set of ordinary differential equations, which can be solved for
given initial conditions. The time integration is accomplished by means
of the third-order total-variation-diminishing (TVD) Runge-Kutta method
(see [13]).

23.3 Continuous Contact Model

As mentioned earlier, the purpose of the present work is to study the colli-
sion of a rigid body with a horizontal floor. The continuous contact model,
also known as the compliant contact model, is used to model the impact
contact force. This model is well suited for the problems in discussion.
First, the model allows us to record specific impact and forces at any par-
ticular moment; second, the viscoelastic parameters in the model can be
used to describe the energy dissipation and elastic reconstitution of the
floor. As we are more concerned with the trajectory of the impacts rather
than micro-collisions, we consider this continuous contact model adequate.
Below we give a brief description of the numerical procedure; full details of
the proofs of these assertions will appear in a future publication.

The horizontal ground is modeled as a distributed viscoelastic founda-
tion that consists of a layer of continuously distributed parallel springs and
dampers, as shown in Fig. 2. The surface stiffness is represented by the
spring coefficient kG, and cG is the ground damping coefficient.

Fig. 2. Distributed viscoelastic foundation.

The impact contact force is calculated as the integral of a distributed
load over the contact area S, in the form

Fc =
∫

S

fc dS,

where fc = fn n + ft t is the vector of the distributed load and n and t
represent the unit vectors in the normal and tangential directions, respec-
tively. The normal distributed contact load fn is determined explicitly by
the local indentation δ and its rate δ̇: fn = (kG + cGδ̇) δ. The local tangen-
tial contact load ft is determined from Coulomb’s law, that is, ft ≤ μsfn

when sticking occurs, and ft = μkfn when sliding occurs. Here μs and
μk are the coefficients of static friction and sliding friction, respectively.
The moment of the impact contact force with respect to the mass center is
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computed as

Mc =
∫

S

mc dS,

where mc = ũ fc and ũ is the skew-symmetric matrix corresponding to the
local coordinate vector expressed in the global coordinate system.

The continuous contact model will be used to evaluate the impact con-
tact force in the rigid-body dynamics model of Section 23.2. The numerical
simulation results of the falling rod problem will be given in Section 23.5.

23.4 Discrete Contact Model for a Falling Rod

This section presents a discrete contact dynamics model for the falling rod
problem. This model is based on the linear impulse-momentum principle,
the angular impulse-momentum principle for a rigid body, and some im-
pact parameters that relate the pre- and post-impact variables, such as the
coefficient of restitution, which is defined as the ratio of the post-impact
relative normal velocity to the pre-impact relative normal velocity at the
impact location. The discrete model assumes that the impact occurs instan-
taneously and the interaction forces are high, and, thus, that the change in
position and orientation during the contact duration are negligible and the
effects of other forces (for example, the gravitational force) are disregarded
[4]. This model is able to predict post-impact status for given pre-impact
information and predefined impact parameters. The theoretical solutions
for the discrete model in this section will be compared with the numerical
results for the continuous impact model in Section 23.5.

The falling rod problem is depicted in Fig. 3, which shows a schematic
sketch of the collision of a falling rod with the horizontal ground. The
length of the rod is L. The rod forms an angle θ with the floor when
one of its ends hits the ground. Unit vectors n and t define the normal
and tangential directions. The vector pointing from the mass center of
the rod to the impact location is defined as d = dn n + dt t, and therefore
dn = −1/2 L sin θ, and dt = −1/2 L cos θ.

Fig. 3. Falling rod colliding with a massive horizontal surface.
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The impact dynamics equations are

m(Vn − vn) = Pn,

m(Vt − vt) = μiPn,
1
12mL2(Ω− ω) = μiPndn − Pndt,

Vn − Ωdt = −e(vn − ωdt).

(23.3)

The first two equations (23.3) represent the linear impulse-momentum law
in the normal and tangential directions. The third equation follows from
the angular impulse-momentum law. The last equation gives the relation-
ship between the relative normal velocities at the impact location before
and after impact. The mass of the rod is given by m. The pre- and post-
impact vectors of velocity at the center of mass of the rod are defined as
v = vnn + vtt and V = Vnn + Vtt, respectively. The variables ω and Ω
are the pre- and post-impact angular velocities of the rod. The impact
impulse vector is given by P = Pnn+Ptt, with normal component Pn and
tangential component Pt. The relationship between these two components
is given by Pt = μiPn, where μi is the impulse ratio. The restitution co-
efficient is denoted by e. When the pre-impact variables and the impact
parameters (μi and e) are known, (23.3) gives a closed system of algebraic
equations for the four unknowns Vn, Vt, Ω, and Pn. Setting m = 1, L = 1,
ω = 0, and e = 1, we find that the solutions of (23.3) are

Vn =
1− 3 cos2 θ + 3μi sin θ cos θ

1 + 3 cos2 θ − 3μi sin θ cos θ
vn,

Vt = vt −
2μi

1 + 3 cos2 θ − 3μi sin θ cos θ
vn,

Ω =
12(cos θ − μi sin θ)

1 + 3 cos2 θ − 3μi sin θ cos θ
vn,

Pn = − 2vn

1 + 3 cos2 θ − 3μi sin θ cos θ
vn.

Note that the third equation (23.3) is based on the assumption of point
contact, and becomes invalid when θ = 0. In this case, (23.3) is reduced to
the set of equations

m(Vn − vn) = Pn,

m(Vt − vt) = μiPn,

Vn = −evn.

(23.4)

When e = 1, the solutions of (23.4) are

Vn = −vn,

Vt = −2μivn + vt,

Pn = −2vn.
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23.5 Numerical Simulation of a Falling Rigid Rod

The discrete contact dynamics model presented in the previous section is
illustrative of the qualitative features in a clattering impact, but it certainly
has several shortcomings. First of all, the discrete model is based on the
assumption that the impact occurs instantaneously and the contact dura-
tion is negligible. Second, it also assumes that interaction forces are high,
and thus the effects of other forces (for example, the gravitational force)
are disregarded. Third, it assumes that the impact is only with point-
contact, and therefore the contact point must be known in advance. The
discrete contact model needs to be modified to handle the case with multi-
ple contact points or with surface-contact impact. The continuous contact
model presented in Section 23.3 is able to overcome these problems. In
this section, the rigid-body dynamics equations given in Section 23.2 and
the continuous contact model are applied to the numerical simulations of a
falling rigid rod colliding with a horizontal ground. The numerical results
on the first impact are compared to the theoretical solutions of the dis-
crete model for the purpose of code validation. Then the numerical results
involving a sequence of multiple impacts of the falling rigid rod with the
ground are displayed.

Figure 4 shows the geometry and surface meshes of the rigid rod used in
all test cases in this section. The parameters of the rod are given as mass
m = 1, length L = 1, and radius rd = 0.01.

Fig. 4. Meshes at the surface of the falling rod.

In the first test case, the falling rigid rod collides with the horizontal
ground at different contact angles θ ranging from 0◦ to 90◦. The initial
angular velocity is ω = 0, the pre-impact normal velocity is vn = −1, the
pre-impact tangential velocity is vt = 0, the ground stiffness coefficient is
kG = 1011, and the ground damping coefficient is cG = 0. The reason
that kG takes such a large value is to make the contact surface sufficiently
small, so that the numerical results will be comparable to the theoretical
solution of the discrete contact model where a point-contact is assumed.
The friction is not considered in this case, so μs = 0 and μk = 0. The
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discrete contact model in Section 23.4 is also applied to this test case for
comparison. In the discrete contact model, for the case of θ 
= 0◦, the
post-impact values are calculated by setting vn = −1, vt = 0, and μi = 0
in (23.3). When θ = 0◦, (23.4) is used to calculate the solutions. These
solutions from the discrete contact model are referred to as the theoretical
solutions in this section.

(a) (b)

(c) (d)

Fig. 5. Comparison between numerical and theoretical results for the first col-
lision of the rigid rod in the first test case, with initial angular velocity ω = 0,
pre-impact normal velocity vn = −1, ground stiffness kG = 1011, ground damp-
ing coefficient cG = 0, and no friction. (a) The post-impact normal velocity of
the center of mass as a function of the impact contact angle. (b) The post-impact
angular velocity as a function of the impact contact angle. (c) The normal im-
pact impulse as a function of the impact contact angle. (d) The energy loss as a
function of the impact contact angle.

The post-impact status of the rigid rod for the first collision given by
numerical simulation is compared to the theoretical solutions, as shown in
Fig. 5. The post-impact normal (z-direction) velocity at the mass center,
the angular velocity, the normal impact impulse, and the energy loss are
shown as functions of the initial contact angles in Fig. 5(a), (b), (c), and
(d). Both the numerical simulation results and the theoretical solutions
indicate a sudden change of velocity, angular velocity, and normal impact
impulse when θ changes from zero to nonzero values. The energy loss is
the difference in the total energy before and after the collision. In this
test case, there is no friction and floor damping: Fig. 5(d) shows clearly
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the conservation of the total energy. Overall, Fig. 5 indicates that the nu-
merical results of the rigid-body dynamics simulation with the continuous
contact impact model agree very well with the theoretical solutions.

The second test case demonstrates the collision between a falling rigid
rod and the horizontal “rough” floor with a sliding friction coefficient μk

ranging from 0 to 0.8. The static friction coefficient μs takes the same value
as μk. The initial impact contact angle is θ = 45◦. The other parameters
are the same as in the first test case.

(a) (b)

(c) (d)

Fig. 6. Comparison between numerical and theoretical results for the first col-
lision of the rigid rod in the second test case, with initial impact contact angle
θ = 45◦, initial angular velocity ω = 0, pre-impact normal velocity vn = −1,
ground stiffness kG = 1011, ground damping coefficient cG = 0, sliding friction
coefficient μk = 0–0.8, and static friction coefficient μs = μk. (a) The post-
impact normal velocity of the center of mass as a function of the impact contact
angle. (b) The post-impact angular velocity as a function of the impact contact
angle. (c) The normal impact impulse as a function of the impact contact angle.
(d) The energy loss as a function of the impact contact angle.

Setting θ = 45◦, we see that the theoretical solutions in (23.4) give the
post-impact value of different variables for the first collision. The compar-
isons between the theoretical solutions and the numerical results are given
in Fig. 6, where the impulse ratio μi is calculated in the same way in both
numerical results and theoretical solutions. The post-impact values of the
normal velocity and tangential velocity at the mass center are shown in Fig.
6(a) and (b) as a function of the impulse ratio. Fig. 6(c) shows the normal
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component of the impact impulse for the first impact. The total energy loss
in the first collision is shown in Fig. 6(d). When μi < 0.6, the numerical
results agree very well with the theoretical solutions, but large deviations
are observed for μi > 0.6. We note that the theoretical solution based on
the discrete contact model gives a negative energy loss when μi > 0.6, as
shown in Fig. 6(d). Indeed, as pointed by Brach [4], the impulse ratio μi

in the discrete contact dynamics model must satisfy |μi| ≤ min(|μO|, |μT |)
to ensure the conservation of energy. In our case, μO = μT = 0.6, which
gives the upper limit of μi where the theoretical model is applicable. In the
numerical results, all the curves turn into horizontal lines when μi > 0.6,
as shown in Fig. 6, indicating that the post-impact motion of the rod is
independent of μi. The explanation will be given later in this section.
Unlike the discrete contact model, the numerical results of the rigid-body
dynamics simulation with the continuous contact model are able to give
the correct answer.

(a) (b)

(c) (d)

Fig. 7. Numerical results for the first collision of the rigid rod with the ground.
All the parameters are the same as for Fig. 6. (a) The relative normal velocity
at the impact location as a function of time. (b) The relative tangential velocity
at the impact location as a function of time. (c) The normal impact force as a
function of time. (d) The tangential impact force as a function of time.

One of the advantages of the continuous contact dynamics model over a
discrete model is that it reveals the impact contact process explicitly and
therefore is able to give details regarding the time-varying variables during
the impact process. From the numerical simulation results in this test case,
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the variations of different quantities as functions of time during the first
collision are presented in Fig. 7. Thus, Fig. 7(a) shows the normal compo-
nent of the rod velocity at the contact point, each curve corresponding to
a different impulse ratio. The normal velocity is -1 as the impact starts.
During the impact process, the normal velocity at the contact point grad-
ually increases and reaches 1 at the end of the collision. When the ground
damping coefficient is cG = 0, the numerical results are in agreement with
the theoretical solutions with restitution coefficient e = 1. Fig. 7(b) shows
the variation of the tangential velocity at the contact point during the first
collision at different impulse ratio μi representing different friction effects.
Initially the tangential velocity is zero, and it becomes nonzero for all im-
pulse ratios except μi = 0.7, indicating that the contact point is sliding
along the ground surface during the collision if the impulse ratio is small.
As μi increases, the magnitude of the tangential velocity becomes smaller
and smaller. For the case μi = 0.7, the friction force grows large enough
to prevent the rod from sliding along the ground surface; therefore, the
tangential velocity at the contact point becomes zero, indicating that the
end of the rod is sticking to the ground during the impact process. Once
sticking occurs, the post-impact motion of the rod is independent of the
impulse ratio, which provides an explanation why all the curves turn into
horizontal lines when μi > 0.6 in Fig. 6. Fig. 6(d) shows that there is
no energy loss when μi > 0.6, because the damping effect of the ground
is not included in this test case and no work is done by the friction force
when sticking occurs. Fig. 7(c) and (d) display the variation of the normal
and tangential impact contact force, indicating that larger friction induces
larger impact contact force in both the normal and tangential directions.

(a) (b)

Fig. 8. Numerical results for multiple collisions of the rigid rod with the ground,
with mass m = 1, length L = 1, radius rd = 0.01, initial impact contact angle
θ = 45◦, initial angular velocity ω = 0, initial elevation of the center of mass
zc|t=0 = 2, ground stiffness kG = 109, ground damping coefficient cG = 108,
sliding friction coefficient μk = 0.3, and static friction coefficient μs = 0.35. (a)
The normal impact contact force as a function of time. (b) The total energy,
kinetic energy, and potential energy as a function of time.

The numerical simulation code developed in this paper can be used to
study multiple impacts of the rigid body. The third test case is designed
to demonstrate the numerical simulation of a sequence of collisions of the
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falling rod with a horizontal ground, with initial contact angle θ = 45◦,
initial angular velocity ω = 0, pre-impact normal velocity vn = −1, pre-
impact tangential velocity vt = 0, ground stiffness kG = 109, damping
coefficient of the ground CG = 108, static friction coefficient μs = 0.35,
and sliding friction coefficient μk = 0.3. The numerical simulation results
are shown in Fig. 8. Fig. 8(a) shows the normal impact force as a func-
tion of time, each spike corresponding to one impact (some of the spikes
are too close to each other and cannot be distinguished from the figure).
The second impact is larger than first one. The third impact, apparently
separated from the first two impacts by a larger time interval, does not
belong to the same clattering series. The change of energy in this series
of impacts is given in Fig. 8(b). The horizontal line segments on the total
energy curve indicate the conservation of the total energy during the air-
borne time between the impacts, as the energy loss is attributed to ground
damping and friction effects.

23.6 Discussion and Conclusion

The overall aim of this article is to analyze both analytically and through
numerical simulation the issues surrounding clattering. Our discussions
are limited to a rod and a rectangular model cell phone with uniformly
distributed mass. Our three-dimensional computational dynamics model,
however, allows us to study a rigid body of any shape and arbitrary distri-
bution of mass for its multiple-impact sequence. For the falling rod case,
the numerical simulation based on the continuous contact model predicts
the sliding and sticking that occur at the contact point correctly, whereas
the theoretical solution based on the discrete contact model fails when
sticking occurs.

Our study confirms the results of Goyal et al. (see [1] and [2]) that if a
rod falls to the ground at a small angle, then its clattering impact series has
a much larger second impact than the initial one. Furthermore, our analytic
study finds that this same phenomenon is happening at angles as large as
54◦. In realistic situations, the range might be small when the energy
dissipation and the friction effect of the ground are taken into account,
as our three-dimensional numerical model study shows. Clattering is also
common in the falling of three-dimensional objects such as cell phones,
notebook computers, and other mobile devices. The dynamics can be more
complicated because the second impact can be more than twice the initial
one, as our numerical study shows.

The true implication of clattering remains an interesting topic of study.
On the one hand, it means that second impacts cannot be ignored in anal-
ysis. On the other hand, our calculation shows that when the dropping
inclination angle is small, the summation of the first three impacts equals
the first impact of zero angle drop. This seems to suggest that clattering
spreads the impact. Of course, in application to an electronic device, one
needs to determine the effect of the impact on the internal contents; the
amount of impact is only one of the contributing quantities. A flexible
model incorporating the detailed structure of devices is helpful to test the
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effects of micro-collisions, vibrations, and shock wave propagation in these
devices.

In our numerical study we find that the kinetic energy transfers be-
tween its rotational part and translational part are important to clattering.
Larger impacts typically occur at times from fast rotation to fast transla-
tion. Our numerical model has been proven to be a realistic tool for a
multiple-impact study.
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24 On the Monotone
Solutions of Some ODEs.
I: Structure of the Solutions
Tadie

24.1 Introduction

The aim of this work is to investigate some properties of the solutions
of the ODE u′′ = g(t)f(u(t)) in certain domains in R. The case when
the coefficient g is regular and bounded in those domains need not be
considered. The initial value u′(R), R > 0, is prescribed. That value and
the energy function E(u) := u′(r)2−u′(R)2−2{F (u(r))−F (u(R))}, where
F (t) :=

∫ t

0 f(s)ds, play a crucial role in the study.
For any R > 0, define E(R) = [R,∞) and I(R) = (R,∞). For some

δ,m > 0, consider the problem

u′′ = f(u) in I(R), u(R) = m,

f ∈ C1(I(R)) ∩ C(E(R)), f(0) = f(δ) = 0,
f(t) > 0 in (0, δ), f(t) < 0 in (δ,∞).

(E)

When f is replaced by f1 in (E), that is,

f1 ∈ C(E(R)) ∩ C1(I(R)), f1(t) > 0 ∀t > 0,

the problem is denoted by (E1). It is obvious that because f(t) < 0 for t >
δ, any solution u of (E) with finite u′(R) is bounded above. Our main focus
is on the existence and structure of the solutions u ∈ C(E(R)) ∩C2(I(R))
of (E) whose positive parts are strictly decreasing. We start by studying
the associated problems

v′′ = f(v) in E(R), v(R) = m, v′(R) = ν, (Eν)

where ν ∈ R. By the classical theory of ordinary differential equations,
(Eν) has a unique solution v ∈ C([R, R + τ)) ∩ C2((R, R + τ)) for some
small τ > 0. In fact, considering the operator T defined for r > R by

Tu(r) := m + ν(r −R) +
∫ r

R

(r − s)g(s)f(u(s))ds, (T)

The author is indebted to the Department of Mathematics of the Danish
Technical University, Lyngby, for the support of this work.
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where g is a regular and bounded function, we know that various existence
theories for ODEs show that T has a fixed point in some space C([R, R+τ)),
τ > 0. That fixed point turns out to be in C2([R, R + τ)) and solves

u′′ = g(r)f(u), r ∈ [R, R + τ),
u(R) = m, u′(R) = ν.

(T1)

Any such local solution has an extension in a maximal interval of existence
(R, ρ) ⊆ (R, +∞), say, in which it remains nonnegative. We are interested
in those solutions that are decreasing wherever they are positive. Our
interest in this part will be on problem (E) and mainly on autonomous
problems.

Such an extension of u could be of several types, as listed below.
(SP): strictly positive, if there is a > 0 such that u(r) > a in r > R;
(SC): strictly crossing, if there is T > R such that u > 0 in (R, T ),

u(T ) = 0, and u′(T ) < 0;
(C): crossing, if it is (SC) but not necessarily with u′(T ) < 0;
(D): decaying, if u ≥ 0, is nonincreasing in (R,∞), and lim∞ u(r) = 0;
(OS): oscillatory, if for all T > 0 there is T < r < t such that (r, u(r))

and (t, u(t)) are, respectively, a local minimum and a local maximum and
u(r) < u(t).

We define F (t) :=
∫ t

0 f(s)ds and denote by θ its positive zero.

Lemma 1. Any solution v := vν of (Eν) satisfies, for r > t ≥ R,

v′(r)2 = v′(t)2 + 2{F (v(r))− F (v(t))}, (24.1)
v′(r)2 = ν2 + 2{F (v(r))− F (m)}, (24.2a)

v′(t)2 = v′(r)2 ⇔ F (v(t)) = F (v(r)). (24.2b)

Consequently, for r > t ≥ R,

(i) v′(r) = 0 ⇒ ν2 = 2[F (m)− F (v(r))],

(ii) v′(r) = v′(t) = 0 ⇒ F (v(r)) = F (v(t)),

(iii) v′(r) = 0, v(r) ≥ δ, v′′(r) < 0 ⇒ v(t) ≤ v(r) forR ≤ t < r,

(iv) v′(r) = 0, v(r) < δ, v′′(r) > 0 ⇒ v(t) ≥ v(r) forR ≤ t < r.
(24.3a)

Also, by (24.2a), any solution of (Eν) is bounded above for any given
finite ν such that ν2 ≥ 2[F (m)− F (u(r))].

If v is a ground-state solution (i.e., v ≥ 0 and lim∞ v = 0) or if v
has an extremum (r1, v(r1)) with F (v(r1)) = 0, then v′(R)2 = 2F (m), so
m ∈ (0, θ).

Furthermore, if (r, v(r)) and (s, v(s)) with v′(r) = v′(s) = 0 are local
maxima, then v(r) = v(s) > δ. Similarly, if they are local minima, then
v(r) = v(s) < δ.

From (24.3a)(i), it is obvious that if a solution v of (E) satisfies

v(ρ) = v′(ρ) = 0 for some ρ > R, (24.3b)
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then v′(R)2 = 2F (m), so m ∈ (0, θ]. If a solution u has (r1, u(r1)) and
(r2, u(r2)) as its first local minimum and first local maximum with r1 < r2,
then u(r1) < δ < u(r2) ≤ θ and u(r) ∈ [u(r1), u(r2)] for all r > r2.

Proof. Multiplying the equation by v′ and integrating over (t, r) yields
(24.1) and (24.2a).

Statements (24.3a)(i),(ii) follow from (24.1) and (24.2a).
For (24.3a)(iii), if there is R < t < r such that v(t) > v(r), then v′(t)2 +

2[F (v(r)) − F (v(t))] = 0, so F (v(r)) ≤ F (v(t)), which, according to the
properties of F , can happen only if v(r) ≥ v(t) ≥ δ.

Statement (24.3a)(iv) follows from the same type of argument. The
proof is completed by means of (24.2b).

The last statement follows from (24.3a)(ii) and the properties of F .

Lemma 2. Let ν ∈ R and m > 0 be given (and finite), and let v be
the corresponding solution of (Eν). If there is a finite ρ > R such that
v(ρ) = k > 0 and v′(ρ) 
= 0, then limr↗∞ v(r) = k cannot hold. In other
words, if lim∞ v(r) = k > 0, then v(r) = k with v′(r) = 0 has no solution
in [R,∞).

Proof. Suppose that such a limit k > 0 exists. Then for r sufficiently
large we can have v′(ρ)2 − v′(r)2 > v′(ρ)2/4, while F (v(ρ))− F (v(r)) = 0,
which violates (24.1).

Theorem 1. Let m > δ and ν ∈ R, and suppose that the corresponding
solution v, say, of (Eν) has no strictly positive limit at infinity. Then one
of the following situations holds:

(i) v is strictly decreasing;
(ii) v has exactly one local extremum;
(iii) v is oscillatory.

If 0 < m < δ, then v is decreasing if it has no local maximum at r > R,
and oscillatory if it has any local positive minimum there.

Generally, if v has a local minimum (t, v(t)) with t > R and 0 < v(t) < δ,
then v is oscillatory.

Proof. It is enough to notice from the above results that if v has one
local maximum and one local minimum (r, v(r)) and (s, v(s)), respectively,
with r < s, then (1) v(t) remains between v(r) and v(s) for any t ≥ s, and
(2) any other local maximum (x, v(x)) and local minimum (y, v(y)) with
x, y > s would satisfy v(x) = v(r) and v(y) = v(s). Furthermore, because
limr↗∞ v(r) does not exist, it follows that for any T > R there are t, y > T
such that (t, v(t)) is a local maximum and (y, v(y)) is a local minimum.

24.2 Some Comparison Results

If u, v ∈ C2(I(R)) are, respectively, solutions of

φ′′ = f(φ) in I(R),
u(R) = mu, v(R) = mv, u′(R) = αu, v′(R) = αv,

(24.4)
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then

[uv′ − vu′]′ = uv

{
f(v)

v
− f(u)

u

}
in I(R),

(uv′ − vu′)(R) = muαv −mvαu.

(24.5)

Theorem 2. Suppose that f(t)/t is increasing in K := [0, m], and let u
and v be the solutions of (24.4) with range in K. Then v > u for r > R if
u > 0 and

(i) mu = mv = m > 0 and αv > αu, or
(ii) 0 < mu < mv = m and 0 ≥ αv ≥ αu, or
(iii) αu = αv < 0 and mu < mv.

Proof. (i) If v = u at some T > R, then in (R, T ) := JT , (24.5) reads

[uv′ − vu′]′ = uv{f(v)/v − f(u)/u} > 0 in JT ,

(uv′ − vu′)(R) = m(αv − αu) > 0;

hence, v/u is increasing with value 1 at R, which conflicts with its value at
T . The other cases are handled similarly.

Corollary. If m > 0 and α = 0, then the corresponding solution v
(i) is oscillatory if m < δ;
ii) for m > δ, it is crossing if it has no local minimum, and is oscillatory

otherwise.

Lemma 3. For any m > 0, m 
= δ, the αv can be chosen so that the
corresponding solution v of (24.4) is strictly crossing.

Proof. Let f∗ := max[0,δ] f(t). From the equation, v′(r) ≤ αv + f∗(r−R)
for all r > R, so v(4R) ≤ m + 3αvR + (9/2)R2f∗. This is negative for any
negative αv sufficiently large in absolute value.

Theorem 3. Let f be as in problem (E), let ρ > R, and define the function
Ψ(y, z)(r) := (y′z − yz′)(r).

(a) Suppose that f(t)/t is increasing in some interval (0, M ]. Then
(i) if two decreasing and distinct functions u, v with range in [0, M ]

satisfy φ′′ = f(φ) in J := (R, ρ) and φ(ρ) = 0, then Ψ(v, u) 
= 0 in J ;
(ii) if the problem

u′′ = f(u), in (R, ρ), u(R) = m ≤M, u(ρ) = 0 (ρ/m)

has a decreasing solution, then this solution is unique.
(b) Suppose that f(t)/t is decreasing in some interval (0, M ]. If the

problem
u′′ = f(u) in (R, ρ), u(ρ) = 0, u(R) ≤ M (ρ∗)

has a decreasing solution, then this solution is unique.
The results in (a)(ii) and (b) establish that if f(t)/t is monotone in some

(0, M ] then the decreasing solution of u′′ = f(u) in (R, ρ); u(ρ) = 0
has at most one solution whose maximum is less than or equal to M.
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Proof. Let u and v be two such solutions.
(a)(i) If there is R ≤ T < ρ such that Ψ(v, u)(T ) = 0, then in some

(T, τ) where v < u, say, v/u is decreasing (by (24.5)) from a value less than
1; thus, we would not have u(ρ) = v(ρ). Hence, Ψ(v, u)(T ) 
= 0 in (R, ρ).

(ii) Suppose that Ψ(v, u) < 0 in (R, ρ) := J . Then v′(R) ≤ u′(R)
and v < u in some (R, T ) := JT . Using (24.5), we find that v/u is strictly
decreasing in J starting with the value 1 at R; this violates the fact that
u = v at ρ. The case uv′ − vu′ > 0 in J yields the same conclusion. Thus,
the two solutions must coincide.

(b) Let u, v be two such solutions. If there is T ∈ [R, ρ) such that
Ψ(v, u)(T ) = 0, v > u in (T, ρ) := J(T ), then {Ψ(v, u)}′(r) = uv{f(v)/v−
f(u)/u} < 0 in J(T ), so Ψ is strictly negative and decreasing in J(T ). This
conflicts with its value 0 at ρ. Thus, uv′ − u′v 
= 0 in J = [R, ρ) unless
u ≡ v there.

If Ψ(v, u)(r) < 0 in J , it would be negative and strictly decreasing, hence
conflicting with its value at ρ.

Theorem 4. For f as in (E), consider the problem

u′′ = f(u) in J := (R, ρ); u(ρ) = 0. (ρ)

(A) If χ(t) := f(t)/t is decreasing in (0, λ) and increasing for t > λ with
χ(λ) = 0 for some λ > 0, then if there are two distinct solutions u and v
of (ρ) with v > u in J , uv′ − vu′ < 0 cannot hold in the whole interval J .
Furthermore, if two distinct solutions u and v satisfy v > u in (r1, ρ) for
some r1 ∈ J , then (uv′ − vu′)(r1) > 0.

(B) If χ(t) := f(t)/t is increasing in (0, λ) and decreasing for t > λ for
some λ > 0, then if there are two distinct solutions u and v of (ρ) with
v > u in J , uv′−vu′ > 0 cannot hold in the whole interval J . Furthermore,
if two distinct solutions u and v satisfy v > u in some (r1, ρ), then (uv′ −
vu′)(r1) < 0.

Proof. Let u and v be two such solutions.
(A) Suppose that v > u in J , say. If uv′ − vu′ < 0 in J , then there is

t ∈ J such that 0 < v(t) < λ. So, for r > t, uv′ − vu′ < 0 is negative and
strictly decreasing, contradicting its value 0 at ρ.

(B) Here, if v > u in J and 0 < u(T ) < v(R) ≤ λ with (uv′−vu′)(T ) > 0,
then uv′ − vu′ is positive and strictly increasing in (T, ρ); hence, it could
not be 0 at ρ.

Further details can be found in [1] and [2].

24.3 Problem (E1). Blow-up Solutions

Consider positive and increasing solutions of

u′′ = h(u), r > R,

u(R) = m ≥ 0, u′(R) = ν 
= 0,

h ∈ C([0,∞)) ∩ C1((0,∞)), h′(t), h(t) > 0 for t > 0.

(E1)
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From the property of h, there is r1 > R such that u′(r) > 0 for all r > r1
for any solution of (E1). So, in what follows we assume that u′ ≥ 0. For
H(t) :=

∫ t

0 h(s)ds, we see from the equation that for a solution of (E1),
u′(r)2 = ν2 + 2{H(u(r))−H(m)} and, as u′ ≥ 0, for all r > R∫ u(r)

m

du√
ν2 + 2{H(u)−H(m)}

= r −R. (24.6)

Theorem 5. If for any m ≥ 0 and ν 
= 0

R∞ −R :=
∫ ∞

m

dy√
ν2 + 2{H(y)−H(m)}

< ∞, (24.7)

then any such solution of (E1) blows up at the finite value R∞ := R∞(m, ν)
i.e., limr↗R∞ u(r) = +∞.

Proof. Any such solution is strictly increasing and, by (T), satisfies u(r) ≥
h(m)(r−R)2/2 for r > R. Hence, u cannot be bounded. Equalities (24.6)
and (24.7) now complete the proof.

Either of the formulas (24.6) and (24.7) indicates that we would have
problems if we set ν = 0. In fact, in that case, under the given assumptions,
we might have ∫ u(r)

m

dy√
2{H(y)−H(m)}

= +∞,

which would create some difficulties.
The way around such a difficulty is shown in the second part of this work

(the next chapter in this volume). When it comes to evaluating integral
(24.7) or, more generally, (24.6) with ν = 0, the expression under the square
root can be written in the form

A(m) + G(u) := (u−m)θG1(u), θ ≥ 0, G1(t) 
= 0 in t ≥ m. (G)

The cases to be considered are
(c0) θ = 0;
(c1) θ ∈ (0, 2);
(c2) θ ≥ 2.
For Y := u−m, (G) becomes A(m) + G(Y ) := Y θG1(Y + m) := Γ(Y ).

Suppose that there exist constants g1, g2, g3 > 0 and a polynomial of the
form p(Y ) := a + bY γ with strictly positive coefficients such that

g1Y
θ < Γ(Y ) < g2Y

θ for Y in (0, 1],

g3Y
θ < Γ(Y ) < Y θp(Y ) for Y > 1.

(G1)

Then, as τ ↘ 0,
∫ u

τ
dY/

√
Γ(Y ) converges for (c0) and (c1) and diverges

for (c2). Also, as u ↗ +∞,
∫ u

1 dY/
√

Γ(Y ) tends to +∞ for (c0) and (c1)
and converges for (c2). This leads to the following assertion.
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Theorem 6. Consider (E1) with m = ν = 0, i.e.,

u′′ = h(u), r > R, u(R) = u′(R) = 0. (E′1)

(i) If h(t) = O(tγ) near t = 0+, then if γ ∈ (0, 1) , problem (E′1) has a
positive increasing solution in C2([R,∞)), which is large at infinity.

(ii) If h(t) = O(t1+γ), γ ≥ 0, near 0+, then no solution u ∈ C([R, R +
η)), η > 0, of u′′ = h(u), r > R, can have the value zero at R.

Proof. (i) Multiplying both sides of the equation by u′ and integrating
over (R, r) yields ∫ u(r)

0

dt√
H(t)

=
√

2{r −R}, (G2)

which leads to the desired conclusion.
(ii) If we assume that u(τ) > 0, τ ∈ (R, R + 1), then, as in (G2),∫ u(R+1)

u(τ)

dt√
H(t)

=
√

2{R + 1− τ},

and this time the integral on the left-hand side diverges if u(τ) = 0+.
Hence, no solution u ∈ C([R, R + τ)) of the equation can satisfy u(R) = 0.
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25 On the Monotone
Solutions of Some ODEs.
II: Dead-core,
Compact-support,
and Blow-up Solutions
Tadie

25.1 Introduction

In this chapter we focus on some problems motivated by physical situations.
The first case is about some compact-support ground-state solutions, i.e.,
solutions that are strictly positive in a bounded domain and identically zero
together with their derivatives outside that domain (see [1] and [2]). Dead-
core solutions are solutions that are identically zero together with their
derivatives inside a bounded, nonempty subdomain and positive outside
it. The compact case applies, for example, to the existence of “magnetic
islands” [3] and the dead-core one to some chemical reactions in which the
reactant reacts only at the lateral region of the basin. Here we point out
how some equations can lead to such types of situations. We also bring in
some cases of explosive or large solutions.

For any R > 0, define E(R) = [R,∞) and I(R) = (R,∞). For some
δ,m > 0 we consider the problem

u′′ = f(u) in I(R), u(R) = m,

f ∈ C1(I(R)) ∩ C(E(R)), f(0) = f(δ) = 0,
f(t) > 0 in (0, δ), f(t) < 0 in (δ,∞).

(E)

We have seen in Part I of this work that, using the associated problem

v′′ = f(v) in E(R), v(R) = m, v′(R) = ν, (Eν)

we can easily prove the existence of decreasing solutions of (E) by choosing
(if necessary) suitable values for ν ∈ R. In this part of the work, we
will focus on compact-support decreasing solutions of (E). Later, the dead-
core and blow-up solutions of the problems, this time in (0, R), with f(u)
replaced by g(r)f(u) in certain cases, will be considered. We recall that a
solution u of (E) is a compact-support solution if there is ρ > R such that

u′′ = f(u), u > 0 in (R, ρ), u(r) = u′(r) = 0 ∀r ≥ ρ. (CS)
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Note that if a solution of (E) satisfies u(ρ) = u′(ρ) = 0, ρ > R, then, since
for any r > R we must have u′(r)2 = 2F (u(r)), it follows that u(r) ∈ [0, θ]
(see (24.2a) in Part I).

A solution is said to be a blow-up (or large) solution if it tends to infinity
at some point or at infinity.

In this context, w is a dead-core solution of the equation

w′′ = g(r)f(w) in (0, R) := IR, w(R) = m

if there is an open interval K ⊂ IR such that

w′′ = g(r)f(w) in IR, w ≡ w′ ≡ 0 in K, w > 0 in IR \ K̄. (DCS)

25.2 Compact-support Solutions

Lemma 1. (Comparison results) (a) Suppose that a C1-function K satis-
fies K > f with K(t)/t > f(t)/t and either f or K is increasing for t > 0.
Let u and v be, respectively, decreasing and crossing C2-solutions of the
initial value problems

u′′ ≤ f(u), v′′ ≥ K(v) in r > R,

u(R) = v(R) = m > 0, u′(R) ≤ v′(R).

Then u < v as long as u > 0 in (R,∞).
(b) Suppose that f or K is increasing and that f < K. For the boundary

value problems

u′′ ≤ f(u), v′′ ≥ K(v) in r > R, u(ρ) = v(ρ) = 0

we have u > v in (R, ρ).

Proof. (a) It is easy to see that

(vu′ − uv′)(R) ≤ 0,

vu′′ − uv′′ ≤ (vu′ − uv′)′ = v2{u/v}′ = uv{f(u)/u−K(v)/v}.

At R, we have

f(u)/u−K(v)/v = f(u)/u− f(v)/v + f(v)/v −K(v)/v < 0;

hence, vu′′ − uv′′ is negative in some (R, R + τ). Thus, u/v is strictly
decreasing there with the value 1 at R, and the assertion follows.

(b) Suppose that u < v in some nonempty A ⊂ (R, ρ); then u′′ − v′′ ≤
f(u)−K(v) = f(u)−f(v)+f(v)−K(v) = f(u)−K(u)+K(u)−K(v) < 0
in A, conflicting with its value at the local minimum of (u − v). Thus,
u > v in (R, ρ).

To simplify the notation, we write (A, B) ≤ (C, D) for A ≤ C and
B ≤ D. The reverse inequality is defined similarly.
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Corollary 1. (c) Under the assumptions in Lemma 1 but with the in-
equalities in (a) and (b) reversed, that is,

(a′) u > v in the conclusion of (a),
(b′) u < v in the conclusion of (b),

and
(d) if there are piecewise C2-functions φ1, φ2, w1, and w2 such that in

(R,∞)

φ′′
2 − f(φ2) ≤ 0 ≤ φ′′

1 − f(φ1), φ2(ρ2) = φ1(ρ1) = 0, ρ2 ≥ ρ1,

w′′
1 − f(w1) ≤ 0 ≤ w′′

2 − f(w2), (w1, w
′
1) ≤ (w2, w

′
2) at R,

(25.1)

then, under the above assumptions, the solutions of

φ′′ = f(φ) in (R, ρ), φ(ρ) = 0, ρ ∈ [ρ1, ρ2],

w′′ = f(w) in r > R, (w1, w
′
1) ≤ (w, w′) ≤ (w2, w

′
2) at R,

(25.2)

satisfy φ1 ≤ φ ≤ φ2 and w1 ≤ w ≤ w2 as long as they are positive.

Remarks. (1) In Lemma 1, it is the comparison between f and K that
matters as long as they are locally C1. In fact, if M > 0 is such that each
of f1(t) := f(t)+Mt and K1(t) := K(t)+Mt is increasing, we can consider
instead the equations u′′ + Mu = f1(u) and v′′ + Mv = K1(v) and get the
same conclusions.

(2) If the functions φi and wi in (25.1) are found, then, according to the
classical theory of supersolution-subsolution methods, solutions similar to
those mentioned in (25.2) exist.

More generally, for initial value problems, if h ∈ C1 is an increasing
function and there are φ, ψ ∈ C1 such that

(i) (ψ − φ)(R) ≥ 0, (ψ − φ)′(R) ≥ 0,

(ii) ψ′′ − h(ψ) ≥ 0 ≥ φ′′ − h(φ) for r > R,
(R1)

then u′′ = h(u)r > R has a solution u ∈ C2([R,∞)) such that

(φ, φ′) ≤ (u, u′) ≤ (ψ, ψ′) in [R,∞).

Note that for final value problems we arrive at the same conclusion, with
the following modifications.

a) In (i), R is replaced by the endpoint ρ, say;
b) in (ii), the inequalities are reversed and the domain is a finite interval

(0, ρ).

We say that
(i) u ∈ Um(ν) if u is decreasing and solves (Eν) with compact support;
(ii) ν ∈ Um if (Eν) has a decreasing solution with compact support.
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Theorem 1. Let F (t) :=
∫ t

0 f(s) ds, and let m > 0 be given. If

ρ∗ :=
∫ m

0

dt√
F (t) + ν2/2− F (m)

<∞, (C)

then for any monotone decreasing and crossing solution u of (Eν), u+ has
its support in [R, ρ∗ + R].

Furthermore, if (C) holds for any ν such that (Eν) has a decreasing
solution with u(R) = m, then there is ν∗ > 0 such that (Eν∗) has a compact-
support solution. This solution is unique if the map t �→ f(t)/t is monotone
in (0, m).

Proof. If v is such a decreasing solution of (Eν), then v′ < 0 as long
as v > 0 and, for r > R, we get −v′(r) = [2{F (v(r)) + Amν}]1/2, where
Amν := ν2/2− F (m) . Thus,

−
∫ v(r)

m

du

[2{F (u) + Amν}]1/2 + R = r, (25.3)

and (C) implies that the left-hand side of (25.3) is uniformly bounded
above for v(r) ∈ [0, m]. It is obvious from (24.2a) in Part I that for such a
solution, {F (u)+Amν} ≥ 0; more precisely, for those solutions that have a
positive zero a, say, v′(a)2 = ν2 − 2F (m); hence we arrive at the following
necessary condition.

If the solution v has a zero in r > R, then ν2 ≥ 2F (m). (C1)

The left-hand side of (25.3) is uniformly bounded if we have, for example,
f(t) = O(tα) near t = 0 with α ∈ (0, 1). In fact, for β = α + 1,

(i) if A := Amν > 0, then
∫m

0 {tα + A}−1/2 dt ≤
∫m

0 t−β/2 dt < ∞, and
(ii) if A = −τβ , τ > 0, then tβ + A = tβ − τβ in (0, τ) and, by the

classical inequality tβ − τβ > βτα(t − τ), if t > τ > 0 and β > 1, then∫ τ

0 [tβ − τβ ]−1/2 dt < c
∫ τ

0 [t− τ ]−1/2 dt, which is finite.
If (C) holds for any ν ∈ Um, we define

R∗ := max{ρ > R; supp(u+) = [R, ρ], u ∈ Um(ν)},

where νm and u∗ are the corresponding ν and solution of (Eνm), that is,

u′′ = f(u) in E(R∗), u(R) = m, u′(R) = νm, u(R∗) = 0.

If we assume that u′(R∗) 
= 0, then, by the implicit function theorem [4],
there should be I := (ν∗ − τ, ν∗ + τ), τ > 0, such that for all ν ∈ I, (Eν)
has such a solution. Some solutions would then have the corresponding ρ
greater than R∗, violating the definition of R∗; hence, u(R∗) = u′(R∗) = 0.

Theorem 3 of Part I now completes the proof.
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Theorem 2. Let g ∈ C([R,∞);R+) be strictly positive and decreasing or
bounded in r ≥ R, let m > 0, and consider decreasing positive solutions of

u′′ = g(r)f(u), r > R, u(R) = m > 0, (g)

where f and m are as in Theorem 1, with (C) holding for all ν ∈ Um. Then
all those solutions have their supports in a fixed and finite interval [R, ρ∗].

Proof. Let g0 := maxr>R g(r). It suffices to compare the above solutions
with that of v′′ = g0f(v), r > R, v(R) = m > 0.

When v is a decreasing solution corresponding to the data v(R) = m > 0
and v′(R) = ν, the identity (24.2a) in Part I implies that

F (v(r)) + 1
2 ν2 − F (m) ≥ 0 whenever v(r) > 0 in r > R. (25.4)

Theorem 3. Consider

u′′ = f(u) in J := (R, ρ), u(ρ) = 0, (25.5)

and suppose that
(i) χ(t) := f(t)/t is decreasing in (0, λ) and increasing in t > λ with

χ(λ) = 0 for some λ > 0;
(ii) f is increasing in some (0, λ1) and either |χ′(t)/f ′(t)| is locally

bounded, and bounded away from 0 in t > 0, or [χ′(t)/f ′(t) + 1/t2] > 0 for
small t > 0.
Then (25.5) has at most one decreasing solution.

Proof. Let u and v be two such solutions, and let U(r) := u(r) + c and
V (r) := v(r) + c, where c > 0 is small. For X(r) := U or V ,

(i) X ′′ = f(X − c) in (R, ρ), X(ρ) = c;

(ii) [UV ′ − V U ′]′ = UV {χc(V )− χc(U)}

= uv

{
f(v)

v
− f(u)

u

}
+ c(f(v)− f(u));

(iii) χ′
c(t) =

1
t2
{(t− c)2χ′(t− c) + cf ′(t− c)}

=
[
(t− c)

t

]2

f ′(t− c)
{

χ′(t− c)
f ′(t− c)

+
c

(t− c)2

}
,

(χ)

where χ(t) := f(t)/t and χc(t) := f(t− c)/t. So, for r > T > R,

(UV ′ − V U ′)(r) := (UV ′ − V U ′)(T ) +
∫ r

T

UV {χc(V )− χc(U)} ds

= (uv′ − vu′)(r) + c

{
(v′ − u′)(T ) +

∫ r

T

(f(v)− f(u)) ds

}
= (uv′ − vu′)(r) + c(v′ − u′)(r). (χ1)
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For some c > 0 and U and V defined above, if |χ′/f ′| is bounded away
from 0 with f ′ > 0, then, by (χ)(iii), χ′

c(t) > 0 when t approaches c or

[UV ′ − V U ′]′ = UV {χc(V )− χc(U)} > 0

when U and V approach c.
Let Λ+ := {r ∈ [R, |uv′ − vu′ > 0} and U+ := u(Λ+). Then there is

c ∈ U+ such that for some r ∈ Λ+ close to ρ we have

(UV ′ − V U ′)(r) = (uv′ − vu′)(r) + c(v′ − u′)(r) ≥ 0.

In fact, as u′ 
= 0 in J and u, v ∈ C1(J), since uv′ − vu′ > 0 in some
(r1, ρ), we only need to take a sufficiently small c > 0. Taking T ∈ Λ+

close to ρ and c > 0 close to u(T ) so that (UV ′ − V U ′)(T ) ≥ 0, we see
that UV ′ − V U ′ is positive and increasing in (T, ρ), which implies that
V/U is strictly increasing there with (V/U)(T ) > 1 . This conflicts with
V = U = c > 0 at ρ (see also [5] and [6]).

25.3 Dead-core and Blow-up Solutions

We now consider possibilities of dead-core solutions for problems of the
type

v′′ = g(r)f(v), r ∈ (0, R), v(R) = m > 0, v(0) = 0. (DC)

Theorem 4. Let g ∈ C1((0, R];R+) be strictly decreasing, and let m > 0
be such that F (t) :=

∫ t

0 f(s)ds > 0 in (0, m) and f > 0 in (0, δ), δ < m.
Consider the overdetermined problem

v′′ = g(r)f(v) in (0, R), v(R) = m, v(0) = v′(0) = 0, (V)

and suppose that

lim
r↘0

∫ R

r

√
g(s) ds = +∞, M(m) :=

∫ m

0

du√
F (u)

< +∞. (25.6)

Then for any increasing C2-solution u of (V), there is ρ := ρm ∈ (0, R)
such that

u ≡ u′ ≡ 0 in [0, ρ], u > 0 for r > ρ,∫ R

ρ

√
2g(s) ds < M(m).

(25.7)

If g(r) = O(r−k), k > 2, at 0, then for μ := (k − 2)/2,

ρm ≥ R{1 +
√

2μRμM(m)}−1/μ. (25.8)
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Proof. If u is such a solution, then

((u′)2)′ = 2g(r)u′f(u) = 2g(r)F (u)′.

So, from the properties of g, for all r1 ∈ (0, δ),

u′(r)2 − u′(r1)2 = 2
∫ r

r1

g(s)F (u(s))′ ds ≥ 2g(r)[F (u(r))− F (u(r1))],

from which

u′(r)2 ≥ u′(r1)2 + 2
√

g(r){F (u(r))− F (u(r1))}.

As u and F are increasing, we get

u′(r) ≥ u′(r1) +
√

2g(r){F (u(r))− F (u(r1))},

so ∫ r

r1

√
2g(s) ds <

∫ u(r)

u(r1)

dt√
{F (t)− F (u(r1))}

, (25.9)

and the conclusion follows. In fact, (25.7) implies that r1 on the left-hand
side of (25.9) cannot be allowed to be arbitrarily small.

For some sufficiently large μ > 0, the problem

U ′′ = g(r)f(U), r ∈ (0, R), U(R) = m, U ′(R) = μ (25.9a)

has a unique decreasing solution u := Uμ that has a positive zero, a :=
aμ ∈ (0, R), say. To any such admissible μ there corresponds a unique aμ.
Thus, (25.6) implies that a0 := min{aμ|μ is admissible} > 0.

If we denote the solution of (25.9a) by U(a, r) when its positive zero
is a := aμ, then the implicit function theorem yields {d/dr}U |(a0,a0) = 0.
Otherwise, there would be η > 0 such that to any element α ∈ (a0−η, a0+η)
there corresponds an admissible μ, and a solution whose positive zero is α.

If g(r) = r−k, then, by (25.9), for R > r1 > 0

∫ R

r1

g(r) dr =
2{r(2−k)/2

1 −R(2−k)/2}
(k − 2)

<

∫ m

u(r1)

dt√
F (t)− F (u(r1))

.

(25.10)

When r1 ↘ 0, we have F (u(r1)) ↘ 0; hence, by (25.6), r1 has a minimum
positive value, T , say. From (25.10) we then obtain

T (2−k)/2 < R(2−k)/2 + 1
2 (k − 2)

∫ m

0

dt√
F (t)

,

and the estimate for ρm := T follows.
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For τ > 0, consider a solution uτ of the problem

u′′ = g(r)h(u), u′ > 0 for r > τ, u(τ) = u′(τ) = 0,
h ∈ C1 and is increasing,

g ∈ C(0,∞) is strictly positive for r > 0.

(T)

Definition. A function u is said
(i) to blow up at T > 0 if limr↗T u(r) = ∞;
(ii) to be above another function v if u(r) > v(r) for all r ∈ supp(u) ∩

supp(v), or if their supports are disjoint and u blows up at some T <
inf{supp(v)}.
Lemma 2. (1) If τ1 < τ2 and ui ≡ uτi

, then u1 is above u2.
(2) Suppose that t �→ h(t)/t is increasing in t > 0. If u, v ∈ C2 satisfy

u′′ − g(r)h(u) ≤ 0 ≤ v′′ − g(r)h(v), r > τ,

(vu′ − uv′)(τ) ≤ 0, u < v in some interval (τ, τ1),

then v is above u for r > τ .

Proof. (1) We have (u1 − u2)′′ = h(u1) − h(u2) > 0 in some (τ2, r),
(u1 − u1)′(τ2) > 0, and (u1 − u2)(τ2) > 0. This implies that u1 > u2 at
(and beyond) any such t.

(2) In some (τ, t), we have (vu′′−v′′u)(r) ≤ uvg(r){h(u)/u−h(v)/v} < 0;
hence, (vu′−uv′) = v2(u/v)′ < 0 in (τ, t), which means that u/v is strictly
decreasing with a value less than 1 at τ .

This easily leads to the next assertion.

Theorem 5. Let h ∈ C([0,∞); R+) ∩ C1((0,∞)) be increasing, let g ∈
C([0,∞); R+) be decreasing or bounded below for r > R > 0, and suppose
that H(t) :=

∫ t

0 h(s)ds satisfies∫ ∞

0

dt√
H(T )−H(m)

:= H0 < +∞, lim
r↗∞

∫ r

R

√
2g(s) ds = ∞. (25.11)

Then for any ν > 0, the problem

u′′ = h(u), r > R, u(R) = m ≥ 0, u′(R) = ν

has a solution that blows up at a finite Tν > R.

Proof. Let ν > 0, and let u be its corresponding solution in a maximal
interval of existence [R, T ), say. From the equation, u, u′, and u′′ are
strictly increasing and positive, so u cannot be bounded. Furthermore,
[(u′)2]′ = 2g(r)H(u)′, therefore,

u′(r)2 = ν2 + 2
∫ r

R

g(s)H(u(s))′ ds > 2g(r){H(u(r))−H(m)}
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and u′(r) >
√

2g(r){H(u)−H(m)}, or∫ u(r)

m

dt√
H(T )−H(m)

>

∫ r

R

√
2g(s) ds.

Since, by (25.11), the left-hand side is bounded whereas the right-hand side
is not, Tν has to be finite.

Theorem 6. Let h ∈ C([0,∞); R+) ∩ C1((0,∞)) be increasing, let g ∈
C([0,∞); R+) be decreasing in some interval (0, R) and decreasing or
bounded below for r > R, let H(t) :=

∫ t

0 h(s)ds, and suppose that∫ ∞

0

dt√
H(T )

:= H0 < +∞,

lim
ρ↗∞

∫ ρ

R

√
2g(s) ds = ∞, lim

r↘0

∫ R

r

√
2g(s) ds = ∞.

(25.12)

In this case,
(a) for any τ > 0, any increasing solution uτ of the problem

u′′ = h(u), r > 0, u(τ) = 0, u′(τ) = 0 (25.13)

blows up at some finite Rτ > 0 such that

(i) Rτ ≥
H0√
2g(τ)

+ τ,

(ii) Rτ ≤ τ

{
2
√

2
2
√

2− (k − 2)H0τ (k−2)/2

}
;

(25.14)

(b) if τ > σ > 0, then uσ is above uτ ;
(c) Rτ ↘ 0 as τ ↘ 0, so there is no such solution for τ = 0.
(An example of this type of function h is h(t) = tα + tγ , α ∈ (0, 2),

γ > 2.)

Proof. (a) First, we show that uτ exists.
Let R1 > τ , and let w and v be large solutions of

w′′ = h(w), r > 0, w(0) = μ > 0, w′(0) = ν,

v′′ = h(v), r > R1, v(R1) = 0, v′(R) = 0.

By taking ν > v′(R1) and extending v and v′ by 0 to [0, R1)], we ensure
that (v, v′) ≤ (w, w′) for r > τ . By the comparison method (see the above
Remarks), (25.13) has a solution lying between w and v.

From the equation, in (0, R) we have

{u′(r)2}′ = 2g(r)H(u)′, u′(r)2 = 2
∫ r

τ

g(s)H(u(s))′ds ≤ 2g(τ)H(u(r)).
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Consequently,

u′(r)√
H(u)

≤
√

2g(τ),
√

2g(τ)(r − τ) ≥
∫ uτ (r)

0

dt√
H(T )

= H0

for any such increasing solution uτ . This yields estimate (i).
If g(r) = O(r−k) for small r > 0, then u′(r)2 = 2

∫ r

τ
g(s)H(u(s))′ds ≥

2g(r)H(u(r)), from which u′(r) ≥
√

2g(r)H(u(r)) and

H0 =
∫ ∞

0

dt√
H(u)

≥
√

2
∫ R

τ

r−k/2 dr =
2
√

2
k − 2

{τ (2−k)/2 −R(2−k)/2};

therefore, (ii) follows.
(b) At r = τ > σ, the function uσ − uτ and its derivative are strictly

positive; so, by the comparison method, uσ > uτ for r > τ .
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26 A Spectral Method for the
Fast Solution of Boundary
Integral Formulations of
Elliptic Problems
Johannes Tausch

26.1 Introduction

Discretizations of boundary integral equations lead to dense linear systems.
If an iterative method, such as conjugate gradients or GMRES, is used
to solve such a system, the matrix-vector product has O(n2) complexity,
where n is the number of degrees of freedom in the discretization. The
rapid growth of the quadratic term severely limits the size of tractable
problems.

In the past two decades, a variety of methods have been developed to re-
duce the complexity of the matrix-vector product. These methods exploit
the fact that the Green’s function can be approximated by truncated series
expansions when the source and the field point are sufficiently well sepa-
rated. Typical examples of such methods are the fast multipole method
(FMM) and wavelet-based discretizations.

The additional error introduced by the series approximation must be
controlled; ideally, this error should be of the same order as the discretiza-
tion error. Wavelets and the FMM have been shown to be asymptotically
optimal in many situations. That is, the complexity of a matrix-vector
multiplication is order n, while the convergence rate of the discretization
scheme is preserved (see, for example, [1]–[3]).

In this paper, we explore a spectral method to reduce the complex-
ity of the matrix-vector product. Here, the Green’s function is replaced
by a trigonometric expansion, which is valid globally for all positions of
source- and field-points. Spectral techniques have been applied previously
by Greengard and Strain to the heat equation [4]. In this work we consider
elliptic equations where the Green’s function is singular and the conver-
gence of the Fourier series is slow. To overcome this difficulty, we split
the Green’s function into a local part, which is evaluated directly, and a
smooth part, which will be treated with the Fourier series approach. We
will also develop nonequispaced fast Fourier transforms for computing the
matrix-vector product efficiently.

Although the methodology can be applied to a large class of Green’s
functions, we limit the discussion in this paper to the Laplace equation.
Our focus in this paper is on the presentation of the algorithm. A more
detailed analysis of the error will be discussed elsewhere.



290 J. Tausch

26.2 A Fast Algorithm for Smooth, Periodic Kernels

Consider the fast evaluation of a surface integral operator with a generic
smooth and periodic kernel G

Φ(x) :=
∫

S

G(x− y)g(y) dSy, x ∈ S, (26.1)

where S is a surface that is contained in the unit cube [0, 1]3 and G(·) is a
C∞-function that has period two in all three variables. The kernel can be
approximated by the truncated Fourier series

GN (r) :=
∑

|k|≤N

Ĝk exp(πi kT r) , r ∈ [−1, 1]3, (26.2)

where the summation index k is in Z
3 and |k| := max{k1, k2, k3}. Under

the assumptions on the kernel, the convergence of (26.2) is superalgebraic
in N . The resulting approximate potential is given by

ΦN (x) =
∫

S

GN (x− y)g(y)dSy =
∑

|k|<N

exp(πikT x)d̂k, (26.3)

where d̂k = Ĝkĝk and

ĝk =
∫

S

exp(−πikT y)g(y)dSy. (26.4)

This simple computation suggests the following approach to evaluate the
potential in (26.1).

1. Compute the Fourier coefficients ĝk in (26.4).
2. Multiply d̂k := Ĝkĝk for |k| ≤ N .
3. Evaluate the Fourier series (26.3) for x ∈ S.

The choice of the truncation parameter N depends on the approxima-
tion properties of the Fourier series (26.2) and can be selected to be much
smaller than the size of the linear system n. Stage 2 obviously involves
O(N3) operations; the other two stages can be executed efficiently using
nonequispaced fast Fourier transforms (FFTs). This will be discussed next.

26.2.1 Computation of the ĝk

In this section, we describe how FFTs can be used to efficiently compute
the Fourier coefficients of the function g. To that end, the three-space is
divided into small cubes Cl, l = (l1, l2, l3) ∈ Z

3, 0 ≤ lj < N . These cubes
have centers xl = l/N and side length 1/N . Note that N is the same as
in (26.3) and therefore the cubes get smaller if more terms in the Fourier
series expansion of the Green’s function are retained. We assume that S is
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contained in the union of all cubes, and set Sl = Cl ∩S to denote the piece
of the surface that intersects with the lth cube (see Fig. 1).

y

S

xl
lC

1/N

Fig. 1. Two-dimensional illustration of the geometry.

From (26.4) it follows that the Fourier coefficients of g can be written
as

ĝk =
∑

l

exp
(−πikT l

N

)∫
Sl

exp(−πikT (y − xl))g(y) dSy. (26.5)

The frequency and the spatial variable in the integral can be separated
using the Jacobi–Anger expansion

exp(−iξt) =
∞∑

ν=0

(−i)ν(2ν + 1)jν(ξ)Pν(t), −1 ≤ t ≤ 1

(see, for example, [5]). Here, jν(·) is the spherical Bessel function of order
ν and Pν(·) is the Legendre polynomial of degree ν. This formula can be
easily applied to the integrand in (26.5); this leads to

exp(−πikT (y − xl)) ≈
∑

|α|≤p

(−i)|α|(2α + 1)jα(πkH)Pα

(
y − xl

H

)
, (26.6)

where p is the expansion order, H = 1/(2N), α = (α1, α2, α3) is a multi-
index, |α| = α1 + α2 + α3, jα(x) = jα1(x1)jα2(x2)jα3(x3), and Pα(x) is
defined similarly. Substitution of (26.6) into (26.5) leads to the approxi-
mation

ĝk ≈
∑

|α|≤p

(−i)α(2α + 1)jα(πkH)
∑

l

exp
(−πikT l

N

)
mα

l (g),
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where

mα
l (g) =

∫
Sl

Pα

(
y − xl

H

)
g(y) dSy

is a moment for which exact formulas can be derived if the function and the
surface are discretized. In particular, if g is piecewise polynomial, then the
moments are linear transformations of the coefficients of g corresponding to
the nodal basis. The matrix that maps the coefficients to the αth moments
is denoted by Mα. The number of nonzero entries in Mα is n.

In matrix form, the (approximate) coefficient vector ĝ is given by

ĝ =
∑

|α|≤p

KαF Mα�g, (26.7)

where F is the 3D FFT, �g the vector of coefficients of g, and Kα is a
diagonal matrix with the factors (−i)|α|(2α+1)jα(πkH). The computation
of ĝ involves (p + 1)(p + 2)(p + 3)/6 FFTs. Since Cl is smaller than a
wavelength of the highest Fourier mode, it suffices to use a small value of
p.

26.2.2 Evaluation of the Fourier Series

In the Galerkin discretization, the ith component of the matrix product
Φi is the inner product of the potential Φ in (26.1) with the ith nodal
basis function ϕi. For the fast method, the potential is replaced with the
approximated potential ΦN in (26.3). In order to evaluate the potential
efficiently, the Jacobi–Anger approximation (26.6) is used again, just as in
the previous section. This is shown in the following computation:

Φi =
∫

S

ϕi(x)ΦN (x) dSx

=
∑

k

exp
(

πi kT l

N

)∫
S

exp(πikT (y − xl))ϕi(x) dSx dk

≈
∑

|α|≤p

∑
k

exp
(

πi kT l

N

)
i|α|(2α + 1)jα(πkH)mα

l (ϕi) dk.

In matrix notation, the above can be written as

�Φ =
∑

|α|≤p

MT
α FK∗

α
�d. (26.8)

Hence, (p + 1)(p + 2)(p + 3)/6 FFTs are necessary to compute the vector
�Φ. Furthermore, it is evident that the operation (26.8) is the adjoint of
operation (26.7).
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26.3 Extension to Singular Kernels

If the spectral method is applied to the Green’s function of an elliptic
equation, then the convergence with respect to the truncation parameter
N will be slow due to the singularity at r = 0. We will therefore split the
Green’s function into a smooth and a local part.

26.3.1 Smooth Part

The following discussion is directed at the Laplace kernel, whose Fourier
transform is 1/|ξ|2. That is, for r ∈ R

3,

G(r) =
1

4π|r| =
1

(2π)3

∫
R3

1
|ξ|2 exp(i ξT r) d3ξ.

A smooth approximation of this function can be obtained by multiply-
ing the Fourier transform by the exponential exp(−δ|ξ|2), where δ > 0 is
the mollification parameter which is at our disposal. The smooth Green’s
function is given by

G̃δ(r) =
1

(2π)3

∫
R3

exp(−δ|ξ|2)
|ξ|2 exp(i ξT r) d3ξ.

This kernel can be expressed in closed form, and we find that

G̃δ(r) =
1

4π|r| erf
( |r|

2
√

δ

)
, (26.9)

where erf(·) is the error function. The kernel G̃δ is in C∞(R3), but not
periodic. Therefore, we introduce an offset parameter 0 < μ � 1, re-scale
(26.1) so that S is contained in the cube [0, 1 − μ]3, and define a smooth
cut-off function

χμ(r) =

⎧⎨⎩ 1 for r in [−1 + μ, 1− μ]3,
0 for r outside [−1, 1]3,
≥ 0 otherwise.

(26.10)

Thus, the kernel Gδ := χμG̃δ is smooth and periodic and generates the
same potential in (26.1) as the kernel Gδ.

In stage 2 of the spectral method, the Fourier coefficients of the function
ĝk are multiplied by the Fourier coefficients of the kernel Ĝk. Since there are
no analytic expressions of Ĝk available, these coefficients must be computed
numerically, using FFTs and the Jacobi–Anger series. Since this algorithm
is completely analogous to the computation of the function coefficients
described in Section 26.2.1, we omit the details.
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26.3.2 Local Part

Due to the behavior of the error function, the smooth part is a good ap-
proximation of the actual Green’s function if δ is small and r is large. In
the neighborhood of the origin, the two functions are very different and
therefore the contribution of this local part must be accounted for. The
potential in (26.1) can be decomposed as Φ = Φδ + Ψδ, where

Φδ(x) :=
∫

S

Gδ(x− y)g(y) dSy, x ∈ S,

is the smooth part and

Ψδ(x) :=
∫

S

Eδ(x− y)g(y) dSy, x ∈ S,

is the local part. Here, Eδ = G − Gδ. In what follows we show that the
local part has an expansion with respect to the mollification parameter

√
δ

and indicate how to compute the expansion coefficients.
Because of (26.5), the function Eδ decays exponentially away from the

origin. We introduce another cut-off function χν for some 0 < ν < 1, which
is small enough so that the surface has a parameterization of the form
y(t) = x + At + nh(t) in the ν-neighborhood of x. Here, n is the normal
to the surface at the point x, A ∈ R

3×2 has two orthogonal columns that
span the tangent plane at x, and h(t) = O(|t|2) is some scalar function in
t ∈ R

2. The local potential Ψδ(x) can be written in the form

Ψδ(x) =
∫

S

Eδ(x− y)g(y) dSy

=
∫

S

Eδ(x− y)χν(x− y)g(y) dSy + O
(
exp

(
−ν

δ

))
=
∫

R2
Eδ(t)g̃(t)d2t + O

(
exp

(
−ν

δ

))
.

(26.11)

Here, Eδ(t) = Eδ(x− y(t)), g̃(t) = χν(x− y(t))g(t)J(t), and J(t) is the Ja-
cobian of the parameterization. For simplicity, we assume that the function
h(t) in the parameterization of the surface is analytic, that is,

h(t) =
∑

|α|≥2

hαtα. (26.12)

Thus, there are C∞-functions Hn such that

r(t) := |x− y(t)| = |t|
∞∑

n=0

|t|nHn(t̂), (26.13)
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where t̂ := t/|t|, H0(t̂) = 1, and H1(t̂) = 0. In the neighborhood of the
point x, the kernel has the form

Eδ(t) =
1√
δ
E

(
r(t)√

δ

)
where E(z) =

1
4πz

(
1− erf

(z

2

))
.

Note that E(z) is singular at z = 0 and decays exponentially as z → ∞.
Substituting (26.13) in (26.11) results in

Ψδ(x) =
1√
δ

∫
R2

E

(
r(t)√

δ

)
g̃(t) d2t + O

(
exp

(
−ν

δ

))
=
√

δ

∫
R2

E

(
|t|

∞∑
n=0

(
√

δ|t|)nHn(t̂)
)

g̃(
√

δt) d2t + O
(
exp

(
−ν

δ

))
,

where the second integral is the result of the change of variables t �→ t/
√

δ.
It is easy to see that Hn(−t̂) = (−1)nHn(t̂), which implies that the integral
in the last expression is an even function of

√
δ. Furthermore, the integral

as a function of
√

δ is C∞, and can be expanded in a Taylor series. Since
the exponential term does not contribute to the expansion, we obtain

Ψδ(x) = δ
1
2 Ψ0 + δ

3
2 Ψ1 + δ

5
2 Ψ2 + · · · . (26.14)

A more detailed analysis shows that the first two expansion coefficients Ψk

are given by

Ψ0 =
1√
π

g̃(0),

Ψ1 =
1

3
√

π

[
Δg̃(0)−

(
3h2

20 + 3h2
02 + 2h20h02 + h2

11
)
g̃(0)

]
,

where hij are the coefficients in the expansion (26.12).

26.4 Numerical Example and Conclusions

We present numerical results pertaining to the single-layer equation∫
S

1
4π

1
|x− y|g(y) dSy = f(x),

where S is the ellipsoid (x

2

)2
+
(y

1

)2
+
(z

3

)2
= 1

and the right-hand side is f(x) = 1. This problem has an analytic solution
in closed form, and we compute the L2(S)-error of the numerical solution
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‖eh‖ for various values of the meshwidth and the parameters N and δ. To
compute the local potential Ψδ, the expansion (26.14) is truncated after
the first term. Thus, the local potential is replaced by

Ψδ(x) ≈
√

δ

π
g(x). (26.15)

This approximation is of order δ3/2. The initial triangulation of the ellipsoid
consists of 320 panels, which is several times uniformly refined. The finite
element space is the piecewise constant functions on this triangulation.
Standard convergence analysis implies that the discretization error of the
direct Galerkin method is order h, that is, the error is halved in every
refinement step. Our goal is to choose the parameters N and δ in such a
way that the spectral scheme exhibits the same convergence behavior when
refining the mesh. At the same time, the scheme should be efficient, with
complexity that is linear or almost linear in the number of panels n. Since
the complexity of the FFT is order N3 log N , we set N ∼ n1/3 to obtain
almost linear complexity.

The parameter δ affects the accuracy in two ways. If δ is small, then
the truncation error in (26.15) is small, but on the other hand, the Green’s
function of the smooth part will be peaked at the origin, which increases
the error of the Fourier series approximation. Table 1 displays the behavior
of the error when the mesh is refined. In this table, the parameter δ has
been determined experimentally to minimize the error. Table 2 displays
the effect of δ on the error for the finest mesh.

Table 1. Errors when refining the meshwidth.

n 320 1220 5120 20,480 81,920 327,680
N 8 12 18 32 48 72
δ 1.6(-3) 8.0(-4) 4.0(-4) 2.0(-4) 1.0(-4) 5.0(-5)
‖eh‖ 0.3015 0.1549 0.08819 0.04151 0.02036 0.01004

Table 2. Errors for the finest mesh (n =327,680, N = 72) for different values of
the mollification parameter.

δ 1.0(-3) 1.0(-4) 2.5(-5) 1.3(-5) 6.0(-6) 3.0(-6)
‖eh‖ 0.08540 0.01168 0.01214 0.02276 0.04004 0.06116

The hardest problem (n =327,680, δ = 3 · 10−6) took 22 GMRES it-
erations to converge, the overall time was about 23 minutes on an AMD
Athlon64-3200 processor, and the memory allocation was about 550MB.
The package FFTW [6] was used for the computation of the FFTs. The
order p in (26.7) and (26.8) was set to 4 in all experiments.

The numerical results presented suggest that the parameters in the spec-
tral method can be selected so that the resulting scheme is nearly asymp-
totically optimal, that is, optimal up to logarithmic factors. Currently we
are working on error estimates, trying to confirm this assertion.
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27 The GILTT Pollutant
Simulation in a Stable
Atmosphere
Sergio Wortmann, Marco T. Vilhena,
Haroldo F. Campos Velho, and Cynthia F. Segatto

27.1 Introduction

The generalized integral transformation technique (GITT) belongs to the
class of spectral methods. This technique has been effective in many ap-
plications [1], such as transport phenomena (heat, mass, and momentum
transfer). The GITT can be expressed as a truncated series, having as
base functions the eigenfunctions of the Sturm–Liouville problem associ-
ated with the original mathematical model. The transformed equation is
obtained from the eigenfunction orthogonality properties by computing the
moments, that is, multiplying by the eigenfunctions and integrating over
the whole domain. In general, this strategy produces an algebraic equation
system or ordinary differential equations (ODEs) of first order or second
order. For the latter case, the solution of the ODEs in the standard GITT
is obtained by means of an ODE-solver.

The novelty here is the use of the Laplace transformation (LT) for solv-
ing the ODE generated by the GITT. For this specific application, the
inverse LT is analytically calculated. After the application of the LT, the
resulting system matrix is nondefective, so it can be diagonalized. There-
fore, having computed the eigenvalues and eigenvectors, the inversion of
the LT is obtained analytically. This new formulation, combining GITT
and the Laplace transformation, will be called GILTT (generalized integral
Laplace transformation technique). In the case of degenerate eigenvalues, a
technique is adapted dealing with Schur’s decomposition, which demands
a greater computational effort.

Here, the GILTT is illustrated in application to the pollutant dispersion
problem in the atmosphere under a turbulent flow.

The paper is outlined as follows. In Section 27.2 the GILTT is presented,
three cases being described: (i) ODE with constant coefficients, (ii) ODE
with variable coefficients, and (iii) nonlinear ODE. A simple pollutant dif-
fusion problem under stable stratification of the atmosphere is presented
in Section 27.3. Some conclusions are drawn in Section 27.4.

The authors are grateful to the CNPq (Conselho Nacional de Desenvolvimento
Cient́ıfico e Tecnológico) for partial financial support of this work.
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27.2 GILTT Formulation

Some ideas of the GITT are summarized below. Consider the equation

A v(x, t) = S, x ∈ (a, b), t > 0, (27.1)

subject to the boundary conditions

a1
∂v(x, t)

∂x
+ a2v(x, t) = 0 at x = a, (27.1a)

b1
∂v(x, t)

∂x
+ b2v(x, t) = 0 at x = b, (27.1b)

where A is a differential operator, S is the source term, and a1, a2, b1,
and b2 are constants depending on the physical properties. The goal is to
expand the function v(x, t) in an appropriate basis. To determine such a
basis, the operator A is written as

Av(x, t) = Bv(x, t) + Lv(x, t),

where L is an operator associated with a Sturm–Liouville problem and B
is the operator linked with the remaining terms. Therefore, the operator
L is given by

Lψ(λ, x) ≡ ∇ · [p(x)∇ψ(λ, x)] + q(x) ψ(λ, x).

The functions p(x) and q(x) are real and continuous, and p(x) > 0 on the
interval (a, b), defining the associated Sturm–Liouville problem

Lψ(λ, x) + λ2ψ(λ, x) = 0, x ∈ (a, b), (27.2)

a1
∂ψ(x, t)

∂x
+ a2ψ(x, t) = 0 at x = a, (27.2a)

b1
∂ψ(x, t)

∂x
+ b2ψ(x, t) = 0 at x = b. (27.2b)

The Sturm–Liouville problem (27.2) is the general form of the auxiliary
problems in the GITT theory [1]. The constants a1, a2, b1, and b2 are
the same as in the original problem (27.1). The solution of the eigenvalue
problem (27.2) is used to expand the function v(x, t) in the (orthogonal)
eigenfunctions as

v(x, t) =
∞∑

k=1

uk(t) ψk(x)

N
1/2
k

, (27.3)

where Nk ≡
∫ b

a
ψ2

k(x) dx is the norm of the eigenfunction ψk(x). Substi-
tuting (27.3) into (27.1), multiplying by ψk(x)/Nk, and integrating over
the entire domain, we arrive at a set of ODEs. The truncated ODE system
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is the GITT; under certain conditions (not discussed here), the resulting
transformed system could be an algebraic one, or even a partial differential
equation system. The standard approach in the GITT is to apply an ODE
solver to find an approximate solution.

27.2.1 Solving the ODE System by Means of the
Laplace Transformation

From the truncated solution of the mathematical model (27.1), the vector
Y (t) is defined as the set of N functions

Y (t) = [u1(t) u2(t) . . . uN (t)]T ,

and the resulting matrix equation is part of the initial value problem

EY ′(t) + FY (t) = 0, t > 0, (27.4)
Y (0) = Y0.

One important issue is linked to the order of the expansion. A higher-
order expansion demands expansive computational effort, and the conver-
gence of the iterative process could be hard. However, a low number of
eigenvalues could present a low accuracy solution. A strategy for deter-
mining the order of the expansion will be commented on later.

Three types of ODE systems can be anticipated, namely (i) type-1:
linear ODE systems with constant coefficients, (ii) type-2: linear ODE
systems with time-dependent coefficients, and (iii) type-3: nonlinear ODE
systems.

27.2.2.1 Type-1 ODE System

The scheme for solving equation (27.4) is the LTSN method. This method
has emerged in the early nineties in the context of transport theory (see
[2]–[4]), and its convergence has been proved using C0-semigroup theory
(see [5] and [6]). First, equation (27.4) is multiplied by E−1, then the
Laplace transformation is applied to the resulting system, yielding

sŶ (s) + GŶ (s) = Y0, (27.5)

where G = E−1F and Ŷ (s) ≡ L{Y (t)} =
∫∞
0 Y (t)e−st dt. Next, we factor

the matrix G as
G = XDavX−1, (27.6)

where X is the eigenvector matrix and Dac is the diagonal matrix of the
eigenvalues of G. Using (27.6) in (27.5) results in the solution

Y (t) = XHavX−1Y0,
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where the matrix Hav is given by

Hav(t) = L−1{(sI + Dav)−1} = diag [e−td1 e−td2 . . . e−tdN ].

27.2.2.2 Type-2 ODE System

Now the ODE system is expressed in the form

E(t)Y ′(t) + F (t)Y (t) = 0, t > 0, (27.7)
Y (0) = Y0.

In order to solve equation (27.7), the expression EmY ′(t)+FmY (t) is added
to both sides, where Em =

∫ τ

0 E(t) dt and Fm =
∫ τ

0 F (t) dt. After some
algebraic manipulation, we arrive at

EmY (t) + FmY (t) = S(Y ′(t), Y (t), t), (27.8)
Y (0) = Y0,

where the heterogeneous function S is given by

S(Y ′(t), Y (t), t) = [Em − E(t)]Y ′(t) + [Fm − F (t)]Y (t).

A solution of (27.8) is obtained in terms of a convolution, namely

Y (t) = XHav(t)X−1Y0 + XHav(t)X−1 ∗ S(Y ′(t), Y (t), t). (27.9)

The above equation is an implicit expression. To overcome this drawback,
Adomian’s decomposition method [7] is employed. Initially, the vector Y (t)
is written as

Y (t) =
∞∑

k=1

wk(t). (27.10)

Substituting (27.10) in (27.9) yields

∞∑
k=1

wk(t) = XHav(t)X−1Y0

+ XHav(t)X−1 ∗ S

( ∞∑
k=1

w′
k(t),

∞∑
k=1

wk(t), t
)

.

Finally, the first term on the left-hand side is identified with the first term
on the right-hand side, and so on; therefore,

w1(t) = XHav(t)X−1Y0,

wk(t) = XHav(t)X−1 ∗ S(w′
k−1(t), wk−1(t), t), k = 2, 3, . . . .
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27.2.2.3 Type-3 (Nonlinear) ODE System

Here, the differential equations produced by the GITT methodology are
nonlinear ODEs of the form

E(Y, t)Y ′(t) + F (Y, t)Y (t) = 0, t > 0, (27.11)
Y (0) = Y0.

An iterative procedure is adopted to look for a solution. This is a simple
feature, where system (27.11) is written as

E(Y (m), t)Y ′(t) + F (Y (m), t)Y (t) = 0, t > 0, (27.12)
Y (0) = Y0.

System (27.12) is formally identical to that in equation (27.7). Therefore,
the method described in Section 27.2.2.2 can be applied. The procedure is
repeated until there is convergence, with the first guess Y (0) = Y0.

27.3 GILTT in Atmospheric Pollutant Dispersion

Consider a pollutant puff released from an area source (an urban region,
for example), in the evening (characterizing a stable atmospheric stratifi-
cation), under a weak-wind condition, which means that vertical transport
will be the main process involved. This situation can be modeled by [8]

∂

∂z

[
Kzz(z)

∂c(z, t)
∂z

]
=

∂c(z, t)
∂t

, z ∈ (0, h), t > 0, (27.13)

with the initial and boundary conditions

c(z, t) = Qδ(z − hf ) at t = 0, (27.13a)

Kzz
∂c(z, t)

∂z
= 0 at z = 0 and z = h. (27.13b)

In this model, c(z, t) denotes the average pollutant concentration as a func-
tion of the level z and the time t, Q is the source strength, h is the boundary
layer height, δ(z) is the delta function, and hf is the level where the pollu-
tant is released.

The turbulent eddy diffusivity tensor is represented in orthotropic form,
with the horizontal diffusion considered negligible. Under the assumption
of a stable boundary layer (SBL), in [9] an expression has been derived for
the turbulent exchange coefficient, with its vertical component given by

Kzz(z)
u∗h

=
0.33(1− z/h)α1/2(z/h)

1 + 3.7(z/h)(h/Λ)
,
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where u∗ is the friction velocity and Λ the local Monin–Obukhov length [9]

Λ
L

= (1− z/h)3α1/2−α2 ;

here L is the Monin–Obukhov length for the entire SBL and α1 and α2 are
experimental constants depending on several parameters such as evolution
time of the SBL, topography, and heat flux. Numerical values of the con-
stants α1 and α2 for the Minnesota (SBL in transition) and Cabauw (more
steady state SBL) experiments are given in Table 1.

Table 1. Values of the experimental constants of the SBL [8].

Experiment Minnesota (Exp-M) Cabauw (Exp-C)

α1 2 3/2
α2 3 1

In the GITT formulation, the first step is to identify the associated
Sturm–Liouville operator. Two approaches can be used, namely

L1 ≡
d

dz

(
Kzz

d

dz

)
+ λI,

L2 ≡
d2

dz2 + λI,

(27.14)

where I is the identity operator. Both operators have the same boundary
conditions as the original problem (27.13). Operator L1 implies a more
difficult Sturm–Liouville problem. On the other hand, L2 is a simpler
operator, but it also conveys less information about the basic problem.
The price to pay for this simplicity is to get more terms in the expansion,
in order to maintain an appropriate accuracy for the computed solution.
Our option is to work with operator L2.

The Sturm–Liouville problem defined by the operator L2 has the eigen-
functions [10]

ψk(x) = cos(λkz), (27.15)

where the eigenvalues λk are the positive roots of the equation

sin(λkz) = 0.

The next step is to represent the concentration c(z, t) as an expansion
of the form (27.3), that is,

c(z, t) =
∞∑

k=0

uk(t) ψk(z), (27.16)
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where ψk(z) is the eigenfunction given by (27.15). Substituting (27.16) into
(27.13), multiplying by ψj(z), integrating over the domain, and taking into
account the auxiliary Sturm–Liouville problem (27.14), we arrive at

∞∑
j=0

[
uk(t)

(∫ h

0
Kzzψk(z)(−λ2

k ψj(z)) dz +
∫ h

0

dKzz

dz
ψk(z)

dψj(z)
dz

dz

)

− duk

dt

∫ h

0
ψk(z)ψj(z) dz

]
= 0. (27.17)

A similar procedure is applied to the initial condition, which yields∫ h

0

∞∑
j=0

uk(t) ψk(z) ψj(z) dz =
∫ h

0
Q δ(z − hf ) ψj(z) dz,

leading to

uk(0) = ar
ψk(hf )

h
, ar =

{
1 for k = 0,
1/2 for k ≥ 1. (27.18)

In matrix notation, equations (27.17) and (27.18) are written as

EY ′(t) + FY (t) = 0, (27.19)
Y (0) = Y0,

where the matrices E and F and the vectors Y (t) and Y0 are given by

Ekj = −λ2
k

∫ h

0
Kzzψk(z)ψj(z) dz +

∫ h

0

dKzz

dz
ψk(z)

dψj(z)
dz

dz, (27.19a)

Fkj = −
∫ h

0
ψk(z) ψj(z) dz, (27.19b)

Y (t) = [u0(t) u1(t) . . . ]T , (27.19c)

Y (0) = [u0(0) u1(0) . . . ]T . (27.19d)

Equation (27.19) was derived using the GITT procedure [1], which is typ-
ically implemented by numerical solvers. An analytic solution for the time
integration is presented here, and the approach described in Section 27.2.2.1
can be applied.

For a numerical example, some parameters must be known. For the
simulation performed, these parameters are shown in Table 2.

Table 2. Parameters for simulations.

Parameter L Q h u∗
Value: 116 m 400 g m−2 400 m 0.31 m s−1
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Tables 3 and 4 show that enhancing the order of the expansion of the
GITT leads to a more accurate solution. The result is numerical evidence
of the convergence.

Table 3. Computed pollutant concentration for different evolution times and
several expansion degrees at z/h = 0.2.

Number of eigenvalues
t 5 10 15 20 25 30 40 50

1h 216.29 216.74 216.81 216.83 216.78 216.74 216.67 216.64
2h 175.95 176.22 176.36 176.38 176.36 176.35 176.31 176.30
3h 152.57 152.71 152.84 152.85 152.84 152.84 152.82 152.81
4h 137.78 137.88 137.98 138.00 137.99 137.99 137.98 137.97

Table 4. Computed pollutant concentration at different levels (z/h) for several
expansion degrees at t = 6700 s.

Number of eigenvalues
z/h 5 10 15 20 25 30 40 50

0.20 1.8028 1.8059 1.8073 1.8075 1.8073 1.8071 1.8067 1.8065
0.47 1.0738 1.0647 1.0643 1.0640 1.0641 1.0643 1.0644 1.0644
0.73 0.3452 0.3336 0.3339 0.3337 0.3338 0.3341 0.3344 0.3345
1.00 0.0121 0.0321 0.0223 0.0233 0.0220 0.0215 0.0209 0.0207

Fig. 1 displays the computational effort in terms of the CPU time when
the number of eigenvalues increases. The results obtained for several de-
grees of the expansion show the convergence process of the solution strategy.
However, the degree of the expansion can be stipulated according to the
tolerance required, as suggested in [1], p. 246.

Fig. 1. Computational effort in terms of the order of the expansion.
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The evolution times for two different SBLs are depicted in Fig. 2, show-
ing the concentration profiles at different evolution times, and in Fig. 3,
which illustrates the evolution times for the concentration at the center of
the SBL. In both cases, the diffusion process is slow, in comparison with
the vertical transport in the convective boundary layers. These results are
in agreement with the expected turbulent diffusion under stable boundary
conditions. The results present very good agreement with those obtained
using the finite difference numerical method [11].

Fig. 2. Concentration profile for (left) the Minnesota experiment and (right) the
Cabauw experiment.

Fig. 3. Concentration evolution at the central point of SBL: (left) the Minnesota
experiment and (right) the Cabauw experiment.
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27.4 Final Remarks

This paper presents a new approach to time-integration in the GITT (gen-
eralized integral transformation technique), based on the Laplace transfor-
mation. Our formulation, the GILTT (generalized integral Laplace trans-
formation technique), has been developed in this paper and has been ap-
plied to the atmospheric dispersion model.

The results computed using the GILTT indicate accurate solutions.
Some advantages can be pointed out in the use of the method. Thus,
the solution can be obtained at each moment of time, without marching in
time, through a closed mathematical formula; in addition, the GILTT re-
duces the computational effort required by the GITT when an ODE-solver
is employed.
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